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PEEFACE. 

rilHE  following  work  will,  I  hope,  be  found  to  be  a 
fairly  complete  elementary  text-book  on  Plane  Trigo- 
nometry, suitable  for  Schools  and  the  Pass  and  Junior 
Honour  classes  of  Universities.  In  the  higher  portion  of 
the  book  I  have  endeavoured  to  present  to  the  student, 
as  simply  as  possible,  the  modern  treatment  of  complex 
quantities,  and  I  hope  it  will  be  found  that  he  will  have 
little  to  unlearn  when  he  commences  to  read  treatises  of 
a  more  difficult  character. 

As  Trigonometry  consists  largely  of  formulae  and  the 
applications  thereof,  I  have  prefixed  (on  pages  x  to  xvi)  a 
list  of  the  principal  formulae  which  the  student  i^ould 
commit  to  memory.  These  more  important  formulae 
are  distinguished  in  the  text  by  the  use  of  thick  type. 
Other  formulae  are  subsidiary  and  of  less  importance. 

The  number  of  examples  is  very  large.  A  selection 
only  should  be  solved  by  the  student  on  a  first  reading. 
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On  a  first  reading  also  the  articles  marked  with  an 
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correcting  the  proof-sheets  and  for  many  valuable  sug- 
gestions. 

For  any  corrections  and  suggestions  for  improvement 
I  shall  be  thankful. 
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**° ^^ l-3tanM     '  <^-  ^^^^ 

.A  /I -COS  A  A  /l+COaA        ,^.-k^■lr\\ 

"'.2=*V  2— '*^2=*V  ^2— •    (^rt.  110.) 


Sin 


2  sin  -^  =  *  i^/l  +  sin  il  *  >/l  -  sin  A, 

2  cos  "5  =  *  Vl  +  sin-4  t  >/l  -  sin  -4.  (Art.  113.) 
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mnA     sinJ?     sinC  ..   ,    .^n 

Vm.  —^^  =  -^—  =  ^^  .  (Art.  163. 

(Art.  164. 


a 
eosA 

b     ~     c     ■ 
b'  +  d'-a* 
~      26c       '•• 

A 

7^  =  A 

/{s-b)(,-c) 

8in^=A/> ^^-    ', (Art.  165. 

•-^^V^^^' <^^««- 

8inii  =  7-y«(»-a)(»-i)(»-c),...  (Art.  169. 
a  =  6coB(7  +  ccosJ9, (Art.  170. 

**°-^-=6T^~*2' (Art  171. 


S  =  j8(8-a)(8'-b){8  —  c)=^beBinA=^ca  8in-5=^  ab  sin  C. 

(Art  198. 

^  =  o-^  =  o-^=o-^=S-     (Arts.  200,  201. 
2  sin  il      2  sin  J9     2  sin  C7      4o       ^ 

r  =  -  =  («-a)tan^=. ..  =  ...     (Arts.  202,  203. 

ri  =  -— =  «tan^.  (Arts.  205,  206. 

8-a  2  ^ 


Area  of  a  quadrilateral  inscribable  in  a  circle 

=  J(8-a){8^b){8-'e){8-d).  (Art.  219. 

— ^  =  1,  when  0  is  very  small.  (Art.  228. 

Area  of  a  circle  =  wr*.  (Art.  233. 
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X.         sin  a  +  sin  (a  +  )8)  +  sin  (a  +  2^)  +  ...  to  »  terms 


sm  -(a  +  — x—B>  sm  -^ 


= 5= — g .      (Art.  241.) 

sinf 

cos  a  +  cos  (a  +  )8)  +  cos  (a  +  2^)  +  . . .  to  n  terms 

co8Ja  +  -2-^Uin-|: 

..    := i ^ ,  (Art.  242.) 

sin| 


Lt  (l  +  -Y=:  6  =  2-71828 (Arts.  250,  251.) 

ef^=l+x  +  j^  +j^+ ad  inf. 

o*  =  1  +  aj  loge  a  +  T^  (log«  a)"  +  . .  .ad  inf.       (Art.  253.) 

loge(l  +05)  =  05-^0?'+ ««'-ja^+ ad  inf. 

when  aj>-l  and  J^l.  (Art.  257.) 


a-« 


sin- 


Lt  (qob  -X  =  Lt  I  — 2  I  =  1.  (Arts.  262,  263.) 


n 


(cos  tf  +  »  sin  «)"  =  cos  nO  + 1  sin  ft  (Art.  268.) 
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sin  wtf  =  n  cos*"*  $  sin  6 

n(n-l)(n— 2)      .  ,^  .  ,^ 
^   .    ^\ ^ ooe*-» tf sin* #  + 

COS  n6  =  cos*tf Aj — =— '  COB*"*  tf  sin*  $ 

n  (w  —  1)  (n  -  2)  (n  -  3)       -_^  /i  .  ^  /i  /  a  _x  o»t  j  \ 

+  — ^^ /^         ^/ -'cos*  *^sm*tf- (Art  274.) 

tan n^  =  ^i"^»-^^'-*^ /^^  277.) 


a»      a» 


sina«o-i«  +7? - ad  inf.  (Art.  280.) 

[3      [5 


a«      a* 


COS a=  1  -7^  +  -7- ad  inl  (Art.  279.) 

sin  oj  =  — ^, —  j  cos  05  =  — 5 .         (Art.  308.) 


Log  (a  +  pi)  =  loge  Ju?  4.  )8"  + 1  (2»7r  +  fl), 
where       cos 0  =  — .,  and  sin 9  = 


(Art.  329.) 

tan"*aj  =  aj-^a:^  +  ^a'-  =  a:'+ ad  inf., 

where  a;  is  numerically  not  greater  than  unity.         (Art.  344.) 
tf-«ir=tand-^tan»^  +  ^tan»tf- ad  inf. 

IT  IT 

where  0  lies  between  jp^  —  7  *^^  i^^  "*"  7  •  (Art.  343.) 
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aj>»  -  2a**a^  cos  ntf  +  a** 

='^'"ff'  jo"  -  2ax  cos  (e  +  — )  +  a«l      (Art.  362.) 


_n   - 
''"2"     -  2nr 


aj»-l  =  (aJ»-l)    n     ^a»-2aco8  — +lV(neven) 


n-l 
2    /  _     ^  2r7r 


and         =(«-!)    n     (ic*-2a5Cos  —  +  lV(wodd). 

(Art.  366.) 


9^     « 


""2        /  94»  J.  1  \ 

«"+!=    U     (iB?-2a5COS tt  +  1 ) ,  (w  even) 


n-3 


and  =(«+!)    n    (a5*-2a;cos ir  +  1 ) ,  (n  odd). 

(Art.  367.) 

sintf  =  tf(l-^(l-^)(l-3^) adinf.     (Art.  369.) 

oos.=  (l-*^(.l-^)(l-^) adinf.       (Art.370.) 


PAET  I. 
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CHAPTER  I. 

MEASURElfENT  OF  ANGLES,  SEXAGESIMAL,  CENTESIMAL, 

AND  CIBCULAR  MEASURE. 

1.  In  geometry  angles  are  measured  in  terms  of  a 
right  angle.  This,  however,  is  an  inconvenient  unit  of 
measurement  on  account  of  its  size. 

2.  In  the  Sexagesimal  system  of  measurement  a 
right  angle  is  divided  into  90  equal  parts  called  Degreee. 
Each  degree  is  divided  into  60  equal  parts  called 
Minutes,  and  each  minute  into  60  equal  parts  called 
Seconds. 

The  sjrmbols  1"*,  1',  and  1"  are  used  to  denote  a  degree, 
a  minute,  and  a  second  respectively. 

Thus  60  Seconds  (60^0  make  One  Minute  (1'), 
60  Minutes  (60')      „        „    Degree  (1°), 
and  90  Degrees  (90°)     „        „    Right  Angle. 

This  system  is  well  established  and  is  always  used  in 
the  practical  applications  of  Trigonometry.  It  is  not 
however  very  convenient  on  account  of  the  multipliers  60 
and  90. 
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3.  On  this  account  another  system  of  measurement 
called  the  Oenteslmal,  or  French,  system  has  been 
proposed  In  this  system  the  right  angle  is  divided  into 
100  equal  parts,  called  Gl-rades ;  each  grade  is  subdivided 
into  100  Minutes,  and  each  minute  into  100  Seconds. 

The  spnbols  1*,  1\  and  1^'  are  used  to  denote  a  Grade, 
a  Minute,  and  a  Second  respectively. 

Thus  100  Seconds  (100'')  make  One  Minute  (1'), 
100  Minutes  (100')  „  „  Grade,  (P), 
100  Grades  (100«)        „        „    Right  angle. 

4.  This  system  would  be  much  more  convenient  to 
use  than  the  ordinary  Sexagesimal  System. 

As  a  preliminary,  however,  to  its  practical  adoption,  a 
large  number  of  tables  would  have  to  be  recalculated. 
For  this  reason  the  system  has  in  practice  never  been  used. 

5.  To  convert  Sexagesimal  into  Centesimal  Measure, 
and  vice  versa. 

Since  a  right  angle  is  equal  to  90°  and  also  to  100*,  we 

have 

90°  =  100«. 

.•.r  =  f,andP  =  g. 

Hence,  to  change  degrees  into  grades,  add  on  one- 
ninth  ;  to  change  grades  into  degrees,  subtract  one-tenth. 

36°=(36+^x36y=40«, 
and  64«=  ^64-^x64y  =  (64-6-4)°=67-6°. 

If  the  angle  do  not  contain  an  integral  number  of 
degrees,  we  may  reduce  it  to  a  firaction  of  a  degree  and 
then  change  to  grades. 
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In  practice  it  is  generally  found  more  convenient  to 
reduce  any  angle  to  a  fraction  of  a  right  angle.  The 
method  will  be  seen  in  the  following  examples ; 

Bz.  1.    Reduce  63°  14'  51"  to  Centesimal  Measure. 
We  have 


17' 


and 


14*85° 
14'51"=14-85'=  -*I^  =-2476«, 

.-.  63°  14' 61" = 632475°= — *U--  rt.  angle 

=  '70275  rt.  angle 

=  70-276«= 70«  27-5* = 70«  27*  5a  . 

I.    Reduce  94*  23'  87*"  to  Sexagesimal  Measure. 
948  23'  87"  =  '942387  right  angle 

?9 

84-81483  degrees 

60 

48-8898  minutes 

60 

53-3880  seconds 

.-.  948  23'  8T = 84°  48'  53-388". 

6.    Angles  of  any  size. 

Suppose  AOA'  and  BOR  to  be  two  fixed  lines  meeting 
at  right  angles  in  0,  and  suppose 
a  revolving  line  OP  (turning  about 
a  fixed  point  at  0)  to  start  from 
OA  and  revolve  in  a  direction 
opposite  to  that  of  the  hands  of  a 
watch. 

For  any  position  of  the  re- 
volving line  between  OA  and  OB, 
such  as  OPi,  it  will  have  turned 
through  an  angle  AOPi,  which  is  less  than  a  right  angle. 

1—2 


4  TRIGONOMETRY. 

For  any  position  between  OB  and  0A\  such  as  OP2, 
the  angle  AOP^  through  which  it  has  turned  is  greater 
than  a  right  angle. 

For  any  position  OP^,  between  OA'  and  OR,  the 
angle  traced  out  is  AOP^,  i.e.  AOB  -{-  BOA'  +  A'OP^,  %,e, 
2  right  angles +^'OPj,  so  that  the  angle  described  is 
greater  than  two  right  angles. 

For  any  position  OP4,  between  OB'  and  0-4,  the  angle 
turned  through  is  similarly  greater  than  three  right  angles. 

When  the  revolving  line  has  made  a  complete  revo- 
lution, so  that  it  coincides  once  more  with  0-4,  the  angle 
through  which  it  has  turned  is  4  right  angles. 

If  the  line  OP  still  continue  to  revolve,  the  angle 
through  which  it  has  turned,  when  it  is  for  the  second 
time  in  the  position  OPi,  is  not  AOPi  but  4  right  angles 
+  AOP^. 

Similarly  when  the  revolving  line,  having  made  two 
complete  revolutions,  is  once  more  in  the  position  OP2, 
the  angle  it  has  traced  out  is  8  right  angles  +  AOP^ 

7.  If  the  revolving  line  OP  be  between  0-4  and  OB 
it  is  said  to  be  in  the  first  quadrant ;  if  it  be  between  OB 
and  OA'  it  is  in  the  second  quadrant;  if  between  0-4'  and 
OB'  it  is  in  the  third  quadrant ;  if  it  is  between  OR  and 
0-4  it  is  in  the  fourth  quadrant. 

8.  Bz.  What  U  the  pontion  of  the  revolving  line  when  it  has  turned 
through  (1)  226°,  (2)  480°,  and  (3)  1060°  ? 

(1)  Since  226°  =180° +46°,  the  revolving  line  has  turned  through 
46°  more  than  two  right  angles  and  is  therefore  halfway  between  OA* 
and  OB'. 

(2)  Since  480° =360^ +120°,  the  revolving  line  has  turned  through 
120°  more  than  one  complete  revolution,  and  is  therefore  between  OB 
and  OA*,  and  makes  an  angle  of  30°  with  OB, 
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(3)  Since  1050®  =  11  x  90® + 60®,  the  revolving  line  has  tamed  through 
60®  more  than  eleven  right  angles  and  is  therefore  between  OB'  and  OA 
and  makes  60®  with  OB', 

EXAMPLSa    L 

Express  in  terms  of  a  right  angle  the  angles 

1.    60®.  2.    76' 16'.  3.    68®ir26". 

4.    130®  30'.  5.    210®  80' 80".  6.    870®  SO' 48". 

Express  in  grades,  minutes,  and  seconds  the  angles 

7.    30°.  8.    81®.  9.    138® 80'.  10.    86®4ri6". 

11.    235°  12' 36".  12.    475®  13' 48". 

Express  in  terms  of  right  angles  and  also  in  degrees,  minutes,  and 
seconds  the  angles 

13.    120«.  14.    45«36*24*.  15.    39i46  86*\ 

16.    2568  4R:8r.        17.    769«45*60^\ 

Mark  the  position  of  the  revolving  line  when  it  has  traced  out  the 
following  angles: 

4 
18.    fright  angle.        19.    3i  right  angles.        20.    18J  right  angles. 

21.    120°.        22.    316®.        23.     746®.        24.    1186®.         25.    160«. 
26.    420K.        27.    876«. 

28.  How  many  degrees,  minutes  and  seconds  are  respectively  passed 
over  in  11^  minutes  by  the  hour  and  minute  hands  of  a  watch  ? 

29.  The  number  of  degrees  in  one  acute  angle  of  a  right-angled 
triangle  is  equal  to  the  number  of  grades  in  the  other;  express  both  the 
angles  in  degrees. 

30.  Prove  that  the  number  of  Sexagesimal  minutes  in  any  angle  is 
to  the  number  of  Centesimal  minutes  in  the  same  angle  as  27  :  60. 

31.  Divide  44®  8'  into  two  parts  such  that  the  number  of  Sexagesimal 
seconds  in  one  part  may  be  equal  to  the  number  of  Centesimal  seconds  in 
the  other  part. 

Circular  Measure. 

9.  A  third  system  of  measurement  of  angles  has 
been  devised,  and  it  is  this  system  which  is  used  in  all 
the  higher  branches  of  Mathematics. 


TRIGONOMETRY. 


The  unit  used  is  obtained  thus ; 

Take  any  circle  APBR,  whose  centre  is  0,  and  from 
any  point  A   measure  off  an  arc 
AP  whose  length  is  equal  to  the 
radius  of  the  circle.    Join  OA  and 
OP, 

The  angle  AOP  is  the  angle 
which  is  taken  as  the  unit  of  cir- 
cular measurement,  i.e,  it  is  the 
angle  in  terms  of  which  in  this 
system  we  measure  all  others. 

This  angle  is  called  A  Radian  and  is  often  denoted 
byP. 


10.  It  is  clearly  essential  to  the  proper  choice  of  a 
unit  that  it  should  be  a  constant  quantity ;  hence  we  must 
shew  that  the  Badian  is  a  constant  angle.  This  we  shall 
do  in  the  following  articles. 


11.     Theorem.     The  length  of  the  circumference  of  a 
circle  always  bears  a  constant  ratio  to  its  diameter. 

Take  any  two  circles  whose  common  centre  is  0.     In 
the  large  circle  inscribe  a  regular 
polygon  of  71  sides,  ABCD.,., 

Let  OA,  OB,  00,...  meet  the 
smaller  circle  in  the  points  a,  6, 
c,  d...  and  join  ab,  be,  cd,.... 

Then,  by  Euc.  VI.  2,  abed...  is 
a  regular  polygon  of  n  sides  in- 
scribed in  the  smaller  circle. 

Since  Oa  =  Ob,  and  OA  =  OB, 
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the  lines  ab  and  AB  must  be  parallel,  and  hence 

AB     OA  .„  .. 

-^-^  Oa'  ^^""^  ^''  *^- 

Also  the  polygon  ABCD...  being  regular,  its  perimeter, 

i.e.  the  sum  of  its  sides,  is  equal  to  n .  AB,    Similarly  for 

the  inner  polygon. 
Hence  we  have 

Perimeter  of  the  outer  polygon  _  n .  AB  _  AB  _  OA 

Perimeter  of  the  inner  polygon  ~  n.ab       ab  ~  Oa 

(1). 

This  relation  exists  whatever  be  the  number  of  sides 
in  the  polygons. 

Let  then  the  number  of  sides  be  indefinitely  increased 
{i.e.  let  n  become  inconceivably  great)  so  that  finally  the 
perimeter  of  the  outer  polygon  will  be  the  same  as  the 
circumference  of  the  outer  circle,  and  the  perimeter  of  the 
inner  polygon  the  same  as  the  circumference  of  the  inner 
circle. 

The  relation  (1)  will  then  become 

Circumference  of  outer  circle  _  OA 

Circumference  of  inner  circle      Oa 

Radius  of  outer  circle 


Hence 


~  Radius  of  inner  circle  * 
Circumference  of  outer  circle 
Radius  of  outer  circle 

Circumference  of  inner  circle 


"       Radius  of  inner  circle 
Since  there  was  no  restriction  whatever  as  to  the  sizes 
of  the  two  circles,  it  follows  that  the  quantity 

Circumference  of  a  circle 
Radius  of  the  circle 
is  the  same  for  all  circles. 
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Hence  the  ratio  of  the  circumference  of  a  circle  to  its 
radius,  and  therefore  also  to  its  diameter,  is  a  constant 
quantity. 

12.  In  the.  previous  article  we  have  shewn  that  the 

^.    Circumference .    ,,  r       n    •    i         mi.        i 

ratio  — T^^^ 7 IS  the  same  for  all  circles.    The  value 

Diameter 

of  this  constant  ratio  is  always  denoted  by  the  GriBek 

letter  tt  (pronounced  Pi),  so  that  tt  is  a  number. 

Tx  Circumference     ^,  ^    ^         i 

Hence      — ^^^ 7 =  the  constant  number  tt. 

Diameter 

We  have  therefore  the  following  theorem;  The  cir- 
cumference of  a  circle  is  alwajrs  equal  to  ir  times 
its  diameter  or  29r  times  its  radius. 

13.  Unfortunately  the  value  of  tt  is  not  a  whole 
number,  nor  can  it  be  expressed  in  the  form  of  a  vulgar 
fraction,  and  hence  not  in  the  form  of  a  decimal  fraction, 
terminating  or  recurring. 

The  number  tt  is  an  incommensurable  magnitude,  i,e,  a 
magnitude  whose  value  cannot  be  exactly  expressed  as  the 
ratio  of  two  whole  numbers. 

Its  value,  correct  to  8  places  of  decimals,  is 

314159265.... 

22 
The  fraction  -=-  gives  the  value  of  tt  coiTectly  for  the 

22 
first  two  decimal  places ;  for  -=-  =  3*14285... . 

365 

The  fraction  ^ys  is  a  more  accurate  value  of  ir  being 

correct  to  6  places  of  decimals;  for  --r-5'=  3*14159203... . 

llo 
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[N.B.    The  fraction  ^va  ii^7  ^  remembered  thns;  write  down  the 

first  three  odd  nnmbers  repeating  each  twice,  thns  113355;  divide  the 
number  thns  obtained  into  portions  and  let  the  first  part  be  divided  into 
the  second,  thns  113)  355(. 

The  qnotient  is  the  valne  of  ir  to  6  places  of  decimals.] 

To  sum  up.    An  approximate  value  of  'fr,  correct 

22 

to  2  places  of  decimals,  is  the  fraction  -=-  ;  a  more 

accurate  value  is  3-14159.... 

By  division  we  can  shew  that 

-  =  •3183098862.... 

IT 

14.    Bac  1.    The  diameter  of  a  tricycle  wheel  is  28  inches;  through 
what  distance  does  its  centre  move  during  one  revolution  of  the  wheel  f 

The  radios  r  is  here  14  inches. 

The  circnmferenoe  therefore  =  2 .  t  .  14 = 28ir  inches. 

22  22 

Taking  «r=  -7-1  the  circumference =28  x  -=-  inches =7  ft.  4  inches  ap- 
proximately. 

Giving  T  the  more  aocorate  value  3*14159265...  the  circumference 

=28x3-14159265...  inches  =7  ft.  3*96459...  inches. 


1.     What  nrnst  be  the  radius  of  a  circular  running  path,  round 
which  an  athlete  must  run  5  tim£s  in  order  to  describe  one  mile  f 

The  circumference  must  be  7  x  1760,  i.e.  352,  yards. 

Hence,  if  r  be  the  radios  of  the  path  in  yards,  we  have  2Tr=352, 

176        , 
i.e,  r=  —  yards. 

m  u-  22         ,  176x7     -^       -  , 

Taking  t=  -=- ,  we  have  r = — ^^  =  56  yards  nearly. 

Taking  the  more  accurate  value  -  =  -31831,  we  have 

IT 

r = 176  X  -31831  =  56-02256  yards. 
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EXAMPLES,    n. 

1.  If  the  radius  of  the  earth  be  4000  miles,  what  is  the  length  of  its 
ciroumferenoe? 

2.  The  wheel  of  a  railway  carriage  is  3  feet  in  diameter  and  makes 
3  revolutions  in  a  second ;  how  fast  is  the  train  going? 

3.  A  mill  saU  whose  length  is  18  feet  makes  10  revolutions  per 
m  inute.    What  distance  does  its  end  travel  in  an  hour? 

4.  The  diameter  of  a  halfpenny  is  an  inch;  what  is  the  length  of  a 
piece  of  string  which  would  just  surround  its  curved  edge? 

5.  Assuming  that  the  earth  describes  in  one  year  a  circle,  of 
92500000  miles  radius,  whose  centre  is  the  sun,  how  many  miles  does  the 
earth  travel  in  a  year? 

6.  The  radius  of  a  carriage  wheel  is  1  ft.  9  ins«,  and  it  turns 
through  80°  in  ^th  of  a  second;  how  many  miles  does  the  wheel  travel  in 
one  hour? 

15.     Theorem.     The  radian  is  a  constant  angle. 

Take  the  figure  of  Art.  9.  Let  the  arc  AB  be  a 
quadrant  of  the  circle,  i.e.  one  quarter  of  the  circum- 
ference. 

By  Art.  12,  the  length  of  -45  is  therefore  -^ ,  where  r 

is  the  radius  of  the  circle. 

By  Euc.  VI.  33,  we  know  that  angles  at  the  centre  of 

any  circle  are  to  one  another  as  the  arcs  on  which  they 

stand. 

ZAOP     sTcAP       r      2 


Hence 


ZAOB       SiTcAB       IT  TT 

—  T 

2 


i.e.  /:  AOP  =  - .  /:  AOB. 

IT 

But  we  defined  the  angle  AOP  to  be  a  Badian. 


rfr 
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2 

Hence  a  Radian  =  -  .  Z  AOB 

IT 

=  -  X  a  right  angle. 

Since  a  right  angle  is  a  constant  angle  and  since  we 
have  shewn  (Art.  12)  that  tt  is  a  constant  quantity,  it 
follows  that  a  Badian  is  a  constant  angle,  and  is  therefore 
the  same  whatever  be  the  circle  from  which  it  is  derived. 

16.    Magnitude  of  a  Radian. 

By  the  previous  article  a  radian 

=  -  X  a  right  angle  = 

TT  TT 

^         =57-2957795° 


314159265... 
=  57n7' 44-8"  nearly. 

2 

17.  Since  a  Radian  =  -  x  a  right  angle, 

TT 
TT 

therefore  a  right  angle  =  ^ .  radians, 

so  that  180°  =  2  right  angles  =  ir  radians, 
and       360°  =  4  right  angles  =  27r  radians. 

Hence  when  the  revolving  line  (Art.  6)  has  made  a 
complete  revolution  it  has  described  an  angle  equal  to 
27r  radians ;  when  it  has  made  three  complete  revolutions 
it  has  described  an  angle  of  Qtt  radians;  when  it  has  made 
n  revolutions  it  has  described  an  angle  of  2n7r  radians. 

18.  In  practice  the  symbol  "  c  "  is  generally  omitted 
and  instead  of  "an  angle  tt*'"  we  find  written  "an 
angle  tt" 
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The  student  must  notice  this  point  carefully.  If  the 
unit,  in  terms  of  which  the  angle  is  measured,  be  not 
mentioned,  he  must  mentally  supply  the  word  "  radians." 
Otherwise  he  will  easily  fall  into  the  mistake  of  supposing 
that  IT  stands  for  180°.  It  is  true  that  ir  radians  (tt®)  is 
the  same  as  180°,  but  ir  itself  is  a  number,  and  a  number 
only. 

19.  To  convert  circular  measure  into  sexagesimal 
m^easure  or  centesimul  measure  and  vice  versa. 

The  student  should  remember  the  relations. 
Two  right  angles  =  180°  =  200  »  =  tt  radians. 
The  conversion  is  then  merely  Arithmetic. 

(1)  '45ir^=  -46  X  180°=81°=  90«. 

(2)  3<'=?xtc  =  - xl80°«?x200«. 

XT  IT 

(3)  40°  16'  86" = 40°  15*' = 4026° 
=40*26  X  ^=*2286ir  radians. 

(4)  408 16^  86"=40-16368=401636  x  ^  radians 

=  *200768ir  radians. 

Bz.  1.  The  angles  of  a  triangle  are  in  a.  p.  and  the  number  of 
grades  in  the  least  is  to  the  number  of  radians  in  the  greatest  as  40  :  t; 
find  the  angles  in  degrees. 

Let  the  angles  be  {x-yf,  x°j  and  {x+y)°. 

Since  the  sum  of  the  three  angles  of  a  triangle  is  180°,  we  have 

lSO=x  -  y + X + X  -^y  =  Sxt 

so  that  a; =60. 

The  required  angles  are  therefore 

(60-y)°,  60°,  and  (60+y)°. 

Now  (60-y)°=^x(60-y)», 

and  (60 + y )° = j^  x  (60 + y)  radians. 
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Hence  ^  (^ " ^^ '  ll6  '^"*"^^  "  ^  *  '* 

200  60-y_40 
'•     ir   60+y~  T  • 

i.c.  6(60-y)=60+y, 

The  angles  are  therefore  20°,  60°,  and  100°. 


1.    Express  in  the  3  systems  of  angular  measurement  the  magni- 
tude of  the  angle  of  a  regular  decagon. 

The  corollary  to  £ac.  I.  32  states  that  all  the  interior  angles  of  any 
rectilinear  figure  together  with  four  right  angles  are  equal  to  twice  as 
many  right  angles  as  the  figare  has  sides. 

Let  the  angle  of  a  decagon  contain  x  right  angles,  so  that  all  the 
angles  are  together  equal  to  lOo;  right  angles. 

The  corollary  therefore  states  that 

10a;+4ai20, 

g 
so  that  x=-  right  angles. 


But  one  right  angle 


= 90° =100»= I  radians. 


Hence  the  required  angle 


=  144°=1608=  ^  radians. 


EZAMFIiES.    m. 


Express  in  degrees,  minutes,  and  seconds  the  angles, 

1.     f .  2.    ^.  3.    10ir«.  4.    1^  5.    8«. 

Express  in  grades,  minutes,  and  seconds  the  angles, 
6.    ^.  7.    ^.  8.    10r«. 

Express  in  radians  the  following  angles : 

9.    60°.  10.    110°  30'.        11.    176°  46'.  12.    47°  26' 36". 

13.    396°.         14.    60s.  15.    110s30\  16.    346«26  36\ 
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17.  The  difference  between  the  two  acute  angles  of  a  right-angled 

2 

triangle  is  ^t  radians;  express  the  angles  in  degrees. 
o 

2  3 

18.  One  angle  of  a  triangle  is  ■  x  grades  and  another  is  -x  degrees, 

whilst  the  third  is  —  radians ;  express  them  all  in  degrees. 

19.  The  circular  measure  of  two  angles  of  a  triangle  are  respectively 
^  and  3 ;  what  is  the  number  of  degrees  in  the  third  angle  ? 

20.  The  angles  of  a  triangle  are  in  a.  p.  and  the  number  of  degrees 
in  the  least  is  to  the  number  of  radians  in  the  greatest  as  60  to  t  ;  find 
the  angles  in  degrees. 

21.  The  angles  of  a  triangle  are  in  a.  p.  and  the  number  of  radians 
in  the  least  angle  is  to  the  number  of  degrees  in  the  mean  angle  as  1 :  120. 
Find  the  angles  in  radians. 

22.  Find  the  magnitude,  in  radians  and  degrees,  of  the  interior 
iuigle  of  (1)  a  regular  pentagon,  (2)  a  regular  heptagon,  (3)  a  regular 
octagon,  (4)  a  regular  duodecagon,  and  (5)  a  regular  polygon  of  17  sides. 

23.  The  angle  in  one  regular  polygon  is  to  that  in  another  as  3  :  2  ; 
also  the  number  of  sides  in  the  first  is  twice  that  in  the  second;  how 
many  sides  have  the  polygons? 

24.  The  number  of  sides  in  two  regular  polygons  are  as  5  :  4,  and 
the  difference  between  their  angles  is  9°;  find  the  number  of  sides  in 
the  polygons. 

25.  Find  two  regular  polygons  such  that  the  number  of  their  sides 
may  be  as  3  to  4  and  the  number  of  degrees  in  an  angle  of  the  first  to  the 
number  of  grades  in  an  angle  of  the  second  as  4  to  5. 

26.  The  angles  of  a  quadrilateral  are  in  a.  p.  and  the  greatest  s 
double  the  least;  express  the  least  angle  in  radians. 

27.  Find  in  radians,  degrees,  and  grades  the  angle  between  the 
liour-hand  and  the  minute-hand  of  a  clock  at  (1)  half-past  three, 
•(2)  twenty  minutes  to  six,  (3)  a  quarter  past  eleven. 

21.  Theorem.  Th^  number  of  radians  in  any  angle 
whatever  is  equal  to  a  fraction^  whose  numerator  is  the  arc 
which  the  amgle  subtends  at  the  centre  of  any  circle,  and 
iffhose  denominator  is  the  radius  of  that  circle. 
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Let  AOP  be  the  angle  which  has  been  described  by  a 
line  starting  from  OA  and  revolv- 
ing into  the  position  OP, 

With  centre  0  and  any  radius 
describe  a  circle  cutting  OA  and 
OP  in  the  points  A  and  P. 

Let  the  angle  AOB  be  a  radian, 
so  that  the  arc  AB  is  equal  to  the 
radius  OA, 

By  Eua  vi.  33,  we  have 


so  that 


ZAOP    ^  /LAOP  ^  STCAP  ^  BLTCAP 

A  Radian      Z.  AOB  "  arc  AB  ~  Radius 
Z  ^OP  =  ?^^4^  X  2l  Radian. 


a  s  = 


Radius 
Hence  the  theorem  is  proved. 


sa.    Sz.  1.    Find  the  angle  subtended  at  the  centre  of  a  circle  of 
radius  3  feet  by  an  arc  of  length  1  foot. 

arc       1 


The  number  of  radians  in  the  angle  = 
Hence  the  angle 


radius     3* 


=^  radian=  - .-  right  angle=  ^  x  90°  =  —  =  19t«l^ 
22 


taking  v  equal  to  -=- . 


I.    In  a  circle  of  5  feet  radiiu  what  is  the  length  of  the  arc  which 
subtends  an  angle  of  33°  15'  at  the  centre  f 
If  X  feet  be  the  required  length,  we  have 

X 

■=  =  number  of  radians  in  33°  15' 
o 

-m-    (Art.  19). 

133 

"720""* 

133     .    ^     133     22.   ^ 
•*•  ^  =  144*- ^eet  =  ^xy  feet  nearly 

=2f}  feet  nearly. 
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Asiuming  the  average  dUtanee  of  the  earth  from  the  tun  to  he 
92600000  milest  and  the  angle  iubtended  by  the  sun  at  the  eye  of  a  perton 
on  the  earth  to  be  32' ^  find  the  sun^s  diameter. 

Let  D  be  the  diameter  of  the  sun  in  miles. 

The  angle  subtended  by  the  sun  being  very  small,  its  diameter  is  very 
approximately  equal  to  a  small  arc  of  a  circle  whose  centre  is  the  eye  of 
the  observer.  Also  the  sun  subtends  an  angle  of  32'  at  the  centre  of  this 
circle. 

Hence,  by  Art.  21,  we  have 

=the  number  of  radians  in  82' 


92500000 

=the  number  of  radians  in  =-= 

lo 

—1        »•  _  2y 
■"16  ^180 ""675' 

^     186000000         ., 
.*.  D = ^=^ —  ir  miles 

186000000     22     .,  .      ^  , 

=  — x== —  ^  If  miles  approximately 

=about  862000  miles. 

Bz.  4.  Assuming  that  a  person  of  normal  sight  can  read  print  at  such 
a  distance  t?iat  the  letters  subtend  an  angle  of  6'  at  his  eye,  find  what  is 
the  height  of  the  letters  that  he  can  read  at  a  distance  (1)  of  12  feet,  and 
(2)  of  a  quarter  of  a  mile. 

Let  X  be  the  required  height  in  feet. 

In  the  first  case,  x  is  very  nearly  equal  to  the  arc  of  a  circle,  of  radius 
12  feet,  which  subtends  an  angle  of  6'  at  its  centre. 

X 

Hence  ^0=^^°^^  ^^  radians  in  6' 

"12^180* 

•  ^=i^^^*=ilo^T^^*''^^y 

=  77  X  -=-  inches  =r  about  ■=  inch. 
16   7  6 
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In  the  seoond  case  the  height  y  is  given  by 

-i~—^=nvLinber  of  radians  in  5' 
440x3 

""12^180' 

so  that  y~Tft''^ift^"7"  ®®*  nearly 

= about  23  inches. 

IV. 


1.  Find  the  number  of  degrees  subtended  at  the  centre  of  a  circle  by 
an  arc  whose  length  is  *357  times  the  radius,  taking  t= 3*1416. 

2.  Express  in  radians  and  degrees  the  angle  subtended  at  the  centre 
of  a  circle  by  an  arc  whose  length  is  15  feet,  the  radius  of  the  circle 
being  25  feet. 

3.  The  value  of  the  divisions  on  the  outer  rim  of  a  graduated  circle 
is  5'  and  the  distance  between  successive  graduations  is  *1  inch.  Find 
the  radius  of  the  circle. 

4.  The  diameter  of  a  graduated  circle  is  6  feet  and  the  graduations 
on  its  rim  are  5'  apart;  find  the  distance  from  one  graduation  to 
another. 

5.  Find  the  radius  of  a  globe  which  is  such  that  the  distance  between 
two  places  on  the  same  meridian  whose  latitude  differs  by  1°  10'  may  be 
half-an-inch. 

6.  Taking  the  radius  of  the  earth  as  4000  miles  find  the  difference 
in  latitude  of  two  places,  one  of  which  is  100  miles  north  of  the  other. 

7.  Assuming  the  earth  to  be  a  sphere  and  the  distance  between 
two  parallels  of  latitude,  which  subtends  an  angle  of  1°  at  the  earth's 
centre,  to  be  69^  miles,  find  the  radius  of  the  earth. 

8.  The  radius  of  a  certain  circle  is  3  feet;  find  approximately  the 
length  of  an  arc  of  this  circle,  if  the  length  of  the  chord  of  the  arc  be 
8  feet  also. 

9.  What  is  the  ratio  of  the  radii  of  two  circles  at  the  centre  of  which 
two  arcs  of  the  same  length  subtend  angles  of  60^  and  75°? 

10.  If  an  arc,  of  length  10  feet,  on  a  drole  of  8  feet  diameter 
subtend  at  the  centre  an  angle  of  143°  14' 22";  find  the  value  of  v 
to  4  places  of  decimals. 

L.  T.  2 
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11.  If  the  circumferenoe  of  a  drele  be  divided  into  5  parts  wbioh  are 
in  A.  p.,  and  if  the  greatest  part  be  6  times  the  least,  find  in  radians 
the  magnitades  of  the  angles  that  the  parts  snbtend  at  the  centre  of  the 
circle. 

12.  The  perimeter  of  a  certain  sector  of  a  circle  is  equal  to  the  length 
of  the  arc  of  a  semicircle  having  the  same  radius;  express  the  angle  of 
the  sector  in  degrees,  minutes,  and  seconds. 

13.  At  what  distance  does  a  man,  whose  height  is  6  feet,  subtend  an 
angle  of  10'? 

14.  Find  the  length  which  at  a  .distance  of  one  mile  will  subtend 
an  angle  of  1'  at  the  eye. 

15.  Find  approximately  the  distance  at  which  a  globe,  5)  inches  in 
diameter,  will  subtend  an  angle  of  6'. 

16.  Find  approximately  the  distance  of  a  tower  whose  height  is 
51  feet  and  which  subtends  at  the  eye  an  angle  of  5^'. 

17.  A  church  spire,  whose  height  is  known  to  be  45  feet,  subtends 
an  angle  of  9'  at  the  eye ;  find  approximately  its  distance. 

18.  Find  approximately  in  minutes  the  inclination  to  the  horizon  of 
an  incline  which  rises  8^  feet  in  210  yards. 

19.  The  radius  of  the  earth  being  taken  to  be  3960  miles,  and  the 
distance  of  the  moon  from  the  earth  being  60  times  the  radius  of  the 
earth,  find  approximately  the  radius  of  the  moon  which  subtends  at  the 
earth  an  angle  of  16'. 

20.  When  the  moon  is  setting  at  any  given  place  the  angle  that  is 
subtended  at  its  centre  by  the  radius  of  the  earth  passing  through  the  given 
place  is  57'.  If  the  earth's  radius  be  3960  miles,  find  approximately  the 
distance  of  the  moon. 

21.  Prove  that  the  distance  of  the  sun  is  about  81  million  geo- 
graphical miles,  assuming  that  the  angle  which  the  earth's  radius 
subtends  at  the  distance  of  the  sun  is  8*76'',  and  that  a  geographical 
mile  subtends  V  at  the  earth's  centre.  Find  also  the  circumference  and 
diameter  of  the  earth  in  geographical  miles. 

22.  The  radius  of  the  earth's  orbit,  which  is  about  92700000  miles, 
subtends  at  the  star  Sirius  an  angle  of  about  '4'';  find  roughly  the 
distance  of  Sirius. 


CHAPTER  II. 

TRIGONOMETBICAL  RATIOS  FOR  ANGLES  LESS  THAN 

A  RIGHT  ANGLE. 

23.     In  the  present  chapter  we  shall  only  oonsider 
angles  which  are  less  than  a  right  angle. 

Let  a  revolving  line  OP  start  from  OA  and  revolve 
into  the  position  OP,  thus  tracing  out 
the  angle  AOP. 

In  the  revolving  line  take  any 
point  P  and  draw  PM  perpendicular 
to  the  initial  line  OA.  o^ jjj a 

In  the  triangle  MOP,  OP  is  the 
hypothenuse,  PM  is  the  perpendicular,  and  OM  is  the  base. 

The  trigonometrical  ratios,  or  functions,  of  the  angle 
AOP  are  defined  as  follows: 

^ ,  i.e,  p^* ,  is  called  the  Sine  of  the  angle  A  OP ; 

OM    .     Base 

OP''''^'B^.\  "        "      ^'"'^^ 
MP    .     Perp.  „ 

oW-'-B^e'  "        "     Tangent 

OM     .     Base 

,  i.e.  ^ — ,       „        „     Cotangent 


»i         » 


it  if 


9i  a 


>i  ft 


MP '        Perp. ' 

W  *■*■  Base '       "       "     ®**'*°* 

2—2 
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The  quantity  by  which  the  cosine  falls  short  of  unity, 
i.e.  1  —  cos  AOPy  is  called  the  Versed  Sine  of  AOP ;  also 
the  quantity  1  —sin  AOP,  by  which  the  sine  falls  short  of 
unity,  is  called  the  Coversed  Sine  of  AOP, 

24.  It  will  be  noted  that  the  trigonometrical  ratios 
are  all  numbers. 

The  names  of  these  eight  ratios  are  written,  for 
brevity, 

sin  AOP,  cos  AOP,  tan  AOP,  cot  AOP,  cosec  AOP, 
sec  AOP,  vers  AOP,  and  covers  AOP  respectively. 

The  two  latter  ratios  are  seldom  used. 

25.  It  will  be  noticed,  from  the  definitions,  that  the 
cosecant  is  the  reciprocal  of  the  sine,  so  that 

cosec  A  OP  =  -; TrTrT  • 

sm  AOP 
So  the  secant  is  the  reciprocal  of  the  cosine,  i,e, 

sec  AOP  = jTTg , 

cos  A  OP 

and  the  cotangent  is  the  reciprocal  of  the  tangent,  i.e. 

1 


cot  il  OP  = 


tan  ^OP* 


26.     To  shew  that  the  trigonometrical  ratios  are  always 
the  same  for  the  same  angle. 

We  have  to  shew  that  if  in 
the  revolving  line  OP  any  other 
point  P'  be  taken  and  P'M  be 
drawn  perpendicular  to  OA,  the 
ratios  derived  from  the  triangle 
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OP'M'  are  the  same  as  those  derived  from  the  triangle 
0PM. 

In  the  two  triangles  the  angle  at  0  is  common,  and 
the  angles  at  M  and  M  are  both  right  angles  and  there- 
fore equal. 

Hence  the  two  triangles  are  equiangular  and  therefore, 

MP     MF 
by  Euc.  VI.  4,  we  have  jyp  =  -zypi  i  *-^«  ^^^  sine  of  the  angle 

AOP  is  the  same  whatever  point  we  take  on  the  revolving 
line. 

Since,  by  the  same  proposition,  we  have 

qM_qM'       ,  MP^WR 
OP  "  OP'  0M~  OM  ' 

it  follows  that  the  cosine  and  tangent  are  the  same 
whatever  point  be  taken  on  the  revolving  line.  Similarly 
for  the  other  ratios. 

If  OA  be  considered  as  the  revolving  Hue  and  in  it  be  taken  any 
point  P"  and  P^'M"  be  drawn  perpendicular  to  OP,  the  functions  as 
derived  from  the  triangle  OP"M"  will  have  the  same  values  as  before. 

For,  since  in  the  two  triangles  0PM  and  OP']\f,  the  two  angles 
P'OM"  and  OM"P"  are  respectively  equal  to  POM  and  OMP,  these 
two  triangles  are  equiangular  and  therefore  similar,  and  we  have 

M"P'  _  MP  OM"  _  OM 

OP"  "OP*  OP'  "  OP  ' 

27.  Fundamental  relations  between  the  trigonometrical 
ratios  of  an  angle. 

We  shall  find  that  if  one  of  the  trigonometrical  ratios 
of  an  angle  be  known,  the  numerical  magnitude  of  each  of 
the  others  is  known  also. 

Let  the  angle  AOP  (Fig.,  Art.  23)  be  denoted  by  0. 

In  the  triangle  AOP  we  have,  by  Euc.  I.  47, 

MP^+OM^=-OP^ (1). 
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Hence,  dividing  by  OP^,  we  have 

(MPy    fOMy  _ 

\  op)  "*■  [opj  ~  ^' 

i-e.  (sin  Of  +  (cos  Of  =  1. 

The  quantity  (sin  dy  is  always  written  sin^  0  and  so  for 
the  other  ratios. 

Hence  this  relation  is 

Bin^'^+cos'^^l (2). 

Again,  dividing  both  sides  of  equation  (1)  by  0M\  we 
have 

(MPy      _fOPy 

\0M)  '^^-\0M)  ' 
i^e,  (tan  0)^  +  1=  (sec  0y, 

so  that  8ec'>0==l+tans0 (3). 

Again,  dividing  equations  (1)  by  MP^  we  have 

■*■  \MPJ  ~  [mPJ  ' 
le.                          1  +  (cot  0y  =  (cosec  Of, 
so  that  co8ec»0  =  1  +  cot^^ (4). 

Also,  since  sm  0  =  ^yp  and  cos  0  =  y^p , 

,  sin^     MP     OM     MP     ^      ^ 

we  nave     ^  =  ^rn  ^  "ttd  =  7ni>  =  tan  ^. 

cos^      OP      OP      OM 

Hence  tan  0= (5). 

COB  U 

Similarly  cote  =  ?^  (6). 

sin  u 
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as.    BZ.I.    Prove  that  ^\  T. ^^^  ^coBecA-  cot  A. 
We  have  fl^e^A  _     /(l-ao^AY 

Vl+COBil~V    l-cosM 


1  ~  cos  A        1  -  COS  A 


by  relation  (1)  of  the  last  article, 

1  OOSil  ,  .    . 

=  ~. — 7  -   . — r=co8eo  ^  -  cot  il. 
sin^     sin^ 

Bz.  a.    Prove  that 

iJtec^A  -{-cotec^AsitanA+cotA, 

We  have  seen  that  8eo'il  =  l+tan'i!(, 

and  oosec'il  =  l  +  cot'il. 

.'.  8ee>^+ooBec<ii=tan3^  +  2+cot3^ 
=tan*il+2tanil  cotil  +  cot^il 

=:(tanil  +  ooti!l)^ 
so  that  /y8eo^il  +  coBec>^  =  tanil+ootil. 


B.    Prove  that 

[eosec  A  -  sin  A)  {sec  A  -  coa  A)  {tan  A  +  eotA)==l. 
The  given  expression 

=  (  -: i  -  Sin  il  I   (  r—  008  il  I   (  7  +  -: 7  I 

\8mil  /  \coSil  /  \oosil     Sin  A/ 

1-ein^A     l-oos«il     Bin^A-^ooB^A 
~     sin  -4      '     cos  A     *     sin  ^  cos  A 

_cosM     sin^^  1 

"  sin  A  *  cos  A  '  sin  A  cos  A 

=  1. 
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EXAMPLES.    V. 

Prove  the  following  statements. 

1.  cos*^-sin4^  +  l=2cos2^. 

2.  (sin  A  +COS  A)  (1  -  sin  ^  cos  A)=^^A  +  qo%^A, 
„        sin^        l  +  cos-4    ^ 

4.    cos«^  +  sin«^  =  l-3  8ina^cos3J. 
'i  /l  -  sin  A  ^    ^ 

g       cosec^  cosec  ^    _ «      g  j 

"■    oosec^-l"^co8(MT+I~     ®°     • 

„  cosec  ^ 

■•      ^^4.    M   .  J. i=C08-4. 

cot  ^  + tan -4 
8.    (sec  ^  +  C08  ^)  (sec  A  -  C0Sil)=tan2^  +sin2^. 

^'    cot^+tan^="^^^Q«^' 

^^'    sec^-tan^=»^"^+^°-^' 
-.      1-tan^     cot -4-1 


12. 


1  +  tan^     cot^  +  1* 

l  +  t^M_sinM 
l+cot2^  "cosO* 


^^'  5i^Zqrte5^=l-28ec^tan^  +  2tan2^. 
^.        tsaiA  oot-4 

-  -        cos  A  sin  A 

^^'  l-tan^"*'r:^ot^  =  «^^^  +  «««^- 

16.  (8in.4+cos^)(cot^  +  tan^)  =  seo^+co8eo^. 

17.  sec*  4  -  sec^  il  =  tan*  ^ + tan^  A. 
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18.  oot^A  +  QO%^A=Qoaec^A-coBec*A, 

19.  is/cosec*  A -1= COB  A  coseo  A, 

20.  Bec2^ooflec«^=tan»i4+cot2ii+2. 

21.  tB,n^A-Bm^A=an*A8ec^A. 

22.  (l  +  cot^-co8ec^)(l+tan^  +  BeOi4)=2. 

1  11  1 

23. 


24. 


coseCil-cot^     sinJl     sin^     cosec^l+cot  Jl* 
cot  A  COB  A    _  cot  ii  -  COS  A 

cot  ^  +  COS  A  "    cot  ^  COB  A 


^^     oot^+tanJB        ^  ^  ^ 

25.    — iTR — I i=oot-4tanB. 

cot^  +  tanil 
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1  -  COB*  a  sin^  a 


/I  1  \       •      .  ,        l-C0B«oBin» 

.     I  — « s—  H z =—5—  I  cob'  a  Bin'  a  =  =- s — ;— • 

XBec^a-coB^o     C08ec=*a-Bin''a/  2+co8"asm' 


a 


27.  sinS  ^  -  coss  ^  =  (sin*  il  -  cob»  ^)  (1  -  2  Bin^  A  cob^  A). 

^^     COB  ^  cosec  A  -  Bin  ^i  bcc  ^ 

28.    1 — i =  coBec  -4  -  Bee  -4. 

COB  -4  +  sin  -4 

OQ      tan^+sec^-1  _  1  +  sin  ^ 
'    tan  -4  -  sec  -4  + 1  ~    cos  A 

30.  (tan  a  +  cosec  /3)^  -  (cot  /3  -  sec  a)^= 2  tan  a  cot  j8  (cosec  a  +  sec  j3). 

31.  2  sec^  a  -  sec*  a  -  2  cosec^  a  +  cosec*  a= cot*  a  -  tan*  a. 

1  ^  sin  ^ 

32.  -i r— ,=l  +  2tan^  (tan^-secil). 

^       l  +  sin^  ^  ' 

33.  (cosec  ^  -h  cot  ^)  covers  A  -  (sec  A  +  tan  A)  vers  A 

=  (cosec  ii  -  sec  -4)  (2  -  vers  A  covers  A). 

0^M      ii        x^x      jx  /  '     J  *%      sec -4       cosec  ^ 

34.  (l+cot-4  +  tan^)(8in^-cosil)= ^-. g-y  . 

^  ^  '    cosec^^      sec^iil 

35.  2ver8in^  +  coB2-4  =  l+versin2-4. 


29.     Limits  to  the  values  of  the  trigonometrical  ratios. 
From  equation  (2)  of  Art.  27  we  have 

8in2^  +  cos«^=l. 
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Now  sin*^  and  cos*^,  being  both  squares,  are  both 
necessarily  positive.  Hence,  since  their  sum  is  unity, 
neither  of  them  can  be  greater  than  unity. 

[For  if  one  of  them,  say  sin^  6,  were  greater  than  unity,  the  other, 
008^  0t  would  have  to  be  negative,  which  is  impossible.] 

Hence  neither  the  sine  nor  the  cosine  can  be  numeri- 
cally greater  than  unity. 

Since  sin  0  cannot  be  greater  than   unity  therefore 

cosec  0,  which  equals  -: — ^ ,  cannot  be  numerically  less 

than  unity. 

•/ 

So  sec  0,  which  equals  — ^ ,  cannot  be  numerically 
less  than  unity. 

30.  The  foregoing  results  follow  easily  from  the  figure 
of  Art.  23. 

For,  whatever  be  the  value  of  the  angle  AOP, 
neither  the  side  OM  nor  the  side  MP  is  ever  greater 
than  OP. 

MP 

Since  MP  is  never  greater  than  OP  the  ratio  ^fp  is 

never  greater  than  unity,  so  that  the  sine  of  an  angle  is 
never  greater  than  unity. 

Also  since  OM  is  never  greater  than  OP,  the  ratio  jj^ 

is  never  greater  than  unity,  ie.  the  cosine  is  never  greater 
than  unity. 

31.  We  can  express  the  trigonometrical  ratios  of  an 
angle  in  terms  of  any  one  of  them. 
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The  simplest  method  of  procedure  is  best  shewn  by 
examples. 

EaL  1.  To  express  all  the  trigono- 
metrical  ratios  in  terms  of  the  sine. 

Let  AOP  be  any  angle  0. 

Let  the  length  OP  be  unity  and  let 
the  corresponding  length  of  MP  be  s. 


By  Euc.  I.  47,  OM^^/OP' -  MP"  =  Vl  -  ««. 


Hence 


.    ^     MP     s 


/ 


/ 


/ 


/ 


and 


cos^  = 


tan  tf  = 


cot^  = 


cosec^ 


sec^  = 


MP 


s 


sin  0 


OM     Vl-««""Vl--8in«e' 
OM     Vr^     Vl-8in»tf 


1         1 


MP 

OP  _ 

MP^  s''8m0' 

OP  1 


sin  6/ 


OJf     Vl-s«     Vl-sin«^' 
The  last  five  equations  give  what  is  required. 

Ex.  2.     To  express  all  the  trigonometrical  relations  in 
terms  of  the  cotangent. 

Taking  the  usual  figure  let  the 
length  MP  be  unity,  and  let  the  corre- 
sponding value  of  OM  be  x. 

By  Euc.  I.  47, 

OP = vos^T+M^ = vrr^ 
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Tx  /I        OM      X 

Hence  cot  d  =  irs^  =  -  =  a?, 

MP     1 

'    ^,     MP  1 

sin  ^  = 


cos^  = 


tan  ^  = 


OM X  cotg      ' 

OP  "■  Vr+^'^Vl+cot^e ' 

^  =  1-     1 
OM     «""cotd' 


/)_  0P_  Vl+a:^     Vl-f  cot^g 
^""^^OM'      ^~"      cote 

OP    vrr^ 


and  cosec  6  =  ^^^^  =  — = —  =  Vl  +  cot*^. 

The  last  five  equations  give  what  is  required. 
It  will  be  noticed  that,  in  each  case,  the  denominator 
of  the  fraction  which  defines  the  trigonometrical  ratio  was 

MP 

taken  equal  to  unity.     For  example,  the  sine  is  ^vp »  and 

hence  in  Ex.  1  the  denominator  OP  is  taken  equal  to 
unity. 

The  cotangent  is  ^^^rp ,  and  hence  in  Ex.  2  the  side  MP 

is  taken  equal  to  unity. 

Similarly  suppose  we  had  to  express  the  other  ratios 
in  terms  of  the  cosine,  we  should,  since  the  cosine  is  equal 

to  j^p ,  put  OP  equal  to  unity  and  OM  equal  to  c.     The 

working  would  then  be  similar  to  that  of  Exs.  1  and  2. 

In  the  following  examples  the  sides  have  numerical 
values. 
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3 
Bz.  8.    If  eo8  $  equal  ^ ,  find  the  values  of  the  other  ratios. 

Along. the  initial  line  OA  take  OM  eqaal  to  3,  and  erect  a  perpen- 
dicular MP. 

Let  a  line  OP,  of  length  5,  reYolve  ronnd  0  until  its  other  end  meets 
this  perpendionlar  in  the  point  P.    Then  AOP  is  the  angle  0, 

By  Euc.  I.  47,        MP=  »JdP^-OM^=  JW^^=i. 
Hence  clearly 

Bm^=^,    iAuBssji,     cot 9=7,    co8ec9=7    and    sec  9= 5. 

O  o  4  4  o 

1 
Bz.  4.    Supponng  $  to  be  an  angle  whose  sine  is  ^,  to  find  the  numeri- 
cal magnitude  of  the  other  trigonometrical  ratios. 

Here  sin  9=-,  so  that  the  relation  (2)  of  Art.  27  gives 
o 


© 


1     8 
i.e.  cos*  9=1-5  =  jj, 

2.e.  008  9=—-. 

„  ,      ^    Bin9        1        ^/2 

Hence  '  tan9=^^~^=2V2  =  T ' 

.        ^<>*^=t-^=^^2' 

1       « 
cosec  6=  .— 7.=3, 
Bin  9 

1     _    3        3^2 

vers  9=  1  -  cos  9=1  - -^ , 

1     2 
and  covers  9=l-8in9=l-g  =  g 
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EXAMPLES.    VL 

1.  Express  all  the  other  trigonometrioal  ratios  in  terms  of  the  cosine. 

2.  Express  all  the  ratios  in  terms  of  the  tangent. 

3.  Express  all  the  ratios  in  terms  of  the  cosecant. 

4.  Express  all  the  ratios  in  terms  of  the  secant. 

5.  The  sine  of  a  certain  angle  is  j ;  find  the  nnmerical  Talnes  of  the 

other  trigonometrical  ratios  of  this  angle. 

12 

6.  If  Bme=:r^y  find  tan  0  and  versin  6. 

7.  If  sin  ^=g^,  find  tan  ii,  cos  J,  and  sec  ^. 

4 

8.  If  cos  $=-=,  find  sin  0  and  cot  0. 

o 

9 

9.  If  cos  ^ = 77 ,  find  tan  A  and  cosec  A, 

3 

10.  If  tan  ^=j,  find  the  sine,  cosine,  versine  and  cosecant  of  0. 

,,      T*+ a     1     IS  J  *v       1        .  cosec^  ^  -  sec^  ^ 

11.  If  tan  d= -y- ,  find  the  value  of  s-r 5-^ . 

V7  cosec^^  +  sec*^ 

12.  If  cot  ^  =  -g- ,  find  cos  0  and  cosec  0. 

3 

13.  If  sec  ^ =^ ,  find  tan  A  and  cosec  A, 

14.  If  2  sin  ^=2  -  cos  0,  find  sin  0, 

15.  If  8  sin  ^=4+ cos  0,  find  sin  0, 

16.  If  tan  ^+  sec  0=  1-5,  find  sin  0. 

17.  If  cot  0 + cosec  ^ = 6,  find  cos  0, 

18.  If  3  sec*  ^ + 8 = 10  sec2  0,  find  the  values  of  tan  0. 

19.  If  tan^  ^ + sec  9 = 5,  find  cos  0. 

20.  If  tan9  +  cot^=2,  find  sin^. 

21.  If  sec2^=2  +  2tan^,  findtan^. 

22.  If  tan  ^=  ^^^  ' ,  find  sin  0  and  cos  0, 
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Values  of  the  trigonometrical  ratios  in 

some  useAil  cases. 

33.    Angle  of  4i5\ 

Let  the  angle  AOP  traced  out 

be  45^ 

Then,  since  the  three  angles  of 
a  triangle  are  together  equal  to 
two  right  angles, 

Z  0PM  =- 180°-  Z  POM-  Z  PMO 

=  180°  -  45°  -  90°  =  45°  =  Z  POM, 

.-.  OJf=JlfP  =  a(say), 

and  OP  =  VOJf^  +  ifP^  =  \/2 .  a. 

MP.       a  1 


sin  45°  = 


cos  45°=-FrTT  = 


OP      V2.a     ^/2' 


OM 


a 


OP     V2.a     \/2' 


and 


tan  45°  =  1. 


34.    Angle  of  S0\ 

Let  the  angle  AOP  traced 
out  be  30°. 

Produce  PM  to  P'  making 
MF  equal  to  PM. 

The  two  triangles  OMP  and 
OMR  have  their  sides  OM  and 
MP'  equal  to  OM  and  MP  and 
also  the  contained  angles  equal. 

Therefore  OP'  =  OP,  and  Z  OP'P  =  z  OPP'  =  60°,  so 
that  the  triangle  P'OP  is  equilateral. 
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Hence         OP^  =  PF^  =  4PJf»  =  40P«  -  4a«, 


where  OM  equals  a. 


so  that 


and 


/.  30P»  =  4a«, 


0P  =  |.  and  ifP  =  iOP  =  ^ 


.-.  sin  30°  = 


MPl 
OP  "2' 


^^o     OJlf  2a     V3 

cos  30  =op  =  «--^  =  -2' 


tan  30°  = 


o     sin  30° 


cos  30°     V3  • 


36.    Angle  of  60°. 

Let  the  angle  AOP  traced 

out  be  60°. 

Take  a  point  N  on  OA,  so 

that 

J/iV=Oif=a(say). 

The  two  triangles  OMP  and 
NMP  have  now  the  sides  OM 
and  MP  equal  to  NM  and  ifP 
respectively,  and  the  included 
angles  equal,  so  that  the  triangles  are  equal. 

.-.  PN=OP,fmd  /:PNM=zPOM^60\ 

The  triangle  OPN  is  therefore  equilateral,  and  hence 

OP  =  OJV^  =  20Jf=2a. 


.-.  MP  =  VOP«- OM'  =  V4a»- a«  =  V3 .a. 
L.  T.  3 
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Hence  sin  60  =^=  2^  =  ^' 

cos  60  =^^  =  2^  ==2' 

and  tan60°  =  5?^  =  V3. 

cos  60 

36.    Angle  of  0°. 

Let  the  revolving  line  OP  have  turned  through  a  very 
small  angle,  so  that  the  angle 
MOP  is  very  small.  P 

The  magnitude  of  MP  is      q"""  |^ ^ 

then  very  small  and  initially, 

before  OP  had  turned  through  an  angle  big  enough  to  be 
perceived,  the  quantity  MP  was  smaller  than  any  quantity 
we  could  assign,  i.e.  was  what  we  denote  by  0. 

Also,  in  this  case,  the  two  points  M  and  P  very  nearly 
coincide,  and  the  smaller  the  angla  AOP  the  more  nearly 
do  they  coincide. 

Hence,  when  the  angle  AOP  is  actually  zero,  the  two 
lengths  OM  and  OP  are  equal  and  MP  is  zero. 

„  .    ^,     MP       0      ^ 

Hence  sm  0  =77p  =  np  =  " 

^o     OM     OP     , 

and  tan  0°  =  ^  =  0. 

Also  cot  0°  =  the  value  of  -rrn  when  M  and  P  coincide 

MP 

=  the  ratio  of  a  finite  quantity  to  something  infinitely 

small 
=  a  quantity  which  is  infinitely  great. 
Such  a  quantity  is  usually  denoted  by  the  symbol  x  . 
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Hence 

Similarly 

And 


cot  0®  =  X . 


cosec  0  = 


MP 


=  CO  also. 


®^     "OM" 


37.    Angle  of  9(f. 

Let  the  angle  AOP  be  very  nearly,  but 
not  quite^  a  right  angle. 

When   OP   has    actually  described  a 
right  angle  the  point  M  coincides  with  0, 
so  that  then  OM  is  zero  and  OP  and  MP 
are  equal. 


OM 


Hence 


.    ^^,     MP     OP     , 

^^o     OM      0      ^ 
cos90=^j,=-^^  =  0, 


tan  90°  = 


MP 


a  finite  quantity 


OM     an  infinitely  small  quantity  * 
=  a  number  infinitely  large  =  oo . 

OM      0 


cot  90°  = 


MP"  MP 


=  0, 


and 


OP 
sec  90°  =  77T7=  00 ,  as  in  the  case  of  the  tangent, 

Q^o     OP      OP     - 
cosec  90  =j^p  =  op  =  l- 


38.  Complementary  Angeles.  Def.  Two  angles 
are  said  to  be  complementary  when  their  sum  is  equal 
to  a  right  angle.  Thus  any  angle  0  and  the  angle 
90°  —  ^  are  complementary. 

3—2 
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39.     To  find  the  relations  between  the  trigonometi*icat 
ratios  of  two  complementary  angles. 

Let  the  revolving  line,  starting  from  0-4,  trace  out 
any  acute  angle  A  OP,  equal  to 
6.     From   any  point   P  on   it 
draw  PM  perpendicular  to  OA. 

Since  the  three  angles  of  a 
triangle  are  together  equal  to 
two  right  angles,  and  since  OMP 
is  a  right  angle,  the  sum  of  the 
two  angles  MOP  and  0PM  is  a 
right  angle. 

They  are  therefore  complementary  and 

zOPilf  =  90°-^. 

[When  the  angle  0PM  is  considered,  the  line  PM  is 
the  "  base  "  and  MO  is  the  "  perpendicular."] 
We  then  have 

8ln(9O°-^  =  sinJfPO  =  ^  =  co8ilOP  =  co80, 

PM 
COS  (90" -(?)  =  cos  ifPO  =  ^  =  sin  ^OP  =  Bin  (9, 

tan  (90°  "0)  =  tan  MPO  =  ^=  cot  ^OP  =  cot  6, 

PM 

cot  (90°  -  ^)  =  cot  ilfPO  =^"=  tan ilOP  =  tan  ^, 

PO 
cosec  (90°  —  ^)  =  cosec  MPO  ^tft)  =  sec  A  OP  =  sec  0, 

PO 
and  sec  (90°  -  ^)  =  sec  MPO  =  ^ = cosec  AOP  =  cosec  0, 
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Hence  we  observe  that 
the  Sine  of  any  angle  » the  Cosine  of  its  complement, 
the  Tangent  of  any  angle  =  the  Cotangent  of  its  comple- 
ment, 

and  the  Secant  of  an  angle  =  the  Cosecant  of  its  comple- 
ment. 

From  this  is  apparent  what  is  the  derivation  of  the 
names  Cosine,  Cotangent,  and  Cosecant. 

40.  The  student  is  advised  before  proceeding  any 
further  to  make  himself  quite  familiar  with  the  following 
table.     [For  an  extension  of  this  table,  see  Art.  76.] 

Angle 


Sine 


Cosine 


Tangent 


Cotangent 


Cosecant 


Secant 


00 

300 

450 

600 
V3 

900 
1 

0 

1 

1 

2 

v/2 

2 

1 

v/3 
2 

1 

1 
2 

V3 

0 

OOs 

0 

1 
v/3 

1 

QO 

V3 

1 

1 
V3 

0 

00 

1 

1 

2 

2 
V3 

V2 
V2 

2 
V3 

2 

1 

00 

If  the  student  commits  accurately  to  memory  the 
portion  of  the  above  table  included  between  the  thick 
lines,  he  should  be  able  to  easily  reproduce  the  rest. 
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For 

(1)  the  sines  of  60°  and  90°  are  respectively  the 
cosines  of  30°  and  0°.  (Art.  39.) 

(2)  the  cosines  of  60°  and  90°  are  respectively  the 
sines  of  30°  and  0°.  (Art.  39.) 

Hence  the  second  and  third  lines  are  known. 

(3)  The  tangent  of  any  angle  is  the  result  of  dividing 
the  sine  by  the  cosine. 

Hence  any  quantity  in  the  fourth  line  is  obtained  by 
dividing  the  corresponding  quantity  in  the  second  line  by 
the  corresponding  quantity  in  the  third  line. 

(4)  The  cotangent  of  any  angle  is  the  reciprocal  of 
the  tangent,  so  that  the  quantities  in  the  fifth  row  are  the 
reciprocals  of  the  quantities  in  the  fourth  row. 

(5)  Since  cosec  d  =  -; — ^ ,  the  sixth  row  is  obtained 
^  ^  sin^ 

by  inverting  the  corresponding  quantities  in  the  second 

row. 

(6)  Since  sec  ^  =  ^ ,  the  seventh  row  is  similarly 
obtained  from  the  third  row. 

EXAMPLES.    Vn. 

1.    If  ii= 30°,  verify  that 

(1)  cos2i4=co8M  -8in2^=2oo82il-l, 

(2)  sin  2il = 2  sin  ^  cos  ^ , 

(3)  cos  3^  :=4  cos^ii  -  3  COS  ii, 

(4)  sin  3i4  =  3  sin^l  -4  sinM, 

2tan^ 
and    (5)    tan2il  =  j_^-a-^. 
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2.  Ifil=45°,  Yerifythat 

(1)  8in2il=2Bin^ooSil, 

(2)  oo8  2il=:l-.2  8in>^ 

and   (3)    tan2^  =  ^4^^. 
Verify  that 

3.  8m«30°+Bm«46°+8in«60°=:^. 

4.  tanSdO°+tiuiS45°+tan>60°=:H. 

5.  sin  S0°  COB  60°+ COB  80°  sin  60°=  1. 

6.  COB  45°  COB  60° -sin  45°  Bin  60°= -'^^^. 


CHAPTER  III. 


SIMPLE   PROBLEMS   IN   HEIQHTS  AND   DISTANCES. 


41.  One  of  the  objects  of  Trigonometry  is  to  find  the 
distances  between  points,  or  the  heights  of  objects, 
without  actually  measuring  these  distances  or  these 
heightg. 

42.  Suppose  0  and  P  to  be  two  points,  P  being  at  a 
higher  level  than  0. 

Let  OM  be  a  horizontal  line 
drawn  through  0  to  meet  in  M 
the  vertical  line  drawn  through 
P. 

The  angle  MOP  is  called 
the  Angle  of  Elevation  of 
the  point  P  as  seen  from  0. 

Draw  PN  parallel  to  MO,  so  that  PN  is  the  hori- 
zontal line  passing  through  P.  The  angle  NPO  is  the 
Angle  of  Depression  of  the  point  0  as  seen  from  P. 

48.  Two  of  the  instruments  used  in  practical  work  are  the  Theodo- 
lite and  the  Sextant. 

The  Theodolite  is  used  to  measure  angles  in  a  vertical  plane. 

The  Theodolite,  in  its  simple  form,  consists  of  a  telescope  attached 
to  a  flat  piece  of  wood.  This  piece  of  wood  is  supported  by  three  legs 
and  can  be  arranged  so  as  to  be  accurately  horizontal. 
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This  table  being  at  0  and  horizontal  and  the  telescope  being  initially 
pointing  in  the  direction  OM,  the  latter  can  be  made  to  rotate  in  a 
vertical  plane  until  it  points  aceorately  towards  P.  A  graduated  scale 
shews  the  angle  through  which  it  has  been  tomed  from  the  horizontal, 
i.e.  gives  us  the  angle  of  elevation  MOP. 

Similarly,  if  the  instrument  were  at  P,  the  angle  NPO  through  which 
the  telescope  would  have  to  be  turned,  downward  from  the  horizontal| 
would  give  us  the  angle  NPO. 

The  instrument  can  also  be  nsed  to  measure  angles  in  a  horizontal 
plane. 

44.  The  Sextant  is  used  to  find  the  angle  subtended  by  any  two 
points  D  and  J?  at  a  third  point  F.  It  is  an  instrument  much  used  on 
board  ships. 

Its  construction  and  application  are  too  complicated  to  be  here 
considered. 

46.     We  shall  now  solve  a  few  simple  examples  i:i 
heights  and  distances. 

Bz.  1.  A  vertical  flagstaff  stands  on  a  horizontal  plane ;  from  a  point 
distant  150  feet  from  its  foot  the  angle  of  elevation  of  its  top  it  found  to  he 
30°;  find  the  height  of  the  flagstaff , 

Let  MP  (Fig.  Art.  42)  represent  the  flagstaff  and  O  the  point  from 
which  the  angle  of  elevation  is  taken. 
Then  OM  =150  feet,  and  l  MOP =30°. 
Since  PMO  is  a  right  angle,  we  have 

MP  1 

=^=tan  MOP=  tan  30°=  ^  (Art.  33). 

Now,  by  extraction  of  the  square  root,  we  have 

V3= 1-73206.... 
Hence  MP=50x  1-73206...  feet =86-6026...  feet. 


I.  A  man  wishes  to  find  the  height  of  a  church  spire  which  stands 
on  a  horizontal  plane;  at  a  point  on  this  plane  he  finds  the  angle  of 
elevation  of  the  top  of  the  spire  to  be  46°  ;  on  walking  1(X)  feet  toward  the 
tower  he  finds  the  corresponding  angle  of  elevation  to  be  60° ;  dedxice  the 
height  of  the  tower  arid  also  his  original  distance  from  the  foot  of  the 
spire. 
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Let  P  be  the  top  of  the  spiie  and  A  and  B  the  two  points  at  which 
the  angles  of  elevation  are  taken.   Draw 
PM  perpendieolar  io  AB  produced  and 
let  MP  be  x. 

We  are  given  AB =100  feet, 

and  zMBP=60°. 

We  then  have 

JM  

-   =  cot  46°,  A  100    B 


and  —  rrCOteO^rr^-o- 


Hence 


AM=x,  and  BM- 


X 


n/3' 


...   .=^_N^«  =  1004^)=60(3W3) 

=60[3  +  l-73205...]=236-6...  feet. 

Also  AM=Xf  80  that  both  of  the  required  distances  are  equal  to 
236-6...  feet. 


8.  From  the  top  of  a  cliffy  200 /«e£  hight  the  angles  of  depression 
of  the  top  and  bottom  of  a  tower  are  observed  to  be  30°  and  60°  ;  find  the 
height  of  the  tower. 

Let  A  be  the  point  of  observation  and  BA  the  height  of  the  diff  and 
let  CD  be  the  tower. 

Draw  AE  horizontally,  so  that  ^  E AC = SOP  and 
I E  AD  =  00°. 

Let  X  feet  be  the  height  of  the  tower  and  produce 
DC  to  meet  AE  in  E,  so  that  CE=AB-x=200-x.      C 

Since  lADB=  iDAE=OOP  (Euc.  i.  29), 

200 


Also 


•,  DB=^Boot^DB=200cot60°= 


200-a:      CE     .      ^„      1 
-D'B-   ==EA=^''^^JS' 


V3- 


X 


200 
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SO  that 


ar=200-^=183if6et. 


Bx.  4.  A  man  observes  that  at  a  point  due  south  of  a  certain  tower  its 
angle  of  elevation  is  60°;  he  then  walks  SOOfeet  due  west  on  a  horizontal 
plane  and  finds  that  the  angle  of  elevation  is  then  30°;  find  the  height  of 
the  tower  and  his  original  distance  from  it. 


Let  P  be  the  top,  and  PM  the  height,  of  the  tower,  A  the  point  dae 
south  of  the  tower  and  B  the  point  due  west  of  il. 

The  angles  PMAt  PMB,  and  MAB  are  therefore  all  right  angles. 

For  simplicity,  isince  the  triangles  PAMy  PBM,  and  ABM  are  in 
different  planes,  they  are  reproduced  in  the  second,  third,  and  fourth 
figures  and  drawn  to  scale. 

We  are  given  ilB= 300  feet,  z  Pi4JIf=60°,  and  lPBM=SQP. 

Let  the  height  of  the  tower  be  x  feet. 

From  the  second  figure 


so  that 

From  the  third  figure 

so  that 


— =oot80°=^3, 
BM=y,fS.x, 
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From  the  last  figure  we  have 

.-.   8a;«=3x300a. 

=  76x2-44949...  =  183-71...  feet. 
Also  his  original  distance  from  the  tower 

=a;cot60°=45  =  75x^2 

=  75  X  (1-4142.. .)=106-066...  feet. 


EXAMPLES.    Vm. 

1.  A  person  standing  on  the  bank  of  a  river  observes  that  the  angle 
snbtended  by  a  tree  on  the  opposite  bank  is  60°;  when  he  retires  40  feet 
from  the  bank  he  finds  the  angle  to  be  30° ;  find  the  height  of  the  tree 
and  the  breadth  of  the  river. 

2.  At  a  certain  point  the  angle  of  elevation  of  a  tower  is  fomid  to  be 

3 
such  that  its  cotangent  is  - ;  on  walking  32  feet  directly  toward  the  tower 

2 

its  angle  of  elevation  is  an  angle  whose  cotangent  is  ■= .     Find  the  height 

5 

of  the  tower. 

3.  At  a  point  A  the  angle  of  elevation  of  a  tower  is  found  to  be  such 

that  its  tangent  is  r^ ;  on  walking  240  feet  nearer  the  tower  the  tangent 

3 

of  the  angle  of  elevation  is  found  to  be  7 ;  what  is  the  height  of  the 

4 

tower  ? 

4.  Find  the  height  of  a  chimney  when  it  is  found  that  on  walking 
towards  it  100  feet  in  a  horizontal  line  through  its  base,  the  angular 
elevation  of  its  top  changes  from  30°  to  45°. 

5.  An  observer  on  the  top  of  a  cli£f,  200  feet  above  the  sea-level, 
observes  the  angles  of  depression  of  two  ships  at  anchor  to  be  45°  and  30° 
respectively ;  find  the  distances  between  the  ships  if  the  line  joining  them 
points  to  the  base  of  the  cliff. 
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6.  From  the  top  of  a  cliff  an  observer  finds  that  the  angles  of 
depression  of  two  bnoys  in  the  sea  are  39°  and  26°  respectivelj ;  the 
baojs  are  300  yards  apart  and  the  line  joining  them  points  straight 
at  the  foot  of  the  diff ;  find  the  height  of  the  cliff  and  the  distance  of  the 
nearest  buoy  from  the  foot  of  the  cliff,  given  that  cot  26° =2*0603,  and 
cot  39°  =1-2349. 

7.  The  upper  part  of  a  tree  broken  over  by  the  wind  makes  an  angle 
of  30°  with  the  ground,  and  the  distance  from  the  root  to  the  point  where 
the  top  of  the  tree  touches  the  ground  is  60  feet ;  what  was  the  height  of 
the  tree? 

8.  The  horizontal  distance  between  two  towers  is  60  feet  and  the 
angular  depression  of  the  top  of  the  first  as  seen  from  the  top  of  the 
second  which  is  150  feet  high  is  30° ;  find  the  height  of  the  first. 

9.  The<  angle  of  elevation  of  the  top  of  an  unfinished  tower  from  a 
point  distant  120  feet  from  its  base  is  45° ;  how  much  higher  must  the 
tower  be  raised  so  that  its  angle  of  elevation  at  the  same  point  may  be 
60°? 

10.  Two  pillars  of  equal  height  stand  on  either  side  of  a  roadway 
which  is  100  feet  wide ;  at  a  point  in  the  roadway  between  the  pillars  the 
elevations  of  the  tops  of  the  pillars  are  60°  and  30° ;  find  their  height  and 
the  position  of  the  point. 

11.  The  angle  of  elevation  of  the  top  of  a  tower  is  observed  to  be 
60° ;  at  a  point  40  feet  above  the  first  point  of  observation  the  elevation 
is  found  to  be  45°;  find  the  height  of  the  tower  and  its  horizontal 
distance  from  the  points  of  observation. 

12.  At  the  foot  of  a  mountain  the  elevation  of  its  summit  is  found 
to  be  45°;  after  ascending  one  mile  up  a  slope  of  30°  inclination  the 
elevation  is  found  to  be  60°.    Find  the  height  of  the  mountain. 

13.  What  is  the  angle  of  elevation  of  the  sun  when  the  length  of  its 
shadow  is  j^3  times  its  height  ? 

14.  The  shadow  of  a  tower  standing  on  a  level  plane  is  found  to  be 
60  feet  longer  when  the  sun's  altitude  is  30°  than  when  it  is  45°.  Prove 
that  the  height  of  the  tower  is  30  (1 + ^3)  feet. 

15.  On  a  straight  coast  there  are  three  objects  A,  B,  and  C  such 
that  AB=BC=2  miles.  A  vessel  approaches  J3  in  a  line  perpendicular 
to  the  coast  and  at  a  certain  point  AC  is  found  to  subtend  an  angle  of 
60'' ;  after  sailing  in  the  same  direction  for  ten  minutes  ilC  is  found  to 
subtend  120° ;  find  the  rate  at  which  the  ship  is  going. 
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16.  Two  flagstafffl  stand  on  a  horizontal  plane.  A  and  B  are  two 
points  on  the  line  joining  the  bases  of  the  flagsta£fs  and  between  them. 
The  angles  of  elevation  of  the  tops  of  the  flagstaffs  as  seen  from  A  are 
30^  and  60°  and,  as  seen  from  £,  they  are  60°  and  45°.  If  the  length  AB 
be  30  feet,  find  the  heights  of  the  flagstafifs  and  the  distance  between 
them. 

17.  P  is  the  top  and  Q  the  foot  of  a  tower  standing  on  a  horizontal 
plane.    A   and   B   are   two  points   on   this  plane  such  that  AB    is 

2 

32  feet  and  QAB  is  a  right  angle.    It  is  found  that  cot  BAQ  —  ^  and 

cotPJ5g=|; 
find  the  height  of  the  tower. 

18.  A  square  tower  stands  upon  a  horizontal  plane.  From  a  point 
in  this  plane  from  which  three  of  its  upper  corners  are  visible  their 
angular  elevations  are  respectively  45°,  60°,  and  45°.  Shew  that  the 
height  of  the  towjer  is  to  the  breadth  of  one  of  its  sides  as  fj^  (^5  -f  1) 
to  4. 

19.  A  lighthouse,  facing  north,  sends  out  a  fan-shaped  beam  of 
light  extending  from  north-east  to  north-west.  A  steamer  sailing  due 
west  first  sees  the  lighthouse  when  it  is  5  miles  away  from  the  lighthouse 
and  continues  to  see  it  for  30<^2  minutes.  What  is  the  speed  of  the 
fiteaiher? 

20.  A  man  stands  at  a  point  X  on  the  bank  XY  of  a  river  with 
straight  and  parallel  banks  and  observes  that  the  line  joining  Z  to  a 
point  Z  on  the  opposite  bank  makes  an  angle  of  30°  with  XY.  He  then 
goes  along  the  bank  a  distance  of  200  yards  to  Y  and  finds  that  the  angle 
ZYX  is  60°.    Fmd  the  breadth  of  the  river. 

21.  A  man,  walking  due  north,  observes  that  the  elevation  of  a 
balloon,  which  is  due  east  of  him  and  is  sailing  toward  the  north-west, 
is  then  60°  ;  after  he  has  walked  400  yards  the  balloon  is  vertically  over 
his  head ;  find  its  height  supposing  it  to  have  always  remained  the  same. 


CHAPTER  IV. 

APPLICATION   OF  ALGEBRAIC   SIGNS  TO  TRIGONOMETRY. 

46.  Positive  and  Negative  Angles.  In  Art.  6  in 
treating  of  angles  of  any  size  we  spoke  of  the  revolving 
line  as  if  it  always  revolved  in  a  direction  opposite  to  that 
in  which  the  hands  of  a  watch  revolve,  when  the  watch  is 
held  with  its  face  uppermost. 

This  direction  is  called  counter-clockwise. 

When  the  revolving  line  turns  in  this  manner  it  is  said 
to  revolve  in  the  positive  direction  and  to  trace  out  a 
positive  angle. 

When  the  line  OP  revolves  in  the  opposite  direction, 
i.e.  in  the  same  direction  as  the  hands  of  the  watch,  it  is 
said  to  revolve  in  the  negative  direction  and  to  trace  out 
a  negative  angle.     This  negative  direction  is  clockwise. 

47.  Let  the  revolving  line  start  from  OA  and  revolve 
until  it  reaches  a  position  OP  which 

lies  between  OA'  and  OB'  and  which 
bisects  the  angle  A' OB, 

If  it  has  revolved  in  the  positive      x< 
direction  it  has  traced  out  the  positive 
angle  whose  measure  is  +  225°, 
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If  it  has  revolved  in  the  negative  direction  it  has 
traced  out  the  negative  angle  —  135°. 

Again,  suppose  we  only  know  that  the  revolving  line  is 
in  the  above  position.  It  may  have  made  one,  two,  three 
...  complete  revolutions  and  then  have  described  the 
positive  angle  +  225°.  Or  again  it  may  have  made 
one,  two,  three...  complete  revolutions  in  the  negative 
direction  and  then  have  described  the  negative  angle 
- 135°. 

In  the  first  case  the  angle  it  has  described  is  either 
225°,  or  360°  +  225°,  or  2  x  360°  +  225°,  or  3  x  360°  +  225° 
i.e.  225°,  or  585°,  or  945°,  or  1305°.... 

In  the  second  case  the  angle  it  has  described  is  — 135°, 
or  -  360°  -  135°,  or  -  2  x  360°  -  135°,  or  -  3  x  360°  - 135* 
i.e.  —  135°,  or  —495°,  or  —855°,  or  —  1215' 


y  o 


48.  Positive  and  Negative  Lines.  Suppose  that 
a  man  is  told  to  start  from  a  given  milestone  on  a  straight 
road  and  to  walk  1000  yards  along  the  road  and  then  to 
stop.  Unless  we  are  told  the  direction  in  which  he 
started  we  do  not  know  his  position  when  he  stops.  All 
we  know  is  that  he  is  either  at  a  distance  1000  yards  on 
one  side  of  the  milestone  or  at  the  same  distance  on  the 
other  side. 

In  measuring  distances  along  a  straight  line  it  is 
therefore  convenient  to  have  a  standard  direction;  this 
direction  is  called  the  positive  direction  and  all  distances 
measured  along  it  are  said  to  be  positive.  The  opposite 
direction  is  the  negative  direction  and  all  distances 
measured  along  it  are  said  to  be  negative. 

The  standard  or  positive  directions  for  horizontal  lines 
is  towards  the  right. 


POSITIVE  AND  NEGATIVE  LINES. 
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The  length  OA  is  in  the  positive  direction.  The 
length    OA^  is  in  the 

negative  direction.     If     ^ ^ ^ 

the  magnitude  of  the 

distance  OA  or  OA'  be  a,  the  point  il  is  at  a  distance 

4-  a  from  0  and  the  point  A'  is  at  a  distance  —  a  from  0. 

All  lines  measured  to  the  right  have  then  the  positive 
sign  prefixed ;  all  lines  to  the  left  have  the  negative  sign 
prefixed. 

If  a  point  start  from  0  and  describe  a  positive  distance 
OA  and  then  a  distance  AB  back  again  toward  0,  equal 
numerically  to  b,  the  total  distance  it  has  described 
measured  in  the  positive  direction  is  OA  -f  AB 

i.e.  +  a  +  (—  b),  i.e.  a  —  6. 

49.  For  lines  at  right  angles  to  A  A'  the  positive 
direction  is  from  0  towards  the  top  of  the  page,  i,e.  the 
direction  of  OB  (Fig.  Art.  47).  All  lines  measured  from 
0  towards  the  foot  of  the  page,  i.e.  in  the  direction  OR, 
are  negative. 

60.  Trigonometrical  ratios  for  an  angle  of  any  nutgni- 
tvde. 

Let   OA  be  the  initial  line  (drawn   in  the  positive 
direction)  and  let  OA'  be  drawn  in 
the  opposite  direction  to  OA, 

Let  BOB'  be  a  line  at  right 
angles  to  OA,  its  positive  direction 
being  OB. 

Let  a  revolving  line  OP  start 
from  OA  and  revolving  in  either 
direction,  positive  or  negative,  trace 

L.  T.  4 
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out  an  angle  of  any  magnitude  whatever.  From  a 
point  P  in  the  revolving  line  draw  PM  perpendicular 
to  AOA\ 

[Four  positions  of  the  revolving  line  are  given  in  the  figure,  one  iu 
each  of  the  foor  quadrants,  and  the  suffixes  1,  2,  3  and  4  are  attached  to 
P  for  the  purpose  of  distinction.] 

We  then  have  the  following  definitions,  which  are  the 
same  as  those  given  in  Art  23  for  the  simple  case  of  an 
acut^  angle : 

MP 

Yyp  is  called  the  Sine  of  the  angle  AOP, 


Cosine  „ 


OM 
OP 

» 

MP 
OM 

>i 

OM 
MP 

ty 

OP 
OM 

ft 

OP 

Tangent 


„  i»MW*B^**W  „  .„ 


Cotangent 


l>  -— 'W»>»— p^— ■»  ff  „ 


Secant 


»        it 


MP 


Cosecant 


The  quantities  1  —  cos  A  OP,  and  1  —  sin  A  OP  are 
respectively  called  the  Versed  Sine  and  the  Coversed 
Sine  of  ^  OP, 

61.  In  exactly  the  same  manner  as  in  Art.  27  it  may 
be  shewn  that,  for  all  values  of  the  angle  AOP  (=  0),  we 
have 
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■in  0  n 

^^  =  tan  ft 

coir 

and  cowec^O  =  1  +  ooV6. 

52.     Signs  of  the  trigonometrical  ratios. 

First  quadrant.  Let  the  revolving  line  be  in  the  first 
quadrant,  as  OPi.     This  revolving  line  is  always  positive. 

Here  OMi  and  ifiPi  are  both  positive,  so  that  all  the 
trigonometrical  ratios  are  then  positive. 

Second  quadrant  Let  the  revolving  line  be  in  the 
second  quadrant,  as  OP3.  Here  MJ^^  is  positive  and  OM^ 
is  negative. 

The  sine,  being  equal  to  the  ratio  of  a  positive  quantity 
to  a  positive  quantity,  is  therefore  positive. 

The  cosine,  being  equal  to  the  ratio  of  a  negative 
quantity  to  a  positive  quantity,  is  therefore  negative. 

The  tangent,  being  equal  to  the  ratio  of  a  positive 
quantity  to  a  negative  quantity,  is  therefore  negative. 

The  cotangent  is  negative. 

The  cosecant  is  positive. 

The  secant  is  negative. 

Third  quadrant    If  the  revolving  line  be,  as  OP3,  in 
the  third  quadrant,  we  have  both  M^Pi  and  OM^  negative. 
The  sine  is  therefore  negative. 
The  cosine  is  negative. 
The  tangent  is  positive. 
The  cotangent  is  positive. 
The  cosecant  is  negative. 
The  secant  is  negative. 

4—2 
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Fourth  qvadrant.  Let  the  revolving  line  be  in  the 
fourth  quadrant,  as  OP4.  Here  M4P4^  is  negative  and 
OJ/4  is  positive. 

The  sine  is  therefore  negative. 

The  cosine  is  positive. 

The  tangent  is  negative. 

The  cotangent  is  negative. 

The  cosecant  is  negative. 

The  secant  is  positive. 

The  annexed  table  shews  the  signs  of  the  trigono- 
metrical ratios  according  to  the  quadrant  in  which  lies 
the  revolving  line,  which  bounds  the  angle  considered. 
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sin 
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sin 
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cos 

— 

cos 
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tan 
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tan 

+ 

cot 

— 

cot 
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cosec 
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cosec 

+ 

sec 

^" 

sec 

+ 

A' 
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A 

sin 

— 

sin 

— 

cos 

— 

cos 

+ 

tan 

+ 

tan 
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cot 

+ 

cot 
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cosec 

— 

cosec 

— 

sec 

— 

sec 

+ 
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53.  Tracing  of  the  changes  in  the  sign  and  magnitude 
of  the  trigonometrical  ratios  of  an  angle,  as  the  angle 
increases  from  0°  to  360°. 

Let  the  revolving  line  OP  be  of  constant  length  a. 
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When  it  coincides  with  OA  the 
length  OMi  is  equal  to  a  and, 
when  it  coincides  with  OB,  the 
point  Ml  coincides  with  0  and  OMj 
vanishes.  Also,  as  the  revolving 
line  turns  from  OA  to  OB,  the  dis- 
tance OMi  decreases  from  a  to 
zero. 

Whilst  the  revolving  line  is  in 
the  second  quadrant  and  is  revolving  from  OB  to  OA',  the 
distance  OM^  is  negative  and  increases  numerically  from 
0  to  a  [i.e.  it  decreases  cUgebraiccdly  from  0  to  —  a]. 

In  the  third  quadrant  the  distance  OM^  increases 
algebraically  from  —  a  to  0,  and  in  the  fourth  quadrant 
the  distance  OM4,  increases  from  0  to  a. 

In  the  first  quadrant  the  length  ifiPi  increases  from 
0  to  a ;  in  the  second  quadrant  M^P^  decreases  from  a  to 
0;  in  the  third  quadrant  M^P^  decreases  algebraically 
from  0  to  — a;  whilst  in  the  fourth  quadrant  M^P^ 
increases  algebraically  from  —  a  to  0. 


54.     Sine.     In  the  first  quadrant  as  the  angle  in- 

MP  0 

creases  from  0  to  90*^,  the  sine,  i:e.  — ^—^ ,  increases  from  - 

a  a 

to  - ,  i.e.  from  0  to  1. 
a 

In  the  second  quadrant  as  the  angle  increases  from 

90°  to  180°,  the  sine  decreases  from  -  to  - ,  i»e.  from  1  to  0. 

a      a 

In  the  third*  quadrant  as  the  angle  increases  from  180° 

ft  rt 

to  270°,  the  sine  decreases  from  -  to  —  ,  i.6.  from  0  to  —  1. 

a       a 
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In  the  fourth  quadrant  as  the  angle  increases  from 

rt 

270°  to  360°,  the  sine  increases  from  - —  to  - ,  i.e.  from 

a        a 

- 1  to  0. 

56.     Cosine.     In  the  first  quadrant  the  cosine,  which 

is  equal  to     - ,  decreases  from  -  to  - ,  i.e.  from  1  to  0. 
^  a  a      a 

In  the  second  quadrant  it  decreases  from  -  to  — -.i.e. 

^  a       a 

from  0  to  —  1. 

—.  n  0 

In  the  third  quadrant  it  increases  from     —  to  - ,  i.e. 

^  a        a 

from  —  1  to  0. 

In  the  fourth  quadrant  it  increases  from  -  to  -,  i.e. 

^  a       a 

from  0  to  1. 

56.     Tangent.     In  the  first  quadrant  MiP^  increases 

MP 

from  0  to  a  and  OM^  decreases  from  a  to  0,  so  that  -^^ 

continually  increases  (for  its  numerator  continually  in- 
creases and  its  numerator  continually  decreases). 

When  OPi  coincides  with  OA,  the  tangent  is  0 ;  when 
the  revolving  line  has  turned  through  an  angle  which  is 
slightly  less  than  a  right  angle,  so  that  OPi  nearly 
coincides  with  OB,  then  MiPi  is   very  nearly  equal  to 

MP 
a  and  OMi  is  very  small.     The  ratio  rfjrr  is  therefore  very 

large,  and  the  nearer  OPi  gets  to  OB  the  larger  does  the 
ratio  become,  so  that,  by  taking  the  revolving  line  near 
enough  to  OB,  we  can  make  the  tangent  as  large  as  we 
please.  This  is  expressed  by  saying  that  when  the  angle 
is  equal  to  90°  its  tangent  is  infinite. 
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The  symbol  oo  is  used  to  denote  an  infinitely  great 
quantity. 

Hence  in  the  first  quadrant  the  tangent  increases  from 
0  to  00 . 

In  the  second  quadrant  when  the  revolving  line  has 
described  an  angle  AOP^  slightly  greater  than  a  right 
angle,  MJP^  is  very  nearly  equal  to  a  and  OM^  is  very 
small  and  negative,  so  that  the  corresponding  tangent  is 
very  large  and  negative. 

Also,  as  the  revolving  line  turns  from  OB  to  0A\  ifiPi 
decreases  from  a  to  0  and  OM^  is  negative  and  decreases 
from  0  to  —  a,  so  that  when  the  revolving  line  coiucides 
with  OA'  the  tangent  is  zero. 

Hence  in  the  second  quadrant  the  tangent  increases 
from  —  X  to  0. 

In  the  third  quadrant  both  M^P^  and  OM^  are  negative, 
and  hence  their  ratio  is  positive.  Also,  when  the  revolving 
line  coincides  with  05',  the  tangent  is  infinite. 

Hence  in  the  third  quadrant  the  tangent  increases 
from  0  to  00 . 

In  the  fourth  quadrant  MJ^4,  is  negative  and  OM^  is 
positive,  so  that  their  ratio  is  negative.  Also,  as  the 
revolving  line  passes  through  OB  the  tangent  changes 
from  4-  00  to  —  X  [just  as  in  passing  through  0B\ 

Hence  in  the  fourth  quadrant  the  tangent  increases 
from  —  X  to  0. 

67.  Cotangent.  When  the  revolving  line  coincides 
with  0-4,  JfiPi  is  very  small  and   OMy  is  very  nearly 

equal  to  a,  so  that  the  cotangent,  i.e,  the  ratio  ^  p  ,  is 

infinite  to  start  with.     Also,  as  the  revolving  line  rotates 
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from  OA  to  OB,  the  quantity  M^P^  increases  from  0  to  a 
and  OMi  decreases  from  a  to  0. 

Hence  in  the  first  quadrant  the  cotangent  decreases 
from  X  to  0, 

In  the  second  quadrant  M^Pz  is  positive  and   OM2 

negative,  so  that  the  cotangent  decreases  from  0  to  -j— , 

i.e.  from  0  to  —  00 . 

In  the  third  quadrant  it  is  positive  and  decreases  from 

00  to  0  [for  as  the  revolving  line  crosses  OB'  the  cotangent 
changes  from  —  00  to  00  ]. 

In  the  fourth  quadrant  it  is  negative  and  decreases 
from  0  to  —  00 . 

68.  Secant.  When  the  revolving  line  coincides  with 
OA  the  value  of  OMi  is  a,  so  that  the  value  of  the  secant 
is  then  unity. 

As  the  revolving  line  turns  from  OA  to  OB,  OM^ 
decreases   from   a    to  0,  and  when  the  revolving  line 

coincides  with  OB  the  value  of  the  secant  is  j: ,  i.e,  00 . 

Hence  in  the  first  quadrant  the  secant  increases  from 

1  to  00. 

In  the  second  quadrant  OM^  is  negative  and  decreases 
from  0  to  —  a.  Hence  in  this  quadrant  the  secant  in- 
creases from  —  00  to  —  1  [for  as  the  revolving  line  crosses 
OB  the  quantity  OM^  changes  sign  and  therefore  the 
secant  changes  from  +  x  to  —  00  ]. 

In  the  third  quadrant  OM^  is  always  negative  and 
increases  from  —a  to  0;  therefore  the  secant  decreases 
from  —  1  to  —  X .  In  the  fourth  quadrant  OM^  is  always 
positive  and  increases  from  0  to  a.  Hence  in  this  quad- 
rant the  secant  decreases  from  x  to  -f- 1. 
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69.     Cosecant.    The  change  in  the  cosecant  may  be 
traced  in  a  similar  manner  to  that  in  the  secant. 

In  the  first  quadrant  it  decreases  from  oo  to  + 1. 
In  the  second  quadrant  it  increases  from  -h  1  to  4-  oo . 
In  the  third  quadrant  it  increases  from  —  oo  to  —  1. 
In  the  fourth  quadrant  it  decreases  from  —  1  to  —  oo . 

60.     The  foregoing  results  are  collected  in  the  annexed 
table. 
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In  the  second  quadrant  the 

sine  decreases  from     1  to   0 

cosine       decreases  from     Oto-1 
tangent     increases  from  ~  oo  to  0 
cotangent  decreases  from    0  to  ~  oo 
secant       increases  from  -  qd  to  - 1 
cosecant    increases  from     1  to   oo 


In  the  third  quadrant  the 

sine  decreases  from     Oto-1 

cosine  increases  from-  1  to  0 
tangent  increases  from  0  to  oo 
cotangent  decreases  from  oo  to  0 
secant  decreases  from- 1  to- qd 
cosecant    increases  from  -  qd  to  - 1 


In  the  first  quadrant  the 

sine  increases  from   0  to  1 

cosine  decreases  from    1  to  0 

tangent  increases  from   0  to  oo 

cotangent  decreases  from  oo  to  0 

secant  increases  from   1  to  od 

cosecant  decreases  from  oo  to  1 


In  the  fourth  quadrant  the 


0 
1 
0 


sine  increases  from  -  1  to 

cosine       increases  from     0  to 
tangent     increases  from-oo  to 
cotangent  decreases  from     0  to  -  od 
secant       decreases  from   od  to   1 
cosecant    decreases  from  -  1  to  -  oo 


B' 


61.     Periods   of  the  trigonometrical  flinctionB. 

As  an  angle  increases  from  0  to  27r  radians  i.e.,  whilst  the 
revolving  line  makes  a  complete  revolution  its  sine  first 
increases  from  0  to  1,  then  decreases  from  1  to  —  1,  and 
finally  increases  from  —1  to  0,  and  thus  the  sine  goes 
through  all  its  changes  returning  to  its  original  value. 
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Similarly  as  the  angle  increases  from  27r  radians  to 
47r  radians,  the  sine  goes  through  the  same  series  of 
changes. 

Also  the  sines  of  any  two  angles  which  diflfer  by  four 
right  angles,  i.e.  2ir  radians,  are  the  same. 

This  is  expressed  by  saying  that  the  period  of  the 
■Ine  is  Stt. 

Similarly  the  cosine,  secant,  and  cosecant  go  through 
all  their  changes  as  the  angle  increases  by  27r. 

The  tangent,  however,  goes  through  all  its  changes  as 
the  angle  increases  from  0  to  tt  radians,  i.e.  whilst  the 
levolving  line  turns  through  two  right  angles.  Similarly 
for  the  cotangent. 

The  period  of  the  sine,  cosine,  secant  and  cosecant  is 
therefore  27r  radians;  the  period  of  the  tangent  and 
cotangent  is  tt  radians. 

Since  the  values  of  the  trigonometrical  functions 
repeat  over  and  over  again  as  the  angle  increases,  they 
are  called  periodic  flinctions. 

#62.  The  variations  in  the  values  of  the  trigono- 
metrical ratios  may  be  graphically  represented  to  the  eye 
by  means  of  curves  constructed  in  the  following  manner. 
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Sine-Cunre. 

Let  OX  and  OF  be  two  straight  lines  at  right  angles 
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and  let  the  magnitudes  of  angles  be  represented  by 
lengths  measured  along  OX. 

Let  Riy  i2a,  Ri,...  be  points  such  that  the  distances 
OiJi,  -BiJXa,  jRa^,«-.  are  equal.  If  then  the  distance  OR^ 
represent  a  right  angle,  the  distances  OR^,  OR^,  OR4,... 
must  represent  two,  three,  four,..,  right  angles. 

Also  if  P  be  any  point  on  the  line  OX,  then  OP 
represents  an  angle  which  bears  the  same  ratio  to  a  right 
angle  that  OP  bears  to  ORi. 

[For  example,  if  OP  be  equal  to  ^  ORi  then  OP  would  represent  one- 

tj 

third  of  a  right  angle;  if  P  bisected  R^R^  then  OP  would  represent  3^ 

right  angles.] 

Let  also  ORi  be  so  chosen  that  one  unit  of  length 
represents  one  radian;  since  OR2  represents  two  right 
angles,  i.e.  ir  radians,  the  length  OR^  must  be  ir  units  of 
length,  i.e.  about  3|  units  of  length. 

In  a  similar  manner  negative  angles  are  represented 
by  distances  OR^y  O-B2',...  measured  from  0  in  a  negative 
direction. 

At  each  point  P  erect  a  perpendicular  PQ  to  represent 
the  sine  of  the  angle  which  is  represented  by  OP ;  if  the 
sine  be  positive  the  perpendicular  is  to  be  drawn  parallel 
to  OF  in  the  positive  direction;  if  the  sine  be  negative 
the  line  is  to  be  drawn  in  the  negative  direction. 

[For  example,  since  OR-^  represents  a  right  angle,  the  sine  of  which  is 
1,  we  erect  a  perpendicular  i^^Bi  equal  to  one  unit  of  length ;  since  OR^ 
represents  an  angle  equal  to  two  right  angles,  the  sine  of  which  is  zero, 
we  erect  a  perpendicular  of  length  zero;  since  OR^  represents  three  right 
angles,  the  sine  of  which  is  - 1,  we  erect  a  perpendicular  equal  to  - 1, 
i.e.  we  draw  JR3B3  downward  and  equal  to  a  unit  of  length ;  if  OP  were 

equal  to  one-third  of  ORi  it  would  represent  »  of  a  right  angle,  i.e.  30°, 

«5 
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the  sine  of  which  is  ^ ,  and  so  we  shonld  erect  a  perpendicular  PQ  equal 
to  one-half  the  unit  of  length.] 

The  ends  of  all  these  lines,  thus  drawn,  would  be 
found  to  lie  on  a  curve  similar  to  the  one  drawn  above. 

« 

It  would  be  found  that  the  curve  consisted  of  portions, 
similar  to  OBiB^BsRi,  placed  side  by  side.  This  corre- 
sponds to  the  fact  that  each  time  the  angle  increases  by 
27r,  the  sine  repeats  the  same  value. 

#63.     Cosine-Ourve. 
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The  Cosine-Curve  is  obtained  in  the  same  manner  as 
the  Sine-Curve,  except  that  in  this  case  the  perpendicular 
PQ  represents  the  cosine  of  the  angle  represented  by  OP, 

The  curve  obtained  is  the  same  as  that  of  Art.  62  if  in 
that  curve  we  move  0  to  Ri  and  let  OF  be  drawn  along 
RiSi, 


#64.    Tangent-Ounre. 

In  this  case,  since  the  tangent  of  a  right  angle  is 
infinite  and  since  ORi  represents  a  right  angle,  the  per- 
pendicular drawn  at  Ri  must  be  of  infinite  length  and 
the  dotted  curve  will  only  meet  the  line  RiL  at  an  infinite 
distance. 


TANGENT-CUUVE. 
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Since  the  tangent  of  an  angle  slightly  greater  than  a 
light  angle  is  negative  and  almost  infinitely  great,  the 
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dotted  curve  immediately  beyond  LRiL'  commences  at  an 
infinite  distance  on  the  negative  side,  i,e.  below,  OX. 

The  Tangent-Curve  will  clearly  consist  of  an  infinite 
number  of  similar  but  disconnected  portions,  all  ranged 
parallel  to  one  another.  Such  a  curve  is  called  a  Discon- 
tinuous Curve.  Both  the  Sine-Curve  and  the  Cosine- 
Curve  are,  on  the  other  hand.  Continuous  Curves. 

#66.  Cotangent-Cunre.  If  the  curve  to  represent 
the  cotangent  be  drawn  in  a  similar  manner,  it  will  be 
found  to  meet  0  F  at  an  infinite  distance  above  0 ;  it  will 
pass  through  the  point  Ri  and  touch  the  vertical  line 
through  i2s  at  an  infinite  distance  on  the  negative  side  of 
OX.  Just  beyond  R^  it  will  start  at  an  infinite  distance 
above  iZg,  and  proceed  as  before. 

The  curve  is  therefore  discontinuous  and  will  consist 
of  an  infinite  number  of  portions  all  ranged  side  by  side. 
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#66.    Cosecant-Ounre. 
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When  the  angle  is  zero  the  sine  is  zero,  and  the 
cosecant  is  therefore  infinite. 

Hence  the  curve  meets  OF  at  infinity. 

When  the  angle  is  a  right  angle  the  cosecant  is  unity, 
and  hence  RiBi  is  equal  to  the  unit  of  length. 

When  the  angle  is  equal  to  two  right  angles  its 
cosecant  is  infinity,  so  that  the  curve  meets  the  perpen- 
dicular through  i?2  at  an  infinite  distance. 

Again,  as  the  angle  increases  from  slightly  less  to 
slightly  greater  than  two  right  angles,  the  cosecant 
changes  from  +  x  to  —  00 . 

Hence  just  beyond  B^  the  curve  commences  at  an 
infinite  distance  on  the  negative  side  of,  i.e,  below,  OX, 

#67.  Secant-Curve.  If,  similarly,  the  Secant-Curve 
be  traced  it  will  be  found  to  be  the  same  as  the  Cosecant- 
Curve  would  be  if  we  moved  OF  to  RiBi, 
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MISOELLANEOnS  KXAMPT.E8.    DC. 

1.  In  a  triangle  one  angle  oontains  as  many  grades  as  another  con- 
tains degrees,  and  the  third  contains  as  many  centesimal  seconds  as 
there  are  sexagesimal  seconds  in  the  smn  of  the  other  two;  find  the 
number  of  radians  in  each  angle. 

2.  Find  the  nmnber  of  degrees  in  the  angle  at  the  centre  of  a  circle 
whose  radius  is  5  feet  which  is  subtended  by  an  arc  of  length  6  feet. 

3.  To  turn  radians  into  seconds  prove  that  we  must  multiply  by 
206265  nearly,  and  to  turn  seconds  into  radians  the  multiplier  must  be 
-0000048. 

4.  If  sin  0  equal  -^ — ^ ,  find  the  values  of  cos  $  and  cot  0, 

_      _-  .    -         m^  +  2mn 

5.  If  sm  0= 


m*  +  2mn 


prove  that  tan«=^^;;^^^^^. 

6.  If  GOB  0  -  Bin  0=^2  Bin  0^ 
prove  that  cos  ^  +  sin  ^ = ^2  cos  0» 

7.  Prove  that 

cosec*  a  -  cot*  a = 3  cosec^  a  cot'  a  + 1. 

8.  Express  2  sec*  A  -  sec*  A -2  cosec^  A  +  cosec*  A 
in  terms  of  tan  A, 

9.  Solve  the  equation  3  cosec^  ^ = 2  sec  ^. 

10,  A  man  on  a  cliff  observes  a  boat  at  an  angle  of  depression  of 
30°,  which  is  making  for  the  shore  immediately  beneath  him.  Three 
minutes  later  the  angle  of  depression  of  the  boat  is  60^.  How  soon  will 
it  reach  the  shore  ? 

11,  Prove  that  the  equation  sin  ^=x  +  -  is  impossible  if  x  be  real. 

12,  Shew  that  the  equation  sec^^rr;^ — -=^  is  only  possible  when 


CHAPTER  V. 

TRIGONOMETRICAL   FUNCTIONS  OF  ANGLES  OF  ANY 

SIZE   AND  SIGN. 

[On  a  first  reading  of  the  subject,  the  student  is  recommended 
to  confine  his  attention  to  the  first  of  the  four  figures  given  in 
Arts.  68, 69  and  72.] 

68.     To  find  the  trigonometrical  ratios  of  an  angle 
(  —  0)  in  terms  of  those  of  0,  for  all  values  of  0. 
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Let  the  revolving  line,  starting  from  OA,  revolve 
through  any  angle  0  and  stop  in  the  position  OP. 

Draw  PM  perpendicular  to  OA  (or  OA  produced)  and 
produce  it  to  P',  so  that  the  lengths  of  PM  and  MP'  are 
equal 

In  the  geometrical  triangles  MOP  and  MOP'  we  have 
the  two  sides  OM  and  MP  equal  to  the  two  OM  and 
MP'y  and  the  included  angles  OMP  and  OifP  are  right 
angles. 

Hence  (Euc.  i.  4),  the  magnitudes  of  the  angles  MOP 
and  MOP'  are  the  same  and  OP  is  equal  to  OP'. 

In  each  of  the  four  figures,  the  magnitudes  of  the 
angle  AOP  (measured  counter-clockwise)  and  of  the  angle 
A  OP'  (measured  clockwise)  are  the  same. 

Hence  the  angle  AOP  (measured  clockwise)  is 
denoted  by  —0. 

Also  MP  and  MP'  are  equal  in  magnitude  but  are 
opposite  in  sign.    (Art.  49.)     We  have  therefore 

.    ,     ^     MP'     -MP         .    ^ 
■in  (-»)  =  gpT  = -^p-=-»in  ft 

,     ^    OM         OM  ^ 

cos(-W)  =  ^p7=      Qp  =  cosft 

MP'     -  MP 
tan(-5)=-Q^=-g^  =  -tan^, 

^,     .,      OM       OM  . 

cot(-6')  =  -^p,  =  — ^=-cot^, 

,    .,    or      OM  . 

cosec  ( -^)  =  ^p7  =  — gp  =  -cosec  ^, 
,  ,     .,     OP'  OP  . 

L.  T.  5 
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and 


8in(-80°)=-Bm30°=-^, 

tan(-6a°)= -tan60°= -V3. 

1 


COB  (-46°)  =  COB  45°= 


n/2- 


69.  To  find  the  trigonometriccbl  ratios  of  the  angle 
(90°  —  6)  in  terms  of  those  of  6,  for  all  valves  of  6, 

The  relations  have  already  been  discussed  in  Art.  39, 
for  values  of  0  less  than  a  right  angle. 


M  lA'f 


o\  \ 


O—^N' 


-A 


Let  the  revolving  line,  starting  from  0-4,  trace  out 
any  angle  AOP  denoted  by  6, 

To  obtain  the  angle  90°  —  ^,  let  the  revolving  line 
rotate  to  B  and  then  rotate  from  B  in  the  opposite 
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direction  through  the  angle  0,  and  let  the  position  of  the 
revolving  line  be  then  OP. 

The  angle  AOF  is  then  90°  -  ft 

Take  OF  equal  to  OP  and  draw  FM  and  PM  per- 
pendicular to  0-4,  produced  if  necessary.  Also  draw  FN' 
perpendicular  to  OB,  produced  if  necessary. 

In  each  figure  the  angles  AOP  and  BOF  are  numeri- 
cally equal,  by  construction. 

Hence  in  each  figure 

zMOP^^aN'OF^aOFM', 

since  ON*  and  MP'  are  parallel. 

Hence  the  triangles  MOP  and  M'FO  are  equal  in  all 
respects,  and  therefore  OM^M'F  numerically, 

and  OM  =  MP  numerically. 

Also  in  each  figure  OM  and  MP'  are  of  the  same 
sign,  and  so  also  are  MP  and  OM', 

ie.  OM  =  +  MF,  and  OM  ^  +  MP. 
Hence 

8in(0O°-^  =  sin^0F  =  ^  =  ^=coift 
co8(0O°-e)  =  cos^0P'  =  ^=^  =  ginft 

tan(90°-^)  =  tan-40P'  =  -^  =  ^=cot^, 

OM'     MP 
cot  (90°  -  ^)  =  cot  il  OP' =  ^,  =  gj=  tan  d, 

OP'      OP 
sec  (90°  —  0)  =  sec  A  OF  =  -jYjrp  =  -^^  =  cosec  0, 

and    cosec  (90°  —  ^)  =  cosec  A  OP'  =  irppf  =  Tyjrr = sec  ft 

5—2 
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70.     To  find  the  trigonometrical  ratios  of  the  angle 
(90°  +  0)  in  terms  of  those  of  6,  for  all  values  of  6. 


Let  the  revolving  line,  starting  from  OA,  trace  out 
any  angle  6  and  let  OP  be  the  position  of  the  revolving 
line  then,  so  that  the  angle  AOP  is  6, 

Let  the  revolving  line  turn  through  a  right  angle  from 
OP  in  the  positive  direction  to  the  position  OP^^  so  that 
the  angle -AOP' is  (90°  H-tf). 

Take  OF  equal  to  OP  and  draw  PM  and  PM" 
perpendicular  to  AOA\  In  each  figure,  since  POP*  is  a 
right  angle,  the  sum  of  the  angles  MOP  and  P*OM'  i& 
always  a  right  angle. 

Hence     Z  MOP  =  90°  -  z  FOM'  =  z  OFM\ 
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The  two  triangles  MOP  and  MP'O  are  therefore  equal 
in  all  respects. 

Hence  OM  and  MP'  are  numerically  equal,  as  also 
MP  and  OM  are  numerically  equal. 

In  each  figure  OM  and  MF  have  the  same  sign, 
whilst  MP  and  OM  have  the  opposite,  so  that 

if  P' =  + OJIf,  and  Oi/' =  - -JfP. 

We  therefore  have 

8m(0O°  +  e)  =  sinil0P'  =  ^  =  ^=co»ft 

co8(9O°  +  e)  =  cos40F  =  ^,  =  ^^  =  -ilnft 

MP"      OM 
tan(90°  +  ^)  =  tanilOP'  =  ^  =  f^  =  -cot^, 

OM     -MP 
cot(90°  +  ^)  =  cot^0P'  =  -^  =  -^  =  -tan^, 

OP'       OP 
sec  (90°  +  6)  =  sec  -4  OP'  =  jj^r^  =  — jjjp  =  —  cosec  ^, 

and  cosec  (90°  +  ^)  =  cosec  AOP'  =  t^^^tv  =  /TTr=  sec^. 
^  ^  ilf  P     Oilf 

fi».  8inl60«=8iii(90*+60°)=ooB60°=^, 

cos  135°= cos  (90° + 46°)  =  -  sin  45°  =  -  4o » 
and  tan  120°= tan  (90° +30°)=  -cot80°=  -^3. 

71.     Supplementary  Angles. 

Two  angles  are  said  to  be  supplementary  when  their 
sum  is  equal  to  two  right  angles,  ie,  the  supplement  of 
any  angle  0  is  180°  -  0. 
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Bxs.    The  supplement  of  80°= 180°  -  30°= 150°. 

The  supplement  of  120°=  180°  - 120°= 60°. 
The  supplement  of  276° =180°  -  276°=  -  96°. 
The  supplement  of  - 126°= 180°  -  ( - 126°)  =  306°. 

72.  To  find  the  values  of  the  trigonometrical  ratios  of 
the  angle  (180°  —  0)  in  terms  of  those  of  the  angle  0,for  all 
values  of  0. 


MYf6%, 


Let  the  revolving  line  start  from  OA  and  describe  any 
angle  AOP  (=  0), 

To  obtain  the  angle  180°  —  0,  let  the  revolving  line 
start  from  OA  and,  after  revolving  through  two  right 
angles  (i.e.  into  the  position  0-4'),  then  revolve  back 
through  an  angle  0  into  the  position  OP,  so  that  the  angle 
A' OP'  is  equal  in  magnitude  but  opposite  in  sign  to  the 
angle  AOP. 

The  angle  AOF  is  then  180°  - 0. 


ANGLES  OF  ANT  SIZE  AND  SIGN.  71 

Take  OP'  equal  to  OP  and  draw  PM'  and  PM 
perpendicular  to  AOA\ 

The  angles  MOP  and  MOP  are  equal  and  hence  the 
triangles  MOP  and  M'OP  are  equal  in  all  respects. 

Hence  OM  and  OM  are  equal  in  magnitude  and  so 
also  are  MP  and  M'P. 

In  each  figure  OM  and  OM'  are  drawn  in  opposite 
directions,  whilst  MP  and  M'P  are  drawn  in  the  same 
direction,  so  that 

OM^^OM,  and  MP  =  +  MP. 

Hence  we  have 

sin(18O°-^  =  sin^0P'  =  ^^=     ^^ilnft 

co8(180°-e)  =  cos^OP'=^'  =  ^^  =  -co«e, 

M'P'      MP 
tan(180°-^)  =  tan^OP'==^  =  ^^  =  -tan5, 

cot(180°-tf)  =  cot^0P'  =  -^,p  =  '^^  =  -cot<?, 

sec(180°-^)  =  8ec^OP'=^,  =  -^  =  -8ec^. 

OP'      OP 
and  cosec  (180°  ^0)  =  cosec  A  OP  =  itftt/  =  -tfts  =  cosec  0. 

^  ^  MP     MP 

sin  120°=8iii  (180° -60°)= sin  60°=^ , 
oo8l36°=oos(180°-45°)=  -cos  45°=  -.-^, 

and  tanl50°=tan(180°-30°)=  -tan30°=  -  -^. 
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73.  To  find  the  trigonometrical  ratios  of  (180°  +  0)  in 
terms  of  those  of  0,for  all  values  of  0, 

The  required  relations  may  be  obtained  geometrically, 
as  in  the  previous  articles.  The  figures  fon  this  propo- 
sition are  easily  obtained  and  are  left  as  an  example  for 
the  student. 

They  may  also  be  deduced  from  the  results  of  Art.  70, 
which  have  been  proved  true  for  all  angles.  For  putting 
90° +  0  =  B,  we  have 

■in(180°  +  ^)  =  8in(9fl!-f  fi)  =  cos£  (Art.  70) 

=  cos  (90°  +  ^)  =  -  sin  ft  (Art.  70) 

and    cos  ( 1 80°  +  6)  =  cos  (90°  +  5)  =  -  sin  5  (Art.  70) 

=  -  sin  (90°  +  ^)  =  -  cos  6.  (Art.  70). 

So  tan  (180°  +  tf)  =  tan  (90°  +  5)  =  -  cot  B 

=  -cot(90°  +  ^)  =  tan^, 
and  similarly  cot  (180°  +  0)  =  cot  0, 

sec  (180°  +  d)  =  -  sec  0, 
and  cosec  (180°  +  5)  =  —  cosec  0. 

74.  To  find  the  trigonometrical  ratios  of  an  angle 
(360°  +  0)  in  terms  of  those  of  0,for  all  values  of  0. 

In  whatever  position  the  revolving  line  may  be  when 
it  has  described  any  angle  0^  it  will  be  in  exactly  the  same 
position  when  it  has  made  one  more  complete  revolution 
in  the  positive  direction,  i,e,  when  it  has  described  an 
angle  360°  + ft 
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Hence  the  trigonometrical  ratios  for  an  angle  360**  +  0 
are  the  same  as  those  for  6. 

It  follows  that  the  addition  or  subtraction  of  360°,  or 
any  multiple  of  360°,  to  or  from  any  angle  does  not  alter 
its  trigonometrical  ratios. 

75.  From  the  theorems  of  this  chapter  it  follows  that 
the  trigonometrical  ratios  of  any  angle  whatever  can  be 
reduced  to  the  determination  of  the  trigonometrical  ratios 
of  an  angle  which  lies  between  0°  and  45°. 

For  example, 

sin  1765°  =  sin  [4  x  360°  +  325°]  =  sin  325°  (Art.  74) 

=  sin  (180°  + 145°)  =  -  sin  145°  (Art.  73) 

=  -  sin  (180°  -  35°)  =  -  sin  35°  (Art.  72); 

tan  1190°  =  tan  (3  X  360°  + 110°)  =  tan  110°  (Art.  74) 

=  tan  (90°  +  20°)  =  -  cot  20°  (Art.  70) ; 

and                cosec  (  -  1465°)  =  -  cosec  1465°  (Art.  68) 

=  -  cosec  (4  X  360°  +  25°)  =  -  cosec  25°  (Art  74). 

Similarly  any  other  such  large  angles  may  be  treated. 
First,  multiples  of  360°  should  be  subtracted  until  the 
angle  lies  between  0°  and  360° ;  if  it  be  then  greater  than 
180°  it  should  be  reduced  by  180° ;  if  then  greater  than 
90°  the  formulae  of  Art.  70  should  be  used,  and  finally,  if 
necessary,  the  formulae  of  Art.  69  applied. 
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76.     The  table  of  Art.  40  may  now  be  extended  to 
some  important  angles  greater  than  a  right  angle. 


Angle 

0° 
0 

30° 

1 
2 

V3 
2 

1 

v'3 

V3 

2 

2 
V3 

45° 

60° 

90° 

1 

0 

X 

0 

1 

X 

120° 

136° 

150° 

180°' 

Sine 

1 
x/2 

V3 

2 

V3 
2 

1 
x/2 

1 
2 

0 

1 

Cosine 

1 
0 

00 
X 

1 

1 

x/2 

1 
2 

V3 

1 
V3 

2 
V3 

2 

1 
2 

1 
V2 

V3 
2 

p 

-1 

Tangent 

1 

-V3 

-1 

1 
V3 

0    1 

i 

Cotangent 

1 

V2 
V2 

1 
V3 

-1 

-x/3 

X    . 

Cosecant 

2 
V3 

V2 

2 

X 

-1 

Secant 

-2 

-^/2 

2 
v/3 

EXAMPLES.    X. 

Prove  that 

1.  sin  420°  008  390°+ cos  (-300°)  sin  (-330°)  =  !. 

2.  cos  570°  sin  510°  -  sin  330°  cos  390° = 0. 
and  3.    tan225°cot406°  +  tan766°cot675°=0. 

What  are  the  values  of  cos  ^  -  sin  ^1  and  tan  A+ootA  when  A  haa 
the  values 

-      T  -      2ir  -»      Sir  «      7ir        J    _      llir. 

4.    3,       ^'    J'       6.    Y*       7.    ^  and  8.   -g  ? 
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What  valnes  between  0°  and  360°  may  A  have  when 

9.    BmA=-j^,  10.    co8il=-2,  11.    tanii=-l, 

2 
12.    cotii=-^3,        13.    860^1=-   ,g  and  14.    co8eo^=-2? 

Express  in  terms  of  the  ratios  of  a  positive  angle,  which  is  less  than 
45°,  the  quantities 

15.  sin  (-65°).  16.  cos  (-84°).  17.  tan  137°. 

18.  sin  168°.  19.  cos  287°.  20.  tan  (-246°). 

21.  sin  843°.  22.  cos  (-928°).  23.  tan  1146°. 

24.  COS  1410°.  25.  oot  ( - 1054°).  29.  seo  1327°  and 

27.  cosec(-756°). 

What  sign  has  sin  il  +  cos  A  for  the  following  valnes  otA'i 

28.  140°.  29.    278°.  30.     -356°  and  31.     -1125°. 
What  sign  has  sin  A-co^A  for  the  following  valnes  of  il  ? 

32.    216°.  33.    825°.  34.     -634°  and  35.     -467°. 

36.  ^i^^  the  sines  and  cosines  of  all  angles  in  the  first  four  quadrants 
whose  tangents  are  equal  to  cos  135°. 

Prove  that 

37.  sin  (270°+il)  =  -  cos  A,  and  tan  (270°+ il)  =  -  cot  A. 

38.  cos  (270°  -  ii)  =  -  sin  il ,  and  cot  (270°  -  ii) = tan  il . 


CHAPTER  VI. 

GENERAL  EXPRESSIONS  FOR  ALL  ANGLES  HAVING  A 
GIVEN  TRIGONOMETRICAL  RATIO. 

77.  To  construct  the  least  positive  angle  whose  sine  is 
equul  to  a,  where  a  is  a  proper  fraction. 

Let  OA  be  the  initial  line  and  let  OB  be  drawn  in  the 
positive  direction  perpendicular  to  OA, 

Measure  ofif  along  OB  a  distance 
ON  which  is  equal  to  a  units  of  length. 
[If  a  be  negative  the  point  N  will  lie  in 
BO  produced.] 

Through  N  draw  NP  parallel  to  OA.  With  centre  0 
and  radius  equal  to  the  unit  of  length  describe  a  circle 
and  let  it  meet  NP  in  P. 

Then  AOP  will  be  the  required  angle. 

Draw  PM  perpendicular  to  OA,  so  that 

.      .^^     MP     ON     a 

The  sine  AOP  is  therefore  equal  to  the  given  quantity 
and  AOP  is  therefore  the  angle  required. 
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78.  To  c&nstruct  the  least  positive  angle  whose  cosine 
is  equal  to  b  where  b  is  a  proper  Jhiction, 

Along  the  initial  line  measure  off  a  distance  OM  equal 

to  6  and  draw  MP  perpendicular  to  OA .^ 

[If  b  be  negative  M  will  lie  on  the  other 
side  of  0  in  the  line  AO  produced.] 

With  centre  0  and  radius  equal  to 
unity,  describe  a  circle  and  let  it  meet 
MP  in  P. 

Then  AOP  is  the  angle  required.    For 

.^p     0Mb, 
cos  AOP  =  Yip  ~  T  ~ 

79.  To  construct  the  least  positive  angle  whose  tangent 
is  equal  to  c. 

Along  the  initial  line  measure  off  ^^ 

OM  equal  to  unity  and  erect  a  per- 
pendicular   MP.     Measure    off   MP 
equal  to  c. 
Then 

tan  il  OP  =  ^^=c, 
so  that  AOP  is  the  required  angle. 

80.  It  is  clear  from  the  definition  given  in  Art.  50, 
that,  when  an  angle  is  given,  so  also  is  its  sine.  The 
converse  statement  is  not  correct ;  there  is  more  than  one 
angle  having  a  given  sine;  for  example,  the  angles  30"", 
150°,  390°,  -  210°,...  all  have  their  sine  equal  to  J. 

Hence,  when  the  sine  of  an  angle  is  given,  we  do  not 
definitely  know  the  angle ;  all  we  know  is  that  the  angle 
is  one  out  of  a  large  number  of  angles. 
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Similar  statements  are  true  if  the  cosine,  tangent,  or 
any  other  trigonometrical  function  of  the  angle  be  given. 

Hence,  simply  to  give  one  of  the  trigonometrical 
functions  of  an  angle  does  not  determine  it  without 
ambiguity. 

81.  Suppose  we  know  that  the  revolving  line  OP 
coincides  with  the  initial  line  OA.  All  we  know  is  that 
the  revolving  line  has  made  0,  or  1,  or  2,  or  3,...  complete 
revolutions,  either  positive  or  negative. 

But  when  the  revolving  line  has  made  one  complete 
revolution  the  angle  it  has  described  is  (Art.  17)  equal  to 
27r  radians. 

Hence  when  the  revolving  line  OP  coincides  with  the 
initial  line  OA,  the  angle  that  it  has  described  is  0,  or  1, 
or  2,  or  3...  times  27r  radians,  in  either  the  positive  or 
negative  directions,  ie,  either  0,  or  +  27r,  or  ±  47r,  or  ±  Gir... 
radians. 

This  is  expressed  by  saying  that  when  the  revolving 
line  coincides  with  the  initial  line  the  angle  it  has  de- 
scribed is  SnTT,  where  n  is  some  positive  or  negative 
whole  number. 

82.  Theorem.  To  find  a  general  expression  to  in- 
elude  ail  angles  which  have  the  same  sine. 

Let  AOP  be  the  smallest  positive  angle  having  the 
given  sine  and  let  it  be  denoted 
by  a.  .,- '  .^ 

Draw  Pif  perpendicular  to  OA 
and  produce  MO  to  M  making 
MO  equal  to  OM'  and  draw  MP' 
parallel  and  equal  to  MP. 

As  in  Art.  72  the  angle  AOP'  is  equal  to  tt  —  a. 
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When  the  revolving  Une  is  in  either  of  the  positions 
OP  or  OP',  and  in  no  other  position,  the  sine  of  the  angle 
traced  out  is  equal  to  the  given  sine. 

When  the  revolving  line  is  in  the  position  OP  it  has 

made  a  whole  number  of  complete  revolutions  and  then 

described  an  angle  a,  i.e.  by  the  last  article  it  has  described 

an  angle  equal  to 

2r7r  +  a (1) 

where  r  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  OP'  it  has, 

similarly,  described  an  angle  2rir  +  A0P',  i.e.  an  angle 

2r9r  +  TT  —  a, 

i.e.  (2r  + 1)  TT  -  a (2) 

where  r  is  zero  or  some  positive  or  negative  integer. 

All  these  angles  will  be  found  to  be  included  in  the 

expression 

n7rH-(-ira (3), 

where  n  is  zero  or  a  positive  or  negative  integer. 

For,  when  n  =  2r,  since  (—  l)**  =  + 1,  the  expression  (3) 
gives  2r7r  +  a,  which  is  the  same  as  the  expression  (1). 

Also,  when  n  =  2r  + 1,  since  (—  1)^+^  =  —  1,  the  expres- 
sion (3)  gives  (2r+l)7r  — a,  which  is  the  same  as  the 
expression  (2). 

Cor.  Since  all  angles  which  have  the  same  sine  have 
also  the  same  cosecant,  the  expression  (3)  includes  all 
angles  which  have  the  same  cosecant  as  a. 

83.  Theorem.  To  find  a  general  expression  to  in- 
clude all  angles  which  have  the  same  cosine. 

Let  AOP  be  the  smallest  angle  having  the  given 
cosine  and  let  it  be  denoted  by  ot. 
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Draw  PM  perpendicular  to  OA  and  pro- 
duce it  to  P\  making  PM  equal  to  MP'. 

When  the  revolving  line  is  in  the  position 
OP  or  0P\  and  in  no  other  position,  then,  as 
in  Art.  78,  the  cosine  of  the  angle  traced  out 
is  equal  to  the  given  cosine. 

When  the  revolving  line  is  in  the  position  OP  it  has 
made  a  whole  number  of  complete  revolutions  and  then 
described  an  angle  a,  i,e.  it  has  described  an  angle  2n7r  +  a^ 
where  n  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  OP'  it  has 
made  a  whole  number  of  complete  revolutions  and  then 
described  an  angle  —  a,  %£,  it  has  described  an  angle  2r?7r— a. 

All  these  angles  are  included  in  the  expression 

2n7r±a (1) 

where  n  is  some  positive  or  negative  number. 

Cor.  The  expression  (1)  includes  all  angles  having 
the  same  secant  as  a. 


84.    Theorem.     To  find  a  general  expressixm  for  all 
angles  which  have  the  aa/me  tangent 

Let  AOP  be  the  smallest  angle  having  the  given 
tangent,  and  let  it  be  denoted  by  a. 

Produce  PO  to  F  making  OP'  .^ 

equal  to  OP  and  draw  PM'  per- 
pendicular to  OM', 

As  in  Art.  73  the  angles  AOP 
and  AOP*  have  the  same  tangent ; 
also  the  angle  AOP'  =  tt -h  a. 

When  the  revolving  line  is  in 
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the  position  OPy  it  has  described  a  whole  number  of 
complete  revohitions  and  then  turned  through  an  angle 
a,  i,e.  it  has  described  an  angle 

2r7r  +  a (1), 

where  r  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  0P\  it  has 
similarly  described  an  angle  2r7r  +  (•»•  +  a), 

i.e.  (2r+l)7r  +  a (2). 

All  these  angles  are  included  in  the  expression 

n^r  +  a (3). 

For,  when  n  is  even,  (=  2r  say),  the  expression  (3) 
gives  the  same  angles  as  the  expression  (1). 

Also,  when  n  is  odd,  (=  2r  + 1  say),  it  gives  the  same 
angles  as  the  expression  (2). 

Cor.  The  expression  (3)  includes  all  angles  which 
have  the  same  cotangent  as  a. 

8 A.    Bz.  1.    Write  down  the  general  expression  for  all  angles^ 

(1)  whose  sine  is  equal  to  ^ , 

(2)  whose  cosine  is  equal  to  -  ^ , 

and    (3)    whose  tangent  is  equal  to  -^ . 

(1)  The  smallest  angle,  whose  sine  is  ^ ,  is  60°,  i.e.  J . 

Hence,  by  Art.  82,  the  general  expression  for  all  the  angles  which 
have  this  sine  is 

nT  +  (-l)«g. 

(2)  The  smallest  positive  angle,  whose  cosine  is 

1  2ir 

-i,isl20°,i.«.~. 

L.  T.  6 
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Henoe,  by  Art.  88,  the  general  expresBion  for  all  the  angles  which 
have  this  cosine  is 

2nir±-g- . 
«5 

(8)    The  smallest  positive  angle,  whose  tangent  is 

1  ir 

jg ,  is  80°,  i.e.  g  . 

Hence,  by  Art.  84,  the  general  expression  for  all  the  angles  which 
have  this  tangent  is 

Bz.  2.    What  is  the  most  general  value  of  0  satisfying  the  equation 

4 
Here  we  have  sin  ^=  =b  ^ . 

Taking  the  upper  sign, 

.    .     1      .    ir 

8m^=-=8m^ 

Z  o 

Taking  the  lower  sign, 

.-.  »=nT+(-l)"(-^). 
Fatting  both  solations  together  we  have 

«=nT±(-l)«^ 
or,  what  is  the  same  expression, 

6 

Bz.  8.  What  is  the  most  general  value  of  $  which  satisfies  both  of  the 
equations  sin ^  =  -  ^  and  tan  ^=  —j^  ? 

Considering  only  angles  between  0°  and  860°  the  only  angles,  whose 
sine  is  -  Q  >  &'®  ^^^  ^^^  %^°.    Similarly  the  only  angles,  whose  tan- 

gent  is  -77,,  are  80°  and  210°. 
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The  only  angle,  between  0°  and  360°,  Batisfymg  both  conditionB  is 

therefore  210°,  i,e.  '^ . 

6 

The  most  general  value  is  henoe  obtained  by  adding  any.  multiple 

7ir 
of  four  right  angles  to  this  angle,  and  hence  is  2nr  +  -^  where  n  is  any 

positive  or  negative  integer. 


EXAMPLES.    XL 

What  are  the  most  general  values  of  0  which  satisfy  the  equations, 

1  */3  1 

1.    8in^=^.  2.    8in^=->^.  3.    sm^=-^. 

1  iJS  1 

4.    cos^=-^.  5.    cos^=^.  6.    cos^=--^. 

7.    tan^=V3.  8.    tan^=-l.  9.    cot^=l. 

10.    Bec^=2.  IL    co8ec^=~.  12.    Bin^e=l, 

13.    cos2^=^.  14.    tan«^=|.  15.    4sin2^=3. 

16.    2cot2^=co8ec»^.  17,    8eo«^=|? 

o 

18.  What  is  the  most  general  value  of  0  that  satisfies  both  of  the 
•equations 

cos^= — 75  and  tan^  =  l? 

19.  What  is  the  most  general  value  of  0  that  satisfies  both  of  the 

equations 

cot^=  -»JS  and  cosec^=  -2? 

20.  If  cos  (A-B)—^,  and  sin  (^  +  B)  =^ ,  find  the  smallest  positive 
values  of  A  and  B  and  also  their  most  general  values. 

2 

21.  If  tan  {A-B)  =  l,  and  sec  (^1  +  B)  =  -^ ,  find  the  smallest  positive 

values  of  A  and  B  and  also  their  most  general  values. 

6—2 
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22.  Find  the  angles  between  0°  and  360°  which  have  respectively  (1) 
their  sines  equal  to  ^ ,  (2)  their  cosines  equal  to  -  - ,  and  (3)  their  tan- 

gents  equal  to  -j„ . 

23.  Taking  into  consideration  only  angles  less  than  180°,  how  many 

5  1  4 

values  of  x  are  there  if  (1)  sina;=  =  ,  (2)  cosa?=^,  (3)  cosa;=  -  -,  (4) 

2 

tana:=^,  and  (5)  cota;=-7? 

24.  Given  the  angle  x  construct  the  angle  ^  if  (1)  sin ^=2  sins,  (2) 
tan  y = 3  tan  x^  (3)  cos  ^  =  -  cos  x,  and  (4)  sec  y — cosec  x. 

25.  Shew  that  the  same  angles  are  indicated  by  the  two  following 
formulae :   (1)  (2n  - 1)  ^  +  ( - 1)*  ^  ,  and  (2)  2nir  =*=  «  »  w  being  any  integer^ 

26.  Prove  that  the  two  formulae 

(1)  (2n  +  i)ir±a  and  (2)  nir+(-l)«  ^^-a^ 

denote  the  same  angles,  n  being  any  integer. 
Illustrate  by  a  figure. 

27.  If  ^-a=WT+(-l)'»j8  prove    that  ^=2?7Mr  +  a+/3   or  else  that 
^=(2m+l)ir  +  a-/3  where  m  and  n  are  any  integers. 

28.  If  cospd  +  cos  g^=0,  prove  that  the  different  values  of  B  form  two* 

2ir 
arithmetical  progressions  in  which  the  common  differences  are and 

respectively. 

3 

29.  Construct  the  angle  whose  sine  is  ^ j^ . 

86.  An  equation  involving  the  trigonometrical  ratio* 
of  an  unknown  angle  is  called  a  trigonometrical  equation. 

The  equation  is  not  completely  solved  unless  we 
obtain  an  expression  for  all  the  angles  which  satisfy  it. 

Some  elementary  types  of  equations  are  solved  in  the 
following  article. 


EQUATIONS.  85 

87.    Sz.  1.    Solve  the  equation  2  sin'x  +  ^3  cos  x  + 1 = 0. 
The  equation  may  be  written 

I.e.  2co83x-V3co8«-8=0, 

i.e.  (coa  a  -  ^3)  (2  cob  a; + ^3) = 0. 

/a 

The  equation  is  therefore  satisfied  hjeoBx=^B,  or  C08x=  -^. 

There  is  no  angle  whose  cosine  is  ^3,  so  that  the  first  factor  gives  no 
solution. 

The  smallest  positive  angle,  whose  cosine  is  -  ^,  is  150°,  i.e.  -^  . 

Hence  the  most  general  value  of  the  angle,  whose  cosine  is  -  ^ , 

is  2nT±~.     (Art.  83.) 

This  is  the  general  solution  of  the  given  equation. 


a.    Solve  the  eqtiation  tan  5^ = cot  2$, 
The  equation  may  be  written 

tan6^=tan(^-2tfy 

Now  the  most  general  value  of  the  angle,  that  has  the  same  tangent  as 

^-20,  is,  by  Art.  84,      nT+|-2^, 

where  n  is  any  positive  or  negative  integer. 

The  most  general  solution  of  the  equation  is  therefore 

50=mr  +  ^-2e 
where  n  is  any  integer. 


EXAMPLES.    Xn. 


Solve  the  equations 


1.    cos2^-sina-y=0.  2.    2  sin*  ^+3  cos  ^=0. 

3,    2^S(iOB^e=Bine.  4.    cosd+co82^=l. 
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5.    4 cos 9- 3 sec ^=2 tan ^.  6.    sin2^-2cos^  +  T=0. 

4 

7.  tan*^-(l+V3)tan^+V3=0. 

8.  oot2^+fV3  +  -73)oot^+l=0. 

9.  cot^-a5tan^=a-6.  10.    tan2^  +  oot2d=:2. 
11.  sec^-l  =  (V2-l)tan^.        12.    Bin5^=4s- 

13,  sin  9^= sin  ^.  14.  sin  3^= sin  2^. 

15.  cosm^=cosn^.  16.  sin  29= cos  3d. 

17.  cos  59= cos  49.  18.  oosm9=sinn9. 

19.  cot  9= tan  89.  20.  cot  9= tan  n9. 

2 

21.    tan  29 = tan  ^.  22.    tan  29  tan  9=1. 

u 

23.    tan*  39= cot*  a.  24.    tan  39= cot  9. 

25.    tan*  39= tan*  a.  26.    3  tan*  9  =  1. 

27.    tanwiar+cotna;=0.  28.    tan  (ir  cot  9)= cot  (ir  tan  9). 

29.  sin(9-0)=2,  and  cos(9  +  ^)  =  2. 

1  >J^ 

30.  C08(2x  +  3y)  =  2,  cos(3a;+2y)  =  ^. 

31.  Find  all  the  angles  between  0°  and  90°  which  satisfy  the  equation 

sec*  9  cosec*  9+2  cosec*  9  =  8. 

5 

32.  If  tan*  9=2 ,  find  versin  9  and  explain  the  doable  result. 

33.  If  the  coversin  of  an  angle  be  ^ ,  find  its  cosine  and  cotangent. 


CHAPTER  VII. 

TRIGONOMETRICAL  RATIOS  OF  THE  SUM  AND  DIFFERENCE 

OF   TWO   ANGLEa 


88.    Theorem.    To  prove  that 

sin  (-4  +  5)  =  sin  ^  cos  £  +  cos  ^  sin  B, 
and         cos  (-4  +  -B)  =  cos  A  cos  5  —  sin  il  sin  B. 


Let  the  revolving  line  start  from  OA  and  trace  out 
the  angle  AOB  (=-4),  and  then  trace  out  the  further 
angle  BOG  (=  B), 

In  the  final  position  of  the  revolving  line  take  any 
point  P,  and  draw  PM  and  PN  perpendicular  to  OA  and 
OB  respectively;  through  N  draw  NR  parallel  to  -40  to 
meet  MP  in  R  and  draw  NQ  perpendicular  to  OA, 
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The  angle 

TT  '    rA^m      '    jno     ^^     MR  +  RP 

Hence     sin  (^  +  ^)  =  sin -4.  OP  =  ^yp  =  — ^vp — 

_QN    RPQNON    RPNP 
-  OP^  OP  " ON  OP^NP  OP 

=  sin  J.  cos  £  +  cos  RPN  sin  B. 

,\  8in(A  +  B)  =  8inAcoBB  +  co8A8inB. 

Again    co8(A+B)  =  co8A0P  =  ^=^^^^^ 

__0Q     RN_0Q0N    RNNP 
OP     OP     ON  OP     NP  OP 

=  co8Aco&B  —  sin  RPN  sin  B, 

.'.  cos  (A  +  B)  =:  cos  A  cos  B  —  sin  A  sin  B. 

89.    The  figures  in  the  last  article  have  been  drawn  only  for  the  case  ' 
in  which  A  and  B  are  acute  angles. 

The  same  proof  will  be  found  to  apply  to  angles  of  any  size,  due 
attention  being  paid  to  the  signs  of  the  quantities  involved. 

The  results  may  however  be  shewn  to  be  true  of  all  angles,  without 
drawing  any  more  figures,  as  follows. 

Let  A  and  B  be  acute  angles,  so  that,  by  Art.  88,  we  know  that  the 
theorem  is  true  for  A  and  B. 

Let  Ai=90°+Af6O  that,  by  Art.  70,  we  have 

sin^i=cos^,  and  cosiij= -sin^. 
Then  sin(^i+B)  =  sin{90°  +  (4+B)}=cos(il+B),      by  Art.  70, 

= cos  il  cos  J5  -  sin  il  sin  J5 = sin  ^1  cos  J5 + cos  il  1  sin  B. 
Also  cos  {A^+B)=oo8[9(y+{A+B)]=  -  sin  {A  +  B) 

=  -  sin  il  cos  B  -  cos  A  sin  B=cos  A^  cos  B  -  sin  Ai  sin  B. 
Similarly,  we  may  proceed  if  B  be  increased  by  90°. 
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Hence  the  formnlae  of  Art.  88  are  true  if  either  ^  or  B  be  inoreaaed 
t>7  90^,  i,e,  they  are  trae  if  the  component  angles  lie  between  QP  and 
180°. 

Similarly,  by  putting  ^2=90°+ili,  we  can  prove  the  truth  of  the 
theorems  when  either  or  both  of  the  component  angles  have  values 
between  0°  and  270°. 

By  proceeding  in  this  way  we  see  that  the  theorems  are  true  uni- 
Tersally. 

90.     Theorem.     To  prove  that 

sin  (-4  —  J5)  =  sin  -4  cos  -B  —  cos  A  sin  B, 

and  cos  {A  —B)  =  co8A  cos  5  -f  sin  J.  sin  B, 

Let  the  revolving  line  starting  from  the  initial  line 
OA  trace  out  the  angle 
A  OB  (=  A)  and  then  re- 
volving in  the  opposite  di- 
rection, trace  out  the  angle 
BOC,  whose  magnitude  is 
B.  The  angle  .4  0(7  is  there- 
fore A—B, 

Take  a  point  P  in  the  ^ 
final  position  of  the  revolv- 
ing line,  and  draw  PM  and  PiV"  perpendicular  to  OA  and 
OB  respectively ;  from  N  draw  NQ  and  NR  perpendicular 
to  OA  and  MP  respectively. 

The  angle  BPN=  90°-  Z  PiV^E=  Z  RNB=:  z  QON=A. 

Hence 

■    rA      7>N  Ann     ^^     MR-PR     QN     PR 


N, 

i. — 

n 

i  rs.            1 

/ 

"^      1 

g 

^v         • 

/ 

>v  1      ^ 

/ 

^v-'^ 

A 

^ 

p 

/s> 

.^^^ 

f3>r 

M 


OP     OP 


QN  ON     PR  PN 


30  that 


ON  OP     PN  OP 
=  sin  A  cos  B  —  cos  RPN  sin  B, 
gin  (A  —  B)  =  sin  A  cos  B  —  cos  A  sin  B. 
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Ai  />!      Dx     OM    OQ  +  QM     OQ     NR 

Also   cos(il-£)=^-p=-^^-=^|+^ 

OQ  ONNRIfP  .        ^^  .    „p-,  .    ^ 

^'OF  op'^ NP  OP^^^^     ^^        ^^  ^^^    ' 

80  that    COB  (A  —  B)  =  cos  A  cos  B  +  ■in  A  gin  B. 


91.  The  proofs  of  the  previous  artide  will  be  found  to  apply  to 
angles  of  any  size,  provided  that  due  attention  be  paid  to  the  signs  of 
the  quantities  invoWed. 

Assuming  the  truth  of  the  formulae  for  acute  angles,  we  can  shew 
them  to  be  true  universally  without  drawing  any  more  figures. 
For,  putting  i4i=90°+-4,  we  have, 

(sinoe  sin  J^ = cos  A ,  and  cos  ^i ^  =  -  sin  il) , 

sin  (Aj^  -B)=em[9QP+{A-  B)] = cos  {A  -  B)  (Art.  70) 

= cos  ^  COS  if + sin  il  sin  B 

= sin  A^  COS  B  -  cos  A^  sin  B. 

Also         co8(i4i-5)=cos[90°+(^-B)]=-sin(4-B)  (Art.  70) 

=  -  sin  i^  cos  B  +  cos  ^  sin  £ 

=     cos  i^i  cos  B + sin  ^1  sin  B. 

Similarly  we  may  proceed  if  J5  be  increased  by  90°. 

Hence  the  theorem  is  true  for  all  angles  which  are  not  greater  than 
two  right  angles. 

So,  by  putting  ii,=90°+^i,  we  may  shew  the  theorems  to  be  true  for 
all  angles  less  than  three  right  angles,  and  so  on. 

Hence,  by  proceeding  in  this  manner,  we  may  shew  that  the  theorems 
are  true  for  all  angles  whatever. 

92.  The  theorems  of  Arts.  88  and  90  which  give 
respectively  the  trigonometrical  functions  of  the  sum  and 
differences  of  two  angles  in  terms  of  the  functions  of  the 
angles  themselves  are  often  called  the  Addition  and  Sub- 
traction Theorems. 
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03.    B3K.  1.    Find  the  values  of  sin  75°  and  cob  15°. 

sin  75° = sin  (45° + 30°) = Bin  45°  COS  80° + COS  46°  sin  80° 

and  008  75° = cos  (45°  +  30°) = cos  45°  cos  30°  -  sin  45°  sin  80° 

_  1   V8       1   1     V3-1 
y/2   2       V2  2""    2V2   ' 

Bjc  2.    Assuming  the  formulae  for  sin  (x+2/)  and  cos  (a;+y)»  deduce 
the  formulae  for  sin  (oj  -  y)  and  cos  («  -  y ). 

We  have 

8ina;=sin  {(ar-y)+j/}  =  8in(a;-y)  C08y+oos(x-y)  siny (1), 

and     cos  a;=cos  {{x  -  y)  +y }  =cos  (a;  -  y)  cosy  -  sin  (x-y)  sin  y (2), 

Multiplying  (1)  by  cosy  and  (2)  by  sin  y  and  subtracting,  we  have 

sinarcosy  -cosarsiny=sin  (x-y)  {oos'y +  sin*y}  =  sin(x-y). 

Multiplying  (1)  by  sin  y  and  (2)  by  cosy  and  adding,  we  have 

sin  a;  sin  y  +  cos  x cos  y  =  cos  {x—y)  {cos*  y  +  sin'  y }  =cos  {x  -  y). 

Hence  the  two  formulae  required  are  proved. 

These  two  formulae  are  true  for  all  values  of  the  angles  since  the 
formulae  from  which  they  are  derived  are  true  for  all  values. 

EXAMPLES.    Xm. 

8  9 

1,    If  sin  a=^  and  cos/3= jj*  ^^^^I  the valueof  sin  (a ~/3)andcos(a+/3). 


5 '^"41 


45  33 

2.  If  sina=:^  and  sin/3=g^,  find    the  values  of  sin  (a -/3)  and 

sin  (a+/3). 

3.  If  sin  a = Y=  and  cos  j8= j^ ,  find  the  values  of  sin  (a  +  /3),  cos  (a  -  j9) , 

and  tan(a+/3). 
Prove  that 

4.  sin  (A  +  5)  sin  (^  -  B)  =  sm^  A  -  sin^  B. 

5.  cos  (A  +  B)  cos  (4  -  B) = co8«  A  -  sin'  B, 

6.  cos  (45°  -  A)  cos  (45°  -B)-  siu  (45°  -  ^1)  sin  (45°  -B)  =  sin  (4  +  B). 
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7.    Bin(46°+.l)co8(46°-B)  +  co8(45°+^)8m(45°-B)=co8(^-B). 
sin  {A  - B)      Bin  (B -  C)      sin(C-^) 

'  COB  A  COB  B       COS  £  COB  C   COS  C  COS  ^~ 

9,  sin  10o°  4  COS  106° = cos  46°. 

10.  sin  76° -sin  16°= COB  105°  + cos  16°. 

11.  cosacos  (7  -  a)  -  sin  a  sin  (7-a)  =  C08a. 

12.  cos  (a+  /3)  cos  y  -  cos  03  +  7)  cos  a  =  sin  p  sin  (7  -  a). 

13.  sin  (n  +  1)  A  sin  (n- 1)  A  +cos  (n  +  1)  ^  cos  (n- 1)^1= cos 2^. 

14.  sin  (n+ 1)  il  sin  (n+ 2)  il  +cos  (n+ 1)  il  cos  (n+ 2)  A=cob  A, 

94.     From  Arts.  88  and  90,  we  have,  for  all  values  of 
A  and  B, 

sin  {A+B)  =  sin  A  cos  jB  +  cos  -4  sin  jB, 

and  sin  (J.  —  5)  =  sin  A  cos  5  —  cos  A  sin  £. 

Hence,  by  addition  and  subtraction,  we  have 

sin(^+5)  +  sin(^-£)  =  2sin^cosJ5 (1), 

and         sin  (A  +  B)-  sin  (A-B)  =  2cos  ^  sin  5 (2). 

From  the  same  articles  we  have,  for  all  values  of  A 

and  B, 

cos  (A-\-B)  =  cos  A  cos  jB  —  sin  -4  sin  B, 

and  cos  (-4  —  J5)  =  cos  A  cos  fi  +  sin  ^  sin  B. 

Hence,  by  addition  and  subtraction,  we  have 

cos(A  +  jB)  +  cos(^-jB)  =  2coSw4cos-B (3), 

and        cos  (A-B)  —  cos  ( J.  +  JB)  =  2  sin  A  sin  B (4). 

Put  A  +  B  =  C,  and  A-B  =  D,  so  that 
A  =  — ^     ,  and  B  =  — ^ —  . 
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On  making  these  substitutions  the  relations  (1)  to  (4) 
become,  for  all  values  of  C  and  D, 

C+D  O-D 

Bin  C  +  Bin  D  =  2  Bin  — ^r—  cob 


a  a 


C+D  0~D 

BinO-BinD  =  2coB — j^—  Bin  — -^r—  II, 

C+D  C-D 

COB  C  +  COB  D  =  2  COB  — ^ —  COB  — ^       ...  Ill, 

C+D  C-D 

and     COB  D  -  cob  C  =  2  Bin  — ^—  Bin  — —  ...  IV. 

[The  student  should  carefully  notice  that  the  left-hand 
member  of  IV  is  cos  D  —  cos  G  and  not  cos  C  —  cos  D.] 

96.  These  relations  I  to  IV  are  extremely  important 
and  should  be  very  carefully  committed  to  memory. 

On  account  of  their  great  importance  we  give  a  geo- 
metrical proof  for  the  case  when  G  and  D  are  acute  angles. 

Let  AOG  be  the  angle  G  and  AOD  the  angle  D. 
Bisect  the  angle  GOD  by  the  straight  line  OE,  On  OE 
take  a  point  P  and  draw  QPR  perpendicular  to  OP  to 
meet  OG  and  OD  in  Q  and  R  respectively. 

Draw  Pi,  QM  and  RN  perpendicular  to  OA,  and 
through  R  draw  R8T  perpendicular  to  PL  or  QM  to 
meet  them  in  S  and  T  respectively. 

Since  the  angle  DOG  is  G  —  D,  each  of  the  angles 

G—  D 

DOE  and  EOG  is  — ,— - »  and  also 

^AOE=zAOD  +  zDOE  =  D  +  ^^^^^^ , 

Since  the  two  triangles  POR  and  POQ  are  equal  in 
all  respects  we  have  OQ  =  OR,  and  PR  =  PQ,  so  that 

RQ  =  2RP. 


d4 
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Hence  QT=  2P8,  and  RT  =  iRS,  ie.  MN  =  iML. 
Therefore  MQ  +  NR  =  TQ  +  2L8=  2SP  +  2LS=  2LP. 
Also  0M+0N'  =  20M+  MN  =  20M  +  2ML  =  20L. 

Hence  8inO  +  smD  =  -^  +^  =  —^^  - 


^  =  2^^^=2siniOPcosPOB 


=  2  sin  — -      cos  — s — 


A     •        .   ^      .    J.    MQ     NR     MQ- 
Agarn     sin(7-8mD  =  ^-^-^=-:5_ 


iVi2 


OR 


OR 


[ 


=  2^  =  2^ .  ^  =  2  coa SPR  sin  ROP 

„       C+D  .    C-D 
=  2  cos  — s —  sin  — ^ —  , 

for  ^  BPR=W  -  ^SPO  ^  /.  LOP  =^- 


~      2     J- 


.,            „,        ^     OM     ON    OM+ON 
Also  co8(7  +  cosZ)=g^Q  +^ ^^— 

_^0L  _    OLOP 
~    0R~    OPOR 

=  2  cos  LOP  cos  POR  =  2  cos  — ^     cos  — ^» — . 
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^.    „  J,         n    ON    OM    ON^OM 

Finally    co8i)-cosa=^— q^=       ^^ 

_MN_    8R  _ 28 R PR 
"OR  "^  OR"  PR  OR 

=  28m8PR.mnP0R 

^    •^   .    0  +  i)   .    G^D 

=  2  8in      ^  -  sm  — 7i —  . 


96.  The  student  is  strongly  urged  to  make  himself 
perfectly  familiar  with  the  formulae  of  the  last  article  and 
to  carefully  practise  himself  in  their  application ;  perfect 
familiarity  with  these  formulae  will  considerably  facilitate 
his  further  progress. 

The  foiTOulae  are  very  useful  because  they  change 
sums  and  diflTerences  of  certain  quantities  into  products  of 
certain  other  quantities,  and  products  of  quantities  are,  as 
the  student  probably  knows  from  Algebra,  easily  dealt 
with  by  the  help  of  logarithms. 

We  subjoin  a  few  examples  of  their  use. 

Ex.!.    sin 6^  + sin 4^ =2 sin       — cos    -^      =2 sin 59 cos 9. 

on  I  fjg  TJQ  _  OQ 

Sx.  a.    COS 39 -COS 79 =2 sin — ^ — sin     ^  -=2 sin 59 sin 29. 


Ba^  8. 


75° +  15°   .    75° -15° 

•      rrro  •       ^  ro         2  COS   ^ 8in 

Sin  75°  -  sm  15° 2 2 

COS  75° +  008  15°  "«        75°+ 15°       75° -15° 

2  cos ji cos 

2  COS  45°  sin  30°    ,      „.      1       ^3      .^,o^ 

=  o Tco sAo=tai^30°  =  -75  =  V  =  '57735 

2  COB  45°  COS  30°  ^3      3 

[This  is  an  example  of  the  simplification  given  by  these  formulae ;  it 
would  be  a  very  long  and  tiresome  process  to  look  out  from  the  tables  the 
values  of  sin  75°,  sin  15°,  cos  75°,  and  cos  15°,  and  then  to  perform  the 
division  of  one  long  decimal  fraction  by  another.] 
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Bz.  4.    Simplify  the  expression 

(cos  g  -  cos  3g)  (sin  8g  +  sin  2g) 
(sin  be  -  sin  9)  (cos  4^  -  cos  69)  * 

On  applying  the  formulae  of  Art.  94  this  expression 

„   .    e  +  ^e   .    39-9    „   .    89+29        89-29 
2  sin         -  sin  —= —  x  2  sm  — - —  cos  — ^ — 

59  +  9   .    69-9     -    .    49  +  t)9   .    69-49 
2  cos — jr —  sm  — ■= —  X  2  sm  — ^ —  ^m  — j. — 

4 .  sin  29  sin  9 .  sin  69  cos  39  _ 


4 .  cos  89  sin  29 .  sin  69  sm  9 


EXAMPLES.    XIV. 

Prove  that 

-      sin  79 -sin  59    ^      ^  ^      cos  69 -cos  49 

1.    — ffTi ^-/i=toJi^'  2.      .    g^ — :— r^=-tan9. 

COS79  +  C08  59  sm69  +  sm49 

coSil+cos3^ 

.       sin  7-4  -  sin  ^  .  .        .  . 

4.      .    o  i  — •    o  >.  =C08 4i4  sec  hA, 
sm  8^  -  sm  2 A 

_     cos  2B  +  COB  2/1        ...     _.     ^ ,  .     _, 

sin2il  +  sin2B  _  tan(il+JB) 
"•    sin  2il  -  sin  25  "  tan^Z^  * 

_     sin^+sin2i4         .A  _      sin  6ii  -  sin  3^4     , 

7.    -. ^rT=cot7r.  8.    TT-. =— =tan^. 

'•    cos^-cos2^  2  *'•    cos3ii  +  cos5il     "'"^• 

cos  2B  -  cos  2ii     ^      ,  ^     ^^ 

»•   ■S^2iM:SS22=*"^(^-^)- 

10.    cos(.!l+B)  +  sin(.l-B)=2sin(46°  +  i4)cos(45°  +  B). 

.  _      cos  3-4  -  cos  A     cos  2^1  -  cos  4^1  __         sin  A 

sin  3-4  -  sin  A     sin  4il  -  sin  ^lA  ~  cos  2^  cos  3^  ' 

sin(4^-2B)  +  sin(4B-2J) 
•^^-    cos  (4^  -  2B)  +  cos  (4B  -  2r) "  ^^'^  ^^  ^  ^^' 

__      tan59  +  tan39     .        ..        .^ 

13.    1 — Fz—i — iTo = 4  COB  29  cos  49. 
^     tan  69  -  tan  39 
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_.      cos  3^ +3  COB  5^+ cos  70  „^      .    o^.      oii 

14.     — -—-rr — —- =008  20-810  20  tan  80. 

cos  0  +  2  cos  30 + cos  60 

-  -      anA  +  sinSA  +  sinSA  +  sinlA     .      .  . 

10.     z :rz ^1 '-=-:=lAn^A. 

ooBA  +  coBdA+QOBBA  +  ooalA 

sin  (0  +  0) -  2Bm  0+8in  (0-0)_^p  ^ 
cos  (0+ 0)  -  2  cos  0  + cos  (0-0) 


17. 
18. 


Bin  A +  2  sin  SA  +  sin  5 A  __  sin  3^ 
sin  3il  +  2  sin  5  A  +  sin  7  A"  sin  5  A  ' 

sin  (i^  -  C)  +  2  sin  i<  +  sin  (A  +  C)  _  sin  J^ 
sin  (5-  C)  +  2 sinB  +  sin (B  +  C)^ smB ' 


_  ^     sin  ^  -  sin  6A  +  sin  ^A  -  sin  134 

19.    '. T-A TT-A \-^M  =  cot  44 . 

cos  A  -  cos  bA  -  cos  94  +  cos  134 

^^      8in4  +  sinB    ^      4+B     ,4-B 

20.  - — -A -• — 5=tan  -jr— cot  -^r- , 

Bm4-8mB  2  2 

C084+C0SB        ^4+B     ^A-B 

21.  Ti .  =  cot    -s — cot  — ^  -  . 

cos  B- cos  4  2  2 

--     8in4  +  8inB    ^      4+B 

22.    ^     -    i>=tan     _ — . 

cos  4+ cos  B  2 

_  ^     sin  4  -  sin  B        ^  4  +  B 

23.       5 7  =  cot        ,r— . 

COS  B  -  COS  4  2 


24 


coB(4+B  +  (7)+co8(-4-fB+C7)+cos(4-B-fC)  +  cos(4+B-C) 
•     8in(4+B  +  C)  +  sin(-4+B  +  C7)-sin(4-B+C)  +  8in(4+B-C) 

=cotB. 


25.  cos84  +  co854  +  cos 74 +008 154  =  4 cos 44 cos 54  oos64. 

26.  cos(-4+B+C7)  +  cob(4-B  +  C)  +  co8(4  +  B-C)  +  co8(4  +  B+C> 

= 4  cos  4  cos  B  cos  C\ 

27.  sin  60° -sin  70°  + sin  10°= 0. 

28.  Bin  10° + sin  20° + sin  40°  +  sin  60° = sin  70°  +  sin  80°. 

a        Sa 

29.  sin  a  +  sin  2a  +  Bin  4a + Bin  6a=4  cos  ^  cos -^  sin  8a. 

Simplify 

30.  cos  |0+  fw-g)  4  "^*^®  r +  (""'■2)  4  • 

31.  sin  W^n-^^^l+sinWU+^j^l  . 

L.  T.  7 
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97.  The  formulae  (1),  (2),  (3),  and  (4)  of  Art.  94  are 
also  very  important.  They  should  be  remembered  in  the 
form 

2  Bin  A  COS  B  =  sin  (A  +  B)  +  sin  (A  -  B)...(l), 
2  cos  A  sin  B  =  sin  (A  +  B)  -  sin  (A  -  B)...(2), 
2  cos  A  cos  B  =  cos  (A  +  B)  +  cos  (A  —  B). .  .(3), 
2  sin  A  sin  B  =  cos  (A  -  B)  ~  cos  (A  +  B)...(4). 

They  may  be  looked  upon  as  the  converse  of  the 
formulae  i — iv.  of  Art.  94. 

Bz.  1.  2  sin  3^  cos  0 = sin  40  +  sin  20. 

Bz.  a.  2  sin  59  sin  3^ = cos  20  -  cos  S0. 

Bz.  a.  2  cos  119  cos  29= cos  139 + cos  99. 

Bz.  4.    Simplify 

sin  89  cos  9  -  sin  69  cos  39 

cos  29  COB  9  -  sin  39  sin  49  * 
By  the  above  formulae  the  expression 

1  [sin  99 + sin  79]  - 1  [sin  99  +  sin  39] 

^  [cos  39  +  cos  9]  -  2  [cos  9  -  cos  79] 

sin  79 -sin  39 
~cos39+cos79 

2  cos  69  sin  29    ,     .,     ,         ,        *  a_x  /.^ 
=  n    -  e'A       o/»  t  oy  t*^e  formulae  of  Art.  94, 

2  cos  50  cos  29     *^  * 

=  tan  29. 

[The  student  should  carefully  notice  the  artifice  of  first  employing 
the  formulae  of  this  article  and  then,  to  obtain  a  further  simplification, 
employing  the  converse  formulae  of  Art.  94.  This  artifice  is  often 
successful  in  simplifications.] 

EXAMPLES.    XV. 

Express  as  a  sum  or  difference  the  following 
1.    2  sin  59  sin  79.  2.     2  cos  79  sin  59. 

3.    2  cos  119  cos  89.  4.    2  sin  54'' sin  66^ 
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Prove  that 

-  .     0    .     70        ,    3d    .     11^        .     ft^    .     e^ 

5.  auiggm— +8in-2-ain -s-  =  Bm2d8in6d. 

6.  eo8  2d  cos^ -co8  3dco8^  =  8in5dsin  — . 

A  iS  « 

7.  sin^sin(.l  +  2B)-8inBsin(B  +  2il)=:8in(J-£)8in(il+B). 

8.  (sin  3^  +  8m  A)  8in  A  +  (co8  3^1  -  008  A)  008 ^  =0. 
2  sin  (i4  -  C)  COS  C  -  8in  {A  -  2C)     8in  A 


9. 


2sin(£-C)C08C-8in(B-2C)""8in5' 


_-.      sin  ^  sin  2i^  +  8in  3il  8in  6^  +  8in  4^  sin  13^  _       _ 
"    Bin  A  008  2^  +  sin  SA  cos  6^  +  sin  li  cos  13^1 " 

_      cos  2i4  cos  SA  -  cos  2^4  cos  7 A  +  cos  ii  cos  10^4        ...      ... 

11.  — i — .  .   .    o  ^       •    t%  1   •'  f  a"  '  '  '  A  J   •    Ft  ^"  =cot  6-4  cot  oA. 

sm  i^A  sin  3^4  -  sin  2A  sin  5^1  +  sin  iA  sin  7^1 

12.  cos  (36°  -  .4 )  cos  (36° + .4)  +  cos  (64°  +  A)  cos  (64°  -A)= cos  2 A . 

13.  coSii  sin  (B-C)  +  cos  J5  sin  (C - ^)  +co8  C  sin  {A  - B) =0. 

14.  sin(46°+^)8in(46°-4)  =  ^C082^. 

15.  versin  {A + B)  versin  {A-B)  =  (cos  -4  -  cos  B^. 

16.  sin  ()S-  7)  cos  (a-  8)  +  sin  (7  -  a)  cos  (^  -  a)  +  sin  (a  -/3)  cos  (7  -  3)  =0. 

17.      2cO8j^CO8j3+CO8j3+CO8-  =  0. 

98.     To  prove  that  tan  (A  +  B)=  tan  ^  +  tan  B 

^     1  —tan  A  tan  J5 
^j.  *  4.     /A      T>\      tan  ^  -  tan  B 
^  "^     1  +  tan  A  tan  B 

By  Art.  88,  we  have,  for  all  values  of  A  and  B, 

4.      /  A  ,   r>\     sin  (J.  4- 5)     sin  J.  cos  5  +  cos  ^  sin  jB 

tan  (A-\-  B)= t-j =^  = :i =r ; — - — - — =, 

cos  {A  +  B)     cos  A  cos  ^  —  sm  ^  sin  B 

sin  A     sin  J? 

cos  J.     cos  5         1     J.     T      1    ,, 
=  .    .     tj ,      by  dividing  both 

sm  A  sm  B         "^  ® 

cos  A  cos  J? 

numerator  and  denominator  by  cos  A  cos  B. 

tan  A  +  tan  B 


.-.  tan  (A  +  B)  = 


1— tan  A  tan  B 

7—2 
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Again,  by  Art.  90, 

(A      p\  _  sin  (-4  —  jB)  _  sin  ^  cos  J5  —  cos -4  sin  B 
^  cos  (-4  —  jB)  ""  cos  -4  cos  5  +  sin  A  sin  B 

sin  -4     sin  5 

cos -4     cos£     ,     J.  .J.  ,    « 

=  .    i     f, ,  by  dividinff  as  before, 

I      sin  JL  sin  -B  *    ^  ^ 

cos  A  cos  B 

tan  A-  tanB 


.-.  tan  (A  -  B)  = 


1  +  tan  A  tanB 


99.    ^^6  formulae  of  the  preceding  article  may  be  obtained  geometri- 
oally  from  the  figures  of  Arts.  88  and  90. 

(1)    Taking  the  figure  of  Art.  88  we  have 

.       iA^r,\    ^^     QN+RP 
tanM+B)  =  ^=-^^--^-^ 

QN     RP     ^       ,     RP 


1--J11  RN  RP' 

OQ  RP  OQ 

But,  since  the  angles  RPN  and  QON  are  equal,  the  triangles  RPN  and 

QON  are  similar,  so  that 

RP_(>Q 
PN~  ON* 

and  therefore  zr^  =  ^rz-^= tan  B, 

OQ     ON 

_  X     /  ^     T>x         tan^  +  tanJ5  tan^i  +  tanB 

Hence      tan  (4  +B)  =  ^  _  ^^^  RPNUnB  =  1  -  ten  JtanB ' 

(2)    Taking  the  figure  of  Art.  90,  we  have 

f^nM       ^._MP_QN-PR 

QN     PR  PR 

OQ' OQ     ^"^^'OQ, 
""  iVB    "       NRPR' 

OQ  "^PROQ 
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HP     00 
But,  since  the  angles  RPN  and  NOQ  are  equal,  we  have  p^  =  ry^ 

and  therefore  jr^  =  7rrr=  tan  B, 

OQ     ON 

_  .      / .     «.         tani4-tanJ5  tan  ^- tan  B 

Hence       tan  (A  -  J5) =-= — r — -,„.-. — =,  =  r.  x      ^  i."  v>  • 
^  '     l  +  tanl2P^tanB     l+tan^ltanB 

100.    As  particular  cases  of  the  preceding  formulae, 
we  have,  by  putting  B  equal  to  45°, 

J.      /  A  ,  Atrox     tan ^  +  1      1  +  tan  -4 

and  tan  (^-45°)=.^^. 

Similarly  as  in  Art.  98  we  may  prove  that 

J,  /  A      T>\     ^ot  A  cot  jB  —  1 
cot  (A  +  B)=  — ^   .      -  -  „ 
^  ^      cot  ^  +  cot  B 

J  J.  /  A         -nK       cot  4  cot  5  +  1 

and  cot  (A^B)  =  — -  „         /  ^  . 

^      cot  -D  —  cot  A 


101.    -X.  I.    tan  750  .  ^  (,50  +  80<.)  =  .^^^^^ 

V3 
=2  +  l-73206...=3-73206.... 

tan  46°  -  tan  30° 


Sx.  2.  tan  15° = tan  (45°  -  30°)  = 


1+ tan  45°  tan  30° 


1-JL 

s/3     V3-l_(x/_3::l)!_4-2V3_2      ,^ 

"^%/3 
=2 -1-73206...  =  -26795.... 
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EXAMPLES.    XVL 


1,    If  tanA  =  ^  and  tanB=^,  find  the  values  of  tan  (2A  +  B)  and 


tan(2^-B). 


I  ^2^  —  nj. 

/g  /g 

2.    If  tan  ^  =  .      .^  and  tan  B = 5-^,-3 ,  prove  that 

tan  (^-7?)  =  -375. 


(A-B)  =  'i.., 

n  1 

3.  If  tan  ^= and  tan  B=  . -, ,  find  tan  (A  +  B). 

**  n+1  2n  +  l  ^  ' 

5  1  IT 

4.  If  tan  a  =  ^  and  tan/3=YY ,  prove  that  a+p  =  j. 
Prove  that 

5.  tan(^+^)xtan^^+^^=-l. 

6.  <ioi(j  +  e\cot(j-e\  =  l. 

A  A 

7.  1  +  tanil  tan  ^  =  tanil  cot  ^-1  =  860/1. 

102.  As  further  examples  of  the  use  of  the  formulae 
of  the  present  chapter  we  shall  find  the  general  value  of 
the  angle  which  has  a  given  sine,  cosine  or  tangent.  This 
has  been  already  found  in  Arts.  82 — 84. 

Find  the  general  value  of  all  angles  having  a  given  sine. 

Let  a  be  any  angle  having  the  given  sine  and  0  any 
other  angle  having  the  same  sine. 

We  have  then  to  find  the  most  general  value  of  0 
which  satisfies  the  equation 

sin  0  =  sin  a, 
i.e.  sin  ^  —  sin  a  =  0. 

This  may  be  written 

0+a  .    0^a     ^ 
2  cos  — 7z-  sin  —^r—  =  0, 
2  2 
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and  it  is  therefore  satisfied  by 

cos     ^    =  0,  and  by  sin  — ^    =  0, 

i,e,  by  ■  ^     =  any  odd  multiple  of  ^ 

and  by  — ^ —  =  any  multiple  of  w 

i.e.  by  ^  =  —  a  +  any  odd  multiple  of  tt (1), 

and  0=za+  any  even  multiple  of  tt (2), 

i.e.  6  must  =(— I)'*a4-W7r,  where  n  is  any  positive   or 
negative  integer. 

For  when  n  is  odd  this  expression  agrees  with  (1),  and 
when  n  is  even  it  agrees  with  (2). 

103.     FiTid  the  general  value  of  all  angles  having  the 
same  cosine. 

The  equation  we  have  now  to  solve  is 

cos  0  =  cos  a, 

i.e.  cos  a  —  cos  ^  =  0, 

o    •    0  +  OL  .    ^—  a 
t.e.  2  sm  —^  sm     ^     =  0, 

and  it  is  therefore  satisfied  by 

0  +  a     ^        ,-       .    0  ^  OL     ^ 
sin  — ^  =  0,  and  by  sm  — ^  =  0, 

i.e.  by  — ^  =  any  multiple  of  tt, 

^  —  a 
and  by  — ^  =  any  multiple  of  tt  , 
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i,e,  by  ^  =  —  a  +  any  multiple  of  2v, 

and  by  ^  =  a  +  any  multiple  of  27r. 

Both  these  sets  of  values  are  included  in  the  solution 
0  =  2n7r  +  a,  where  n  is  any  positive  or  negative  integer. 

104.    Find  the  general  value  of  all  angles  having  the 
same  tangent. 

The  equation  we  have  now  to  solve  is 

tan  d  —  tan  a  =  0, 

i.e.  sin  ^  cos  a  —  cos  tf  sin  a  =  0, 

i.e.  sin  (^  —  a)  =  0. 

.'.  6  —  0L=  any  multiple  of  ir 

^nir,  where  n  is  any  positive   or 

negative  integer, 

so  that  the  most  general  solution  is  ^  =  wtt  +  a. 


CHAPTER  VIII. 

THE  TRIGONOMETRICAL  RATIOS  OP  MULTIPLE  AND 

SUBMULTIPLE  ANGLES. 

105.    To  find  the  trigonometriccd  ratios  of  an  angle  2 A 
in  terms  of  those  of  the  angle  A, 

If  in  the  formulae  of  Art.  88  we  put  5  =  -4,  we  have 

sin  2 A  =  sin  A  cos  ^  +  cos  ^  sin  ^  =  22  gin  A  cos  A, 

co8  2A  =  cosilcos^— sin^  sin^l  =C08'A  —  sin'A 

=  (l-sin«-4)-8in>J.=:  l-asin'A, 

and  also 

=  cos*  J.  -  (1  -  cos*  A)  =  a  coi*  A  -  1 ; 

and 

tan  A  +  tan  A         Q  tan  A 


tan&A  = 


1  —  tan  A  .  tan  A      1  —  tan*  A ' 

Now  the  formulae  of  Art.  88  are  true  for  all  values  of 
A  and  B ;  hence  any  formulae  derived  from  them  are  true 
for  all  values  of  the  angles. 

In  particular  the  above  formulae  are  true  for  all  values 
of  A 
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106.  An  independent  geometrical  proof  of  the  formulae 
of  the  preceding  article  may  be  given,  for  values  of  A 
which  are  less  than  a  right  angle. 

Let  QCP  be  the  angle  2A. 

With  centre  G  and  radius  CP 
describe  a  circle  and  let  QC  meet 
it  again  in  0. 

Join  OP  and  PQ,  and  draw  PN 
perpendicular  to  OQ. 

By  Euc.  Tii.  20,  the  angle 

qOP^ii^QCP^A, 

and  the  angle        NPQ  =  Z  QOP  =  A. 

Hence 

NP 


sin  2  A  = 


_^NP__    NP^_   NP   OP 
CP''2GQ^    OQ^    OP'  OQ 


also 


cos 


=  2  sin  JVOP  cos  POQ,  since  OPQ  is  a  right  angle, 
=  2  sin  ^  cos  A  ; 

^._CN  _  2GN  _  (0C+  CN)  ~  (0(7  -  CN) 
^^''GP"  OQ"  OQ 

ON--NQ     ON  OP     NQPQ 


OQ 


OP  OQ     PQ  OQ 


'    =cos'^  —  sin'^il ; 


and 


tan2il  = 


NP         2NP 


CN     ON-NQ 

2  tan^ 
1  -  tan^  A  ' 


1- 


NP 
^ON 

WTW 

PNON 
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To  find  the  values  of  tin  15°  and  cos  16°. 

Let  the  angle  2^1  be  30°,  so  that  A  is  15°. 
Let  the  radios  CP  be  2a,  so  that  we  have 

C^=2aoo8  30°=a<^3, 
and  NP=:2aBhi  30° = a. 

Hence  0N=0C+CN=a{2+^S), 

and  NQ=zCQ'  CN=:a  (2  -  ^3). 

.-.  OPa=OiV^.OQ= a  (2+^3)  x4a                   (Euc.  vi.  8), 

so  that  0P=a^2  (V3+1), 

and  P<p=QN.QO=a  (2-^3)  x  4a, 

so  that  PQ = 0^2  ( ^3  - 1). 

Hence  sin  16°-^  -  ^IM^zD  -  V3  - 1 

uence  sin  15  _^^-.  ^         "   2^2   ' 

and  cos  16°=  ?^  =  ^2(^3+1)  ^  ^3  +  1 

ana  cosio  -  ^^-         ^         "  2^2  * 

107.     To  find  the  trigonometrical  functions  of  SA  in 
terms  of  those  of  A. 

By  Art.  88,  putting  B  equal  to  2A,  we  have 

sin  3^  =  sin  (A  +  2A)  =  sin  A  cos  2 A  +  cos  -4.  sin  2A 

=  sin  -4  (1  —  2  sin'  A)  +  cos  ^4 . 2  sin  J.  cos  A 

=  sinA  (1  -2sin«il)+  2sin^  (1  -  sinM). 

Hence  8in3A  =  3  8inA- 48in'A (1). 

So 

cos  3A  =  cos  (A  +  2A)  =  cos  A  cos  2A  —  sin  A  sin  2A 
=  cos  -4.  (2  cos'  -4  —  1)  —  sin  ^  .  2  sin  -4  cos  A 
=  cos  A  (2  cos"  -4  - 1)  -  2  cos  J.  (1  -  cos"  A), 

Hence        cos  3A  =  4  coi' A  —  3  cos  A (2). 
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Also         tan  SA  =  tan  (A  +  2A)  =  -z t-t — «-7 

"^     1  —  tan  A  tan  2A 

.       2  tan  A 
tan -4  + 


1  —  tan  A . 


1  -  tanM  _  tan  ^  (1  -  tan'  A) +2  tan  A 
2  tan  A    "       (1  -  tanM)  -  2  tan»  J. 


Hence       tan  3  A  = 


l-tan'^ 

3tan  A  — tan'A 


1- Stan' A 


108.  By  a  process  similar  to  that  of  the  last  article, 
the  trigonometrical  ratios  of  any  higher  multiples  of  0 
may  be  expressed  in  terms  of  those  of  0.  The  method  is 
however  long  and  tedious.  In  a  later  chapter  better 
methods  will  be  pointed  out. 

As  an  example  let  us  express  cos  5^  in  terms  of  cos  0. 
We  have 

cos  00  =  cos  (3^  +  20) 

=  cos  3^  cos  20  -  sin  3^  sin  20 

=  (4cos»^-  3  cos  5)  (2  cos»d-  1) 

-(3  sind-4sin»  0).2  sin^cos  0 

=  (8  cos*  d  - 10  cos»^+  3  cos  0) 

-  2  cos d. sin' ^(3  -  4  sin'^) 
=  (8  cos»  ^  -  10  cos»^  +  3cos  0) 

-  2cos^(l  -  cos' ^)(4cos»  tf- 1) 
=  (8  co8»  ^  -  10cos»^  +  3  cos^) 

-2co8^(5cos'd-4cos*^-l) 
=  16  cos"  ^  -  20  cos»  ^  +  5  cos  0. 
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EXAMPLES.    XVn. 


1.  Find  the  value  of  sin  2a  when 

(1)    co8o=v,     (2)    8ino=r^  and  (3)    tana=^. 

2.  Find  the  value  of  cos  2a,  when 

(1)    cosa=  — ,     (2)    8ina=^,  and  (3)     tano=T7r. 

3.  If  tan  0=-,  find  the  value  of  a  oos  20  +  6  sin  26. 
Prove  that 

.         8in2^        .        .  _         sin  24  .   . 

4.  q —.=i&nA.  5.    i — 7  =  cot4. 

l  +  C0S2il  1 -0082^4 

1  -  COS  2A     .     ^  .  wm      .       M         .   M     ^ 

6,    , ;r--=tan'il.  7.    tanii  +  cotii  =  2coseo24. 

1  + cos  24 

8.    tan4-cot4= -2cot24.  9.    coseo24  +  cot 24=cot4. 

_-      1  -  cos  4 +  008  J5- cos  (4  +  5)     .      A     ^B 

10.    -, i ^ 7-A —  T>{ = tan  77  cot  TT . 

*^'     l  +  co8  4-cosJ3-cos(4+J3)  2         2 

--         008  4        ,      ( Atro    ^\  1/%     sec  84-1     tan  84 

,„     1+ tan' (45° -4)  „. 

a  +  j3 
.    ,       ^,     tan  — i--^ 

14.  Bm(a  +  i3)  2 

Bin(a-/Sj     ^^„«-^- 

sin^ 4  -  sin^B  ^      /  ^     t>v 

15.  ^ — -A -A ^  5  — D=tan  (4+5). 

sin  4  cos  4  -  sin  5  cos  5  ^  ' 

16.  tan^|+^Vtan/^^-^^  =  2tan2d. 

,  „     cos  4  +  sin  4     cos  4  -  sin  4     ^  .      .  . 

17.     : : — -A ; ^ — 7=2tan24. 

cos 4 -sin 4      co8  4  +  8m4 

18.  cotM  +  15°)-tanM-15°)  =  ji^M_. 
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-Q        sin^+gin2^  l  +  sin^-cos^    ^      d 

oi  sin  {n  +  l)A-  sin  (n - 1)  ^         _,      ^ 

co8(n  +  l)-4  +  2cosn^  +  cos(n-l)^~"        2' 

22      sin  (n  + 1)  ^  +  2  sin  n^  +8in  jn-l)  A  A 

co8(n-l)^-co8(7i+l)^  -cot-. 

23.    sin  (2n  + 1)  ^  sin  .1  =  sin^  {n  +  l)A-  sin^  nA . 

^,      8in(^  +  3B)  +  sin(3^+B)     ^ 

2*-  sin  2  A  sin  2B -^  =  2cos  (^+2?). 

25.  sin 3^  +  sin 2il- sin ^=4 sin 4 cos  -cos—  . 

2  2 

26.  tan  2A  =  (sec  2^  + 1)  Jsec^  A-l. 

27.  coss  2^  +  3  cos  26=4:  (cos«  ^  -  sin«  0). 

28.  1 + cos2  2^=2  (cos*  6  +  sin*  6), 

29.  8ec2^(l  +  seo2ii)=2sec22l. 

30.  coseo  ^  -  2  cot  2 A  cos  4 = 2  sin  A . 

31.  cot^=-  rcot--tan  ^V 

32.  sin osin  (60°-  a) sin (60°+ a) =|  sin  3a. 

33.  cos  a  cos  (60  -  a)  cos  (60°  +  a) = ^  cos  3a. 

34.  cot  a  +  cot  (60  +  a)  -  cot  (60°  -  a)  =  3  cot  3a. 

.35.  cos  20°  cos  40°  cos  60°  cos  80°= -^ . 

16 

.36.    sin  20°  sin  40°  sin  60°  sin  80° = :^  . 

16 

37.  cos  4a = 1  -  8  cos2  o  +  8  cos*  a. 

38.  sin  44 = 4  sin  A  cos^  A-^gobA  sin^  A . 

39.  cos  6a = 32  cos«  o  -  48  cos*  a  + 18  cos^  a  -  1. 

40.  tan  BA  tan  2A  tan  4 = tan  3^  -  tan  2 A  -  tan  A . 

.-      2cos2»^  +  l     ,^ 

41.  2cosg  +  l  =(^OQS^-l)(2cos2g-l)(2co8  2ag-l) 

(2cos2*-id-l). 
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Submultiple  angles. 

109.     Since  the  relations  of  Art.  105  are  true  for  all 
values  of  the  angle  A,  they  will  be  true  if  instead  of  A 

A 

we  substitute  -^ ,  and  therefore  if  instead  of  2A  we  put 

2 .  -^ ,  %.e.  A. 

Hence  we  have  the  relations 

A        A 

Bin  A  =  2  sin  ^  COB  ^ (1), 

COB  A  =  COB*  ^  -  Bin*  ^ 

=  2coB*^-  l  =  l-aBin*^ (2), 

2tan^ 

and  tanA=    '  -   (3). 

1-tan*^ 

From  (1)  we  also  have 

2.    A        A 
sin  -^  cos  -^ 

COS*  -^  +  sin"  -g 
2tan-^ 


i',  by  dividing  numera- 
l+tan*|^ 


A 

tor  and  denominator  by  cos'  -^  . 
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tt    JjL  .        ail 

COS  -^  — Sin -^ 
So  cos  A  =  .  . 

cos'  -g  +  sin"  "2 

1-tan*^ 
l+tan*- 


110.     To  express  the  trigonometrical  ratios  of  the  angle 

A 

-^  in  terms  of  cos  A, 

From  equation  (2)  of  the  last  article  we  have 

cos^  =  1  —  2sin2-^, 

so  that  2  sin^  ^  =  1  —  cos  -4, 

and  therefore      ■^d-q  =  ±  a/ ^ (^)- 

Again,  cos  -4  =  2  cos"  o-  —  1, 

so  that  2  cos*  ^  =  1  +  cos  -4, 

and  therefore      cos^  =  ±  a/ ^ (2). 

.   A  

Hence,  tan^  =  -^  =  ±  ^\^^ (3). 

cos-g 
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111.  In  each  of  the  preceding  formulae  it  will  be 
noted  that  there  is  an  ambiguous  sign.  In  any  particular 
case  the  proper  sign  can  be  determined  as  the  following 
examples  will  shew. 

Bz.  1.    Given  cos  46°  =  -73 ,  find  the  values  of  tin  22)°  and  eot  2^°. 
The  equation  (1)  of  the  laet  article  gives,  hj  putting  A  equal  to  45°, 

Now  an  22)°  is  necessarily  positive,  so  that  the. upper  sign  must  be 
taken. 

Hence  sin 22)°= |  J2^^. 

So         «os22io=.y«fl!=.y?^=4V2-T72-; 

also  cos  22)°  is  positive ; 

.-.  oos22i°=^^L_v_. 

Bz.  2.    Given  cos  330°=^ ,  find  the  values  of  Hn  165°  and  cos  165°. 
The  equation  (1)  gives 


sin  165° 


^^yi^^c^^^t:^^ 


-*~V2"- 

Also 


cos  165° 


L.  T.  8 
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Now  165°  lies  between  90°  and  180°,  so  that,  by  Art.  52,  its  sine  is 
positive  and  its  cosine  is  negative. 

y/B-1 


Henee  sin  165°= 


2^2  ' 


and  cos  165°= -^^^. 

From  the  above  examples  it  will  be  seen  that,  when  the  angle  A  and 

its  cosine  are  given,  the  ratios  for  the  angle  -  may  be  determined  withont 

any  ambiguity  of  sign. 

When  however  only  cos^i  is  given,  there  is  an  ambiguity  in  finding 

A  A 

sin  —  and  cos  ^ .    The  explanation  of  this  ambiguity  is  given  in  the  next 

article, 

##112.   To  explain  why  there  is  ambiguity  when  cos  -^ 

A 
and  sin  -^  are  found  from  the  value  of  cos  A. 

We  know  that,  if  n  be  any  integer, 

cos  A  =  cos  (2w7r  ±A)=k  (say). 

A 
Hence  any  formula  which  gives  us  cos  -^  in  terms  of  jfc, 

should  give  us  also  the  cosine  of ^= —  , 

2nir  •\-A  /  A 


Now        cos ^ =  cos  (  WTT  ±  -^  J 


AAA 
=  cos  nir  cos  -^  T  sin  titt  sin  -^  =  cos  nir  cos  -^ 

M  2t  u 

^        A 
=  ±cos-2, 


according  as  ti  is  even  or  odd. 
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.    -4. 
Similaxly  any  formula  giving  us  sin  -^  in  terms  of  h. 


should  give  us  also  the  sine  of 

.    2n7r  +  A 


2 
2nir±A 


.,            .    2mr±A       .     /       .  ^\ 
Also       sm ^ =  sm  I  mr  ±  -5- 1 


A  ,    A  ,     A 

=  8inn7rcos-^  icoswTTsin-^  =  + cosnwsin  -^ 

=  +  sin  -g^ . 

Hence  in  each  case  we  should  expect  to  obtain  two 

A  A  ,   , 

values  for  cos  -^  and  sin  -^ ,  and  this  is  the  number  which 

the  formulae  of  Art.  110  give. 

113.     To  express  the  tngonometrical  ratios  of  the  angle 

A 

-=r  in  terms  of  sin  A, 

2  -^ 

From  equation  (1)  of  Art.  109  we  have 

.A       A      . 
2sin-^cos-^  =  sinil (1). 

A           A 
Also  sin* -^  +  cos* -g  =  1,  always (2). 

First  adding  these  equations,  and  then  subtracting 
them,  we  have 

sin*  -^  +  2  sin  -^  cos  -^  +  cos*  -^  =  1  +  sin  -4, 

and        sin*  -^  -  2  sin  -^  cos  -^  +  cos*  -^  =  1  —  sin  ^4 ; 

8—2 
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i.e.  ( sin  -g  +  cos  -^  1  =  1  +  sm  A, 

and  (sin  -^  —  cos ^  j  =  1  —  sin  -4  ; 

A           A                   . 
so  that  sin  -^  +cos-^  =  ±  Vl  +  sin  A (3), 

^  ^ 

and  sin  -^  —  cos  -^  =  ±  Vl  —  sin  ^ (4). 

By  adding,  and  then  subtracting,  we  have 

agin~  =  +  Vl+slnA±Vl-8lnA (5), 

and         aco8^  =  ±Vl  +sinA  +  Vl -sin  A (6). 

The  other  ratios  of  -^  are  then  easily  obtained. 

114.  In  each  of  the  formulae  (5)  and  (6)  there  are 
two  ambiguous  signs.  In  the  following  examples  it  is 
shewn  how  to  determine  the  ambiguity  in  any  particular 
case. 

Bz.  1.    Chiven  that  nn  80°  is  ^,  find  the  values  of  sin  15°  and  cos  16°. 
Patting  il=SO°,  we  have  from  relations  (3)  and  (4), 

Bin  16°+ooB  15°=  ±  Vl+8in3d°=  i  ^ , 

sin  16°-oos  15°=  =fc  ^1  -  sin  30°  =  ± 4b  • 

Now  sin  15°  and  cos  15°  are  both  positiye  and  cos  15°  is  greater  than 
sin  15°.  Hence  the  expressions  sin  15° + cos  15°  and  sin  15°  -  cos  15°  are 
respeotively  positive  and  negative. 
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Henoe  the  above  two  relations  should  be 

sinl6°+coBl6°=+^, 

and  sin  16°  -  cos  16°=  -  -j^ . 

Henoe  sinl6°=^I^  ,  and  cos  16° =^--^5-. 

Bx.  a.  Given  that  sin  670°  is  equal  to  -  » 1  find  the  values  of  sin  286° 
and  cos  285°. 

Patting  A  equal  to  670°,  we  have 

sin  286°+ cos  286°=  ±  ,Jl+mWi^=  ±  -^ , 

and  sin  286°  -  cos  286°  =  ±  a/I-  8in676°  =  ±  ^| . 

Now  sin  286°  is  negative,  cos  286°  is  positive,  and  the  former  is 
numerioallj  greater  than  the  latter,  as  may  be  seen  by  a  figure. 

Hence  sin  286°  + cos  286°  is  negative  and  sin  286°  -  cos  286°  is  also 
negative. 

.-.  sin  286°  +  cos  286°=  -  -75 , 
and  sin  286°  -  cos  286°  =  -  ^ . 

% 

Henoe  sin  286°= ->^^, 

and  cos  286°=^^^. 

A 
##115.    To  explain  why  there  is  ambiguity  when  sin -^ 

It 

A 
and  cos  -^  are  found  from  the  value  of  sin  A, 

St 

We  know  that,  if  n  be  any  integer, 

sin  {wTT  +  (- 1)'*  il }  =  sin  il  =  fc  (say).     (Art  82.) 
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A 
Hence  any  formula  which  gives  us  sin  -5-  in  terms  of  k, 

should  give  us  also  the  sine  of  — — ^ — - — . 
Firsty  let  n  be  even  and  equal  to  2m.    Then 

sm ^~^ ~ ^^"^  l^^  ■*"  "9  J 

A  .A  A 

=  sin  mw  cos  -^  +  cos  rmr  sin  -^  =  cos  mir  sin  -^ 

=  +  sm  2" , 

according  as  m  is  even  or  odd. 

Secondly,  let  n  be  odd  and  equal  to  2p  + 1. 
Then 


.    «7r+(-l)"-4       .    2p7r  +  7r-A       .    f          w-A 
sm ^ — - —  =  sm  -^ — 5 =  «'^  '  "'^  -J 


=  sin  l^pTT  +  ^?^2— J 


TT  —  A     .                        .      IT  — A  A 

=  Sm^TT  COS ^-^  +  COS  JPTT  Sm  ^ =  COS  ^TT  COS  -^ 

-4        • 

=  ±  COS  -g  , 

Hence  any  formula^  which  gives  us  sin  -^  in  terms  of 

sin  J.  should  be  expected  to  give   us,  in  addition,  the 

values  of 

.A  A        .  A 

—  sm  -^ ,  cos  ^  and   —  cos  -^ , 

i.e.  4  values  in  alL  This  is  the  number  of  values  which 
we  get  from  the  formulae  of  Art.  113,  by  giving  all  possible 
values  to  the  ambiguities. 
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is  found  firom  sin^,  we  should  expect  4  values. 

116.  In  any  general  case  we  can  shew  how  the 
ambiguities  in  relations  (3)  and  (4)  of  Art  113  may  be 
found. 

We  have 

.    A  ^        A      ,^(\    .    A      1        A\ 
sm^+cosg^va^^sm^  +  ^^cosg-j 

=  V2  Ism  g-cos^  +  cos-g  sm^J  =V2  8m(^^  +  -2J. 
The  right-hand  member  of  this  equation  is  positive  if 

TT       A 

"7  +  -^  lie  between  2n7r  and  ^nir  +  tt, 

A,  TT  37r 

%£.  if        -^  lie  between  2n7r  —  -j  and  inir  +  -y- . 

A  A  .        ,  ,     .   A   . 

Hence  sin  -^  +  cos  -^  is  positive  if  -^  lie  between 

2rwr  —  T  aiid  inw  +  -r  ; 
4  4 

it  is  negative  otherwise. 

Similarly  we  can  prove  that 

.A  A       .^   .    (A     ir\ 

gin-2-cos^  =  V2sm(^-2-;jj. 

A  A 

Therefore  sin  ^  —  cos  ^  is  positive  if 

[ -^  —  T )  li©  between  2nir  and  2n7r  +  -w, 
i.^.  if  -^  lie  between  2n7r  +  -r  and  2ri7r  +  -7- . 


120 


THIGONOMETEY. 


It  is  negative  otherwise. 

The  results  of  this  article  are  shewn  graphically  in  the 
following  figure. 


OA  is  the  initial  line  and  OP,  OQ,  OR  and  OS  bisect 
the  angles  in  the  first,  second,  third  and  fourth  quadrants 
respectively. 


Within  what  limits  must  jr  lie  if 


A 


2  8in-^=: -Jl  +  sinA- iJl-sinA. 

In  this  case  the  formulae  of  Art.  113  must  clearly  be 

A  A 


8m^  +  0O8^=£  -^l  +  8in-4 


and 


sin  -  -  COB  -5  =  -  ^1-fm.A  . 


(1). 
.(2). 


2     — 2 

For  the  addition  of  these  two  formulae  gives  the  given  formula. 
From  (1)  it  follows  that  the  revolving  line  which  bounds  the  angle  ^ 
must  be  between  OQ  and  OR  or  else  between  OR  and  OS, 


RATIOS  OF  ^  IN  TERMS  OF  TAN  A.  121 

a 

From  (2)  it  follows  that  the  revolTing  line  rnnst  lie  between  OB.  and 
OS  or  else  between  OS  and  OP. 

Both  these  conditions  are  satisfied  only  when  the  revolving  line  lies 

between  OB  and  05,  and  therefore  the  angle  ^  lies  between 

2nw — J-  and  2nT--v, 
4  4 

A 

117.     To  express  the  trigonometrical  ratios  of  -^  in 

terms  of  tan  A. 

From  equation  (3)  of  Art.  109  we  have 

2  tan-^ 
tan  A  =  J  . 

l-tan«4 

.'.  1  —  tan^  -TT  = /  tan  -t^  . 

2      tan^         2 

XT                 .     ,^          2     ,      il  1  ,  1 

Hence        tan*-^  +  ^ ::  tan  -^  +  r — ^-i  =  1  + 


2      tan  il  2      tan*  A  tan*  J. 

l  +  tanM 
tan*  JT 


,      ^  1  .  vl-htanM 

/.  tan -^+7 r=  I — i 3 

2      tan  ^  tan  A 


^     A     +Vl  +  tan*il-l 

■  *^2  =  " — teo^ — (i> 

118.  The  ambiguous  sign  in  equation  (1)  can  only 
be  determined  when  we  know  something  of  the  magnitude 
of  A 


Given  tan  15° = 2  -  ^3,  find  tan  7  J°. 
Patting  A  =  15°  we  have,  from  equation  (1),  of  the  last  artide, 

"*°^*  ^ 2:^3 2-V3        <^'- 
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Now  tan  7}°  is  positive  so  that  we  mnst  take  the  upper  sign. 

Hence  '     tan  7Jo=  ±^|^-' , 

=  (^/6-V2-l)(2+^/3)=V6-V3+V2-2=(V8-^/2)(V2-l). 

150 

Since  tan  15°= tan  195° ,  the  equation  which  gives  ns  tan  -^  in  terms 

195° 
of  tan  15°  may  be  expected  to  give  us  tan  —^  in  terms  of  tan  195°.    In 

fact  the  valne  obtained  from  (1)  by  taking  the  negative  sign  before  the 

,.    ,  .  ^     195° 
radical  is  tan  -^— . 

_               ^     195°      -V8-V3-1      -(V6-V2)-l 
Hence        tan^=— ^-^^ =        2-^3 

=  (- V6  +  V2-1)  (2+V3)=  -  (V3+V2)  (s/2  +  1), 
so  that  -.oot7J°=tan97J°=  -(V3+V2)  (V2  +  1). 

A 
*  *119.    To  explain  why  there  is  ambiguity  when  tan  -^ 

is  found  from  the  valu£  of  tan  A . 

We  know,  by  Art.  84,  that,  if  n  be  any  integer, 

tan (wTT  +  -4)  =  tan  A=k  (say). 

A 
Hence  any  equation  which  rgiyes  us  tan^  in  terms  of  k 

may  be  expected  to  give  us  tan  — ^ —  also. 

Firsty  let  n  be  even  and  equal  to  2m. 
Then 

^     nir  +  A     .      Zmw  +  A     ^      (  A 

tan -T —  =  tan s =  tan  mir  + 


2  2  V 

=  tan  -5- ,  as  in  Art.  84. 


c 


Secondly,  let  n  be  odd  and  equal  to  2p  + 1. 
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Then         tan^^  =  tan<^^  +  ^>^-^^ 

=  tan  \mr  H ^—  j  =  tan  — 5 —  (Art.  84) 

=  -  cot  g- .    (Art.  70.) 

Hence  the  formula  which  gives  us  the  value  of  tan  -^ 

A 

should  be  expected  to  give  us  also  the  value  of  —  cot  -^ . 

An  illustration  of  this  is  seen  in  the  example  of  the 
last  article. 


EXAMPT»E8.    ZVm. 


1.  If  sin  9=^  and  sin  0=^ ,  find  the  valnes  of  sin  (i9+0)  and 

sin  (2^  +  20). 

2.  The  tangent  of  an  angle  is  2*4.  -  Find  its  cosecant,  the  cosecant  of 
half  the  angle  and  the  cosecant  of  the  supplement  of  double  the  angle. 

3.  If  cos  a  =  ^7  and  8in/9=f  1  find  the  values  of   sin'^^-^  and 

Dl  O  A 

cos'  —^ ,  the  angles  a  and  /3  being  positive  acute  angles. 

4.  If  co8a=g  and  cos/9=7,  find  the  value  of  cos  -^1  the  angles 

a  and  /3  being  positive  acute  angles. 

0 
2 


0 
5.    Given  sec  9 = 1},  find  tan  ^  and  tan  d. 


6.  If  cos  ii=*28,  find  the  value  of  tan  ^ ,  and  explain  the  resulting 
ambiguity. 

7.  Find  the  values  of  (1)  sin7i^  (2)  cosTiS  (3)  tan22i°,  and 
(4)  tan  lli°. 
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B  —  eh 

8.  If  sin  9  + sin  0=a  and  008^  +  008  0=6,  find  the  value  of  tan —-    . 
Prove  that 

9,  (ooB  a  +  0O8  p)^ + (sin  a  -  sin  /3)' = 4  cos^  ^^-^  . 

0.  (COS  o  +  COS  /3)*  +  (sin  a  +  sin  /3)*= 4  cos*— ^-   . 

a  —  B 

1.  (cos  a  -  cos  /3)2  +  (sin  a  -  sin  /9)* = 4  sin*  -——  . 

2tan^  l-tan*^ 

,2,    sin  il  =  .  13.    cos  /i  =  . 

l  +  tan»|  l  +  tan2- 

4.  secf^+^j  sec(J-^  J=2sec2^. 

5.  tan(45<'+^)  =  yj±g=Bee^+t«n^. 

6-  '^' (I +¥)-'^' (§-¥)=  ;^""^- 

7.  0OB»  0  +  008^(0+ 120°) +  008»(ot- 120°)  =  |. 

_  .  T  .Sir  ^  5t  '         -  7ir     3 

8.  cos*  g  +COB*—  +  COS*  —  +  cos*  -g  =  2  • 

9.  sm*g  +  sin*-g-  +  sin*-g-  +  sm*—  =^. 

20.  cos  2$  cos  20 + sin*  (^  -  0)  ~  sin*  (0  +  0) = cos  (29 + 20). 

21.  (tan4^  +  tan2il)(l-tan*3itan*ii()=2tan3.1s6C*il. 

22.  ( l+tan^-sec|j  f  l  +  tan^  +  sec|  j  =  8inosec*^. 

Find  the  proper  signs  to  be  applied  to  the  radicals  in  the  3  following 
formnlae. 

23.  2 cos ^  =  ± ,Jl-anA± ^1+emA ,  when  ^ = 278°. 

24.  2  sin  ^=  ±  i^l  -  sin  ^  ±  *yi  +  sin  -4,  when  ^  =  vi  • 
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25.  2ooB^=±7l-Binii±Vl  +  smi4,  when  ^='liQP, 

26.  If  il  =340°,  prove  that 

and  2  cos  ^=  -  ^l  +  sinA-  ^1  -  sin  J. 

27.  If  4 = 460°,  prove  that 

2  cos  2  =  -  Vl  +  8™  -^  +  >/l  -  sin  -4. 

28.  If  ^  =  6^^  prove  that 

2 sin ^=  -  ^l  +  amA-  tJl-amA. 

29.  Within  what  respective  limits  must  ^  lie  when 

(1)    28in-^=     i^l  +  sinX+^l-ainil. 


(2)  .28in^=  -  Vl  +  sinii  +  Vl-8"^-4» 

(3)  2sin  ^=  +  /^l  +  sin  il  -  >^1  -  sin  Ay 

and  (4)    2cos^=     i^l + sin  ^1  -  ,^1  -  sin  2. 

30.    In  the  formula 


2coB^=  ±^/l+8in -4^  Vl  -  »n  i, 

find  within  what  limits  ^  mast  lie  when 

(1)  the  two  positive  signs  are  taken, 

(2)  the  two  negative    „    „       „ 

and  (3)    the  first  sign  is  negative  and  the  second  positive. 

31.    Prove  that  the  sine  is  algebraically  less  than  the  cosine  for  any 

3t  t 

angle  between  2nir  -  -j-  and  2nir + v  where  n  is  any  integer. 
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32.  If  sin  -^  be  determined  from  the  eqaation 

sin  il =3  sin  -5  -  4  sin^  - , 

prove  that  we  should  expeot  to  obtain  also  the  values  of 

,    T-A      -       .    r+A 
sm  — g —  and  -  sm  —^    . 

33.  If  cos  Q-  be  fonnd  from  the  equation 

o 

cos^  =4  cos*  ^  -  3  cos  -5 

prove  that  we  should  expeot  to  obtain  also  the  values  of 

2r-A       .         2'ir  +  A 
cos  — X —  and  cos  — - — . 
o  o 

120.  By  the  use  of  the  formulae  of  the  present 
chapter  we  can  now  find  the  trigonometrical  ratios  of 
some  important  angles. 

To  find  the  tmgonometricaX  furictions  of  an  angle  of  1S°. 

Let  0  stand  for  18^  so  that  20  is  36°  and  S0  is  54°. 

Hence  20  =  90°  -  30, 

and  therefore 

sin  20  =  sin  (90°  -  3^)  =  cos  3^. 

.-.  2  sin  5  cos  5  =  4  cos»  tf  -  3  cos  0  (Arts.  105  and  107). 

Hence,  either  cos  ^  =  0,  which  gives  0  =  90°,  or 

2sin  5  =  4cos»d - 3  =  1  -  4  sin" 5. 

.-.  4sin2^  +  2sin^  =  l. 

By  solving  this  quadratic  equation,  we  have 

sm  U = ■: . 

4 
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In  our  case  sinO  is  necessarily  a  positive  quantity. 
Hence  we  take  the  upper  sign,  and  have 

4 

Hence 

'  2V5 


cos 


i8<'=vrr^^w=^i-«^=^im 


_VlO  +  2V5 
4 

The  remaining  trigonometrical  ratios  of  18°  may  be 
now  found. 

Since  72°  is  the  complement  of  18°,  the  values  of  the 
ratios  for  72°  may  be  obtained  by  the  use  of  Art.  69. 

121.  To  find  the  trigonometrical  functions  of  an  angle 
0/36°. 

Since        cos  2d  =  1  -  2  sin^  6,  (Art.  105), 

.-.  cos36°  =  l-28in«18°  =  l-2(^^^) 
.,     3-V5 

so  that  COB  36°  =  ^!— -^ — . 

4 

Hence 


sin  36°  =  'JT^ZS^W^  y/l  -  m^  ,  VlO  -  2  V5 

The  remaining  trigonometrical  functions  of  36°  may 
now  be  found. 

Also,  since  54°  is  the  complement  of  36°,  the  values  of 
the  functions  for  54°  may  be  found  by  the  help  of  Art.  69. 

122.  The  value  of  sin  18°  and  cos  36°  may  also  be 
found  geometrically  as  follows. 
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Let  ABC  be  a  triangle  constructed, 
as  in  Euc.  iv.  10,  so  that  each  of  the 
angles  B  and  C  is  double  of  the  angle 
A.     Then 

1 80°  =  ^  +  S  +  C = J.  +  2^  +  2^ , 

so  that  A  =  36°. 

Hence,  if  AD  be  drawn  perpendicu- 
lar to  BG,  we  have 

Z  BAD  =  18°. 

By  Euclid's  construction  we  know  that  BC  is  equal  to 
AX  where  X  is  a  point  on  AB,  such  that 

AB.BX^AX\ 

Let  AB  =  a,  and  AX  ^x. 
This  relation  then  gives 

a  (a  —  a?)  =  ir*, 

i,e,  a^+ax  =  a?, 

V5  - 1 


%,e. 


x  —  a 


2 


Hence     sin  18°  =  sin  BAD  =  .^-a  =  k  tt^ 

BA     2BA 

_^\  X ^iJo  —  1 
"■2a"'~r~' 

Again  (by  Euc.  IV.  10)  we  know  that  AX  and  XG  are 
equal;  hence  if  XL  be  perpendicular  to  AG,  then  L 
bisects  AG, 

Hence 


cos  36°  = 


AL^_a_  1 

^Z'"2  •  "^"Vo-l 


V5  +  1 


V5  +  1 


(V5-1)(V5  +  1) 
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123.  To  Jmd  the  trigonometriml  fu/nctions  for  an  angle 
of  9\ 

Since  sin  9°  and  cos  9°  are  both  positive  the  relation 

(3)  of  Art.  113  gives 

sin9<^  +  cosr  =  Vl+sinl8<^  =  >yi+^  =  '^?^ 

(1). 

Also,  since  cos  9°  is  greater  than  sin  9°  (Art.  53),  the 
quantity  sin  9°  —  cos  9°  is  negative.     Hence  the  relation 

(4)  of  Art.  113  gives 

sin9°-cos9°  =  -Vl-sinl8°  =  -/y/l-^-^^^ 

-'-^ (2). 

By  adding  (1)  and  (2),  we  have 

.    Qo _ V3  +  V5-V5W5 

sin  V  — z > 

4 

and,  by  subtracting  (2)  from  (1),  we  have 

4 

The  remaining  functions  for  9°  may  now  be  found. 

Also,  since  81°  is  the  complement  of  9°,  the  values  of 
the  functions  for  81°  may  be  obtained  by  the  use  of 
Art.  69. 

BTTAMPLTO.    XJX. 

Prove  that 

1.    Bin»72O-8in»60°=^^^. 

L.  T.  9 
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3.  O08l2°+oo860°+oos84°=oo824°+oo848^ 

4.  smgOn-g.siii-3-8mg-  =  jg, 

_        .     ir       ,    18ir         1  /»•**.    18ir         1 

5.  8m^+8m^=-2.  6.    8mj5Bm3^=-^. 

7.    tan  6°  tan  42°  tan  66°  tan  78° =1. 

r        2r        St       4x       5t       6ir        7ir      1 

8-  ««'i6'*''i6~*"i6"^i6'^''i6~''i6'"'i6=^- 

„     ,-       2«'       4»       8t       14x    , 
9.    16ooSjgOOBjgOOBjgOoe-^g-=l. 

10.  Two  parallel  ohord8  of  a  oirole,  which  are  on  the  8ame  side  of  the 
centre,  subtend  angles  of  72°  and  144°  respectively  at  the  centre.  Prove 
that  the  perpendionlar  distance  between  the  chords  is  half  the  radius  of 
the  circle. 

11.  In  any  oirde  prove  that  the  chord  which  subtends  108°  at  the 
centre  is  equal  to  the  sum  of  the  two  chords  which  subtend  angles  of  86° 
and  60°. 

12.  Construct  the  angle  whose  cosine  is  equal  to  its  tangent. 

13.  Solve  the  equation 

4  COB  0  -  3  sec  ^=2  tan  ^. 


CHAPTER  IX. 

IDENTITIES  AND  TRIQONOMETRICAL  EQUATIONS. 

124.  The  formulae  of  Arts.  88  and  90  can  be  used  to 
obtain  the  trigonometrical  ratios  of  the  sum  of  more  than 
two  angles. 

For  example 

sin (-4  +  B  +  (7)  =  sin  (A+B)  cos 0  +  cos(-4  +  B) sin  G 

=  [sin  Aco8B  +  cos  -4  sin  B]  cos  (7 

+  [cos  -4  cos  5  —  sin  A  sin  jB]  x  sin  C 

=  sin  A  cos  B  cos  C  +  cos  A  sin  B  cos  C 

+  cos  A  cos  5  sin  C — sin  J.  sin  £  sin  C. 
So 

cos  (^  +  S+  0)  =  cos  {A  +  B) cos  C-  sin  (A  +  B)  sin  C 

=  (cos  A  cos  £  —  sin  -4.  sin  B)  cos  0 

—  (sin  -4  cos  5  +  cos  A  sin  5)  sin  C 

=  cos  J.  cos  £  cos  (7— cos -4  sin-BsinO  — sin-4cos58in(7 

—  sin  A  sin  B  cos  (7. 
9—2 
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Ai        4.      /^  .  D.rrv      tan (^  +  5)  +  tan (7 
Also     tan (^  +  5  +  0)  =  = — .^    /^  ■  px^. — n 

^     1  —  tan  {A  +  E)  tan  C 

tan  A  +  tan  5      ^      ^ 

:; — 7 -jTi b  +  tan  u 

_  1  —  tan  ^  tan  B 

-  ^  tanJ.+tanJS         ^ 

1  —tan  J.  tan  JB 

__  tan  A  +  tan  J?  +  tan  G  —  tan  A  tan  -B  tan  (7 
1  —  tan  B  tan  (7—  tan  C  tan  J.  —  tan  A  tan  J5  * 

126.  The  last  formula  of  the  previous  article  is  a 
particular  case  of  a  very  general  theorem  which  gives  the 
tangent  of  the  sum  of  any  number  of  angles  in  terms  of 
the  tangents  of  the  angles  themselves.    The  theorem  is 

tan  (Ai  +  Aa  +  As  +  ...  +  An) 

*i      ^  H"  *5 "~  ^b"  +  ^'j  /-I  \ 

*  ""Sj  +  S4  ■"  8g  "T"  . . . 

where 

«i  =  tan  A^  +  tan  jIj  +  . . .  +  tan  A^ 

=  the  sum  of  the  tangents  of  the  separate  angles^ 
5j  =  tan  ill  tai^  -^2  +  tan  A^  tan  -As  +  . . . 

=  the  sum  of  the  tangents  taken  two  at  a  time, 
«3  =  tan  J.1  tan  A^  tan  A^  +  tan  ^2  tan  A^  tan  ^4  +  . . . 

=  the  sum  of  the  tangents  taken  three  at  a  time,  and  so 
on. 

Assume  the  relation  (1)  to  hold  for  n  angles  and  add 
on  another  angle  ^n+i- 

Then  tan  (^j  +  ^j  + . . .  4-  -4„+i) 

=  tan  [(^1  +  ^a  + . . .  +  A^  +  ^n+i] 

_   tan(^i4-^2+««»+^n)  +  tan^n+i 
""  1  —  tan  (-4i  +  ^2  -H  •••  +  ^n) .  tan  -4»+i 
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^1  "~  ^j  T  ^5  ~"  ^7  "t"  •  •  • 


A  ^  ^S  T  ^4  •  .  • 


+  tanil 


n+i 


^1  ■"  ^8  "r  ^6  •  •  • 
i.  "~  ^2  "T*  ^4  •  •  • 


1  -  ?      -»-r^5>»  ^^^  j^^^ 


Let  tan  Ai,  tan  A2, ...  tan  An+i  be  respectively  called 
Then  tan  (^1  +  ^2  + . . .  +  ^n+i) 

V^i      ^8  ~H  ^5  « . . )  +  tn+i  (l  —  ^2  "H  ^4  * "} 

V*  —  ^2    I    *4  •  •  •/         \^1  "~  *8  "T  *6  •  •  •/  »n+l 

^         (^1  +  tn+i)  -  (^8  +  ^a  tn+i)  +  fa  +  ^4  ^+1)  -  -  - 
1  —  (^2  +  *i  ^n+i)  +  (^4  +  *8  ^n+i)  ""  (*«  +  *6  ^n+i)  •  •  • 

But  «i  +en+i  =(^+  ^+  ...  <n)  +^n+i 

=  the  sum  of  the  (n  +  1)  tangents, 

^2  +  *i  ^n+i  =  (^^a  +  ^2^8  4"  "•)  +  \ti  +  ti  •}-...  +  tn)  tn-^1 

=  the  sum,  two  at  a  time,  of  the  (n+  1)  tangents. 

=  the  sum  three  at  a  time  of  the  (n  +  1)  tangents 
and  so  on. 

Hence  we  see  that  the  same  rule  holds  for  (n  +  1) 
angles  as  for  n  angles. 

Hence,  if  the  theorem  be  true  for  n  angles,  it  is  true 
for  (n+l)  angles. 

But,  by  Arts.  98  and  124,  it  is  true  for  2  and  3  angles. 

Hence  the  theorem  is  true  for  4  angles;  hence  for 
5  angles ....     Hence  it  is  true  universally. 

Cor.  If  the  angles  be  all  equal  and  there  be  n  of 
them  and  each  equal  to  0,  then 

8i^n.ta.ii0;  Sz^^^Citeax^d',  s^^HJ^taji^O. 
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Bz.     Write  down  the  value  of  tan  49. 

Here  tan  40  =  :^ — ^-  =  = — j^r— — ,-s— tttt — r^ 
l-«2+*4     l-*C7,tan>0+*C4tan*0 

4tan9-4tan<0 


Ex.    Proye  that  tan  50 = 


l-6tan»0  +  tan*0* 
Stan  0- 10  tanS0+tan' 0 


l-lOtan«0+6tan*0 


126.  By  a  method  similar  to  that  of  the  last  article 
it  may  be  shewn  that  sin  {Ai  +  ^j  + . . .  +  An) 

=  cos-4iCos-4,...  cos  ^n(«i  — «8  +  *5—  •••)> 
and  that  co&(Ai  + A^+ ...  +An) 

=  cos  ill  cos  ila  •••  C0S-4n(l  —8^  +  8^—...), 

where  Si^  8^,  ^s,  •••  have  the  same  values  as  in  that  article. 

127.  Identities  holding  between  the  trigono- 
metrical ratios  of  the  angles  of  a  triangle. 

When  three  angles  A,  B  and  C,  are  such  that  their 
sum  is  ISO'',  many  identical  relations  are  found  to  hold 
between  their  trigonometrical  ratios. 

The  method  of  proof  is  best  seen  from  the  following 
examples. 


1.    // il+B+C7=180%  tojprw««^t 

sin  2^ + Bin  2£ + sin  2C= 4  sin  il  sin  B  sin  C 
sin  2i!l  +  sin  2B  +  sin  2C 
= 2  sin  (i!l  +  B)  008  (i!l  -  B)  +  2  sin  C  oos  C. 
Since  i!t+B  +  C=  180°, 

we  have  i!t+B=180°-C, 

and  therefore  sin  (A-\'B)= sin  C, 

and  008  (^ + B)  =  -  cos  C.  (Art.  72) 
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Henoe  the  expression 

=28mCoo8(il-B)-f2sinCco8C 

=2Bin  (7[ooB(i!l  -B)+oo8  C] 
=2  sin  C  [cos  (il  -  B)  -  cos  (-4 +i5)] 
:=2  sin  (7 . 2  sin  iil  sin  J3 
= 4  sin  iil  sin  jB  sin  C 


a.    If  A  +  B+C=1S0P, 

prove  that       cos-4+cosB-oos(;=  -l  +  4oos-^co&^8in  g. 

The  expression  =  cos  il  +  (cos  B-owC) 

=  2  cos' g-- 1  +  2  sin —5 — sm — =— • 

Now  B  +  C=lBfy-A, 

sothat  ^  =  90°-4. 


:.x,-  *  •       ^  +  ^  ^ 

and  therefore  sin  — jr— = cos  ^^ , 


B  +  C     .   A 
and  COS — j;— =smrr. 


2  2 

+  C         ii 
2-=^^2 

+  C      .   A 

=Sinrr 

2  2 


Henoe  the  expression 


= 2  oos^  ^  - 1  +  2  cos  ^  sm —^ 

i!t  r      ^      .   C-Br\    , 
=2oos^Lcos^  +  sm-^J-l 

ii  r  .  B+c  .  .  c-B-i    - 

=2oos^  l^sin-^+sm-^J-l 
=2  008  ^ .  2  sm  J  COS -^  - 1 
=  - l+4co8  ^ COS ^ sm -^ . 

llz.8.    If  ^+B  +  C=180°, 

ptwe  t;ki<      Bin'i!l+sin3£  +  Bin3C=2  +  2ooSilcosBcosC. 
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Let  S=8mM  +  8in2B  +  8m«(7, 

80  that  2£f=r28inM  +  l-cos2B  +  l-oo82C 

=28inail  +  2-2co8(-B  +  C)oo8(B-C) 
=2-2  C08'  ii  +  2  -  2  0O8  (B  +  C)  008  (B  -  C) . 
/.  <Sf=2+0O8il[co8(B-C7)  +  0OB(B  +  C)], 
sinoe  co8ii=co8{180°-(B  +  C)}= -co8(B+C7). 

.*.  £f=2+co8il.2oo8Boo8C. 

=  2 +  2  008  ii  COB  £  008  C. 

Bx.4.    If  ii+B+C=180o, 

^wtthaX  tanil+tanB+tanC=taniltanjBtanC. 

By  the  third  fonnula  of  Art.  124,  we  have 

,        .     p    ^        tanii+tanB+tanC-taniitanBtanC 
^^    '*''*'    '"1- (tan BtanC+tanC tan ^  +  tani4  tan B)* 

But  tan(ii+B  +  C)=tanl80°=0. 

Henoe        0=tan^  +  tanB  +  tanC-tan^  tanBtanC, 

t.e.  tan^  +  tanB  +  tanC=taniltanjBtanC. 

This  may  also  be  proved  independently.    For 

tan  (A  +B)=tan(180°-  C)=  -tan 0. 

tan  A  +  tan  B  _ 
l-taniltanB~ 

.'.  tanii  +  tanB= -tanC7+tani4tanBtanC, 

t.«.  tanil+tanB  +  tanC=tan^tanBtanC. 

5.    Jfa;+y+«= xyz^  prove  that 

2a;  2y  2z    _    2x         2y         2z 


Pnt  a;=tanil,  ^=tanB,  and  2= tan  C,  so  that  we  have 

tan  il +tan  B+tan  (7=tanii  tanB  tan  C, 

tanii  +  tanB         .      ^ 
l-tan^ltanB 

so  that  tan  {A  +B)=tan  (x-  C).  [Art.  72.] 
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Hence  ^  +  jB  +  C=nir  +  ir, 

2x         2i/  2z  2t&nA  2tanB  2tanC 


=tan  2A  +taQ  2B+t9,n2C=ia.n2A  tan  2Stan  2C, 
(by  a  proof  similar  to  that  of  the  last  example) 

_    2a?         2y  2z 
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UA+B  +  C=  180°,  prove  that 

1.  8in2ii  +  sin2JB-8in2C=4coSiloosJB8in  (7. 

2.  cos  2il+ cos  2  J3 +008  20= -1-4  cosil  cos  Boos  C. 

3.  cos  2A  +  cos  2B  -  cos  2(7=  1  -  4  sin  ^1  sin  B  cos  C 

v4        B         (7 

4.  8inil+sinB  +  sinC=4cos-^oos-^cos^. 

ABC 

5.  8in-4  +  8inB-8inC=4Bin^sin-^co8  5-. 

^  jD  /Tf 

6.  cos^ +COSB+COS  0=1  +  4 sin  ^  sin  ^  sin -^. 

7.  sin^  il  +8in2B-  sin^  (7=2 sin -4  sin B  cos  C. 

8.  cos^  il  +cos' B+cos^  0=1  - 2cos  A  cos  B  cos  0. 

9.  cos^il +008^ B- 008^0=1 -2 sin ^  sin B cos O. 

-_  ,     aA    ^       .«B  *     aC        -  _.il.B.        0 

10.  sm2-  +  sm3^+Bm2-=l-28m  gSm  2  sing. 

._        .  nA  ,    .  .B      .  qO    ^     a       -^        B   ,    C 

11.  sm^-  +  sin'-  -  8m=2=  1  -  2  cos  ^  cos  ^  sin  ^  . 

-.ft     X     -4^     B    ^     B^      O     .      0.      il     - 

12.  tan2tan2+tan-5tan2+tan2tan2  =  l. 

13.  cotg  +  cot  2 +cot  2=cot-^  cot-^  cot  2  . 

14.  cotBcotO+cotOcotil+cotilcotB  =  ]. 
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15.  8m(£+2C)  +  8in(C+2il)  +  Bin(ii  +  2£) 

.   .    B-C  .    C-il   .    A-B 
=4Bin— ^Bin-g-  sm— g-  . 

16.  8m-^  +  Bm-^  +  Bm^-l=48m— J— sin  — r— sin— ^  . 

.„     8m2ii  +  8in2jB  +  Bin2C    »   .    A   ,    B   ,    C 

17.  Bin^-fsin^  +  BinC    =8b"^  g '^"^  2  ^"^  2  ' 

18.  8in(B  +  a-il)  +  Bm((7+il-B)  +  Bm(ii  +  B-C) 

= 4  Bin  il  sin  B  Bin  C 
If  il  +£  +  C=2iSf  prove  that 

19.  8in(fif-il)8in(fif-B)  +  Binfif8in(5-C)  =  8inilBinB. 

20.  8iniSf8in(Sf-.l)Bin(fif-£)8in(Sf--C) 

=  1  -  008*  A  -  cob'  B  -  COB*  C  +  2  COB  A  008^  008  C. 

21.  sin(iSf-.l)  +  8in(iSf-£)+8in(£f-C)-Bin£f 

.    .    A   ,    B  .    C 
=4  sin  ^  Bin  ^  Bin  ^. 

22.  COB2iS  +  0O88(iSf-ii)+0OB«(5f-J5)+CO8«(6f-C) 

=s  2  +  2  COS  ii  COB  £  COB  C. 

23.  C083ii  +  C08>£  +  C0B2C+2C08ilC0BBC08C 

=  l  +  40O8  5cOB(iSf~ii)CO8(iSf-£)0O8(fif-C). 

24.  If  a+/8+7+  5=2t,  proTe  that 

008  O  +  COB /3  +  008  7  +  COB  8  +  4  COB^^^  COB  ^  "  COB  ^^- =s  0, 

AAA 

and       8ma-8m/3+8m7~8m5+4co8— ^Bin— ^-  COB  -      =0. 

25.  ^  the  Bum  of  four  angles  be  180^  prove  that  the  Bum  of  their 
cosines  taken  two  and  two  together  is  equal  to  the  sum  of  their  sines 
taken  similarly. 

Prove 

26.  1  -  COS*  $  -  COS*  0  -  cos'  ^+  2  cos  ^  cos  0  cos  ^ 

=48m — |-^8m |-^8in-     ^    ^8in  ^^-^. 
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27.  sin  2a + sin  2/3+ Bin  27 

= 2  (sin  a + sin /3 + sin  7)  (1 + 008  a + 008 /3 + COS  7> 
if  o+/3+7=0. 

28.  Verify  that 

sin^a  sin  {b  -  e) +sin*&  sin  {e  -  a)  +  Bin'c  sin  (a  -  6) 

+  sin  (a  +  5 +c)  sin  (&  -  c)  sin  (c  -  a)  sin  (a  -  b) =0. 
UA,B,  C,  and  D  be  any  angles  prove  that 

29.  anAw:iBBm{A-B)  +  BmBB,mCsm{B-C) 

+  sin  Csin^  sin  (C-il) +  sin  (il  ~  £)  sin  (£  ~  (7)  sin(C- J)=0. 

30.  sin(-4-B)oo8(-4+B)  +  5in(B-C)oos(B  +  C) 

+sin  (C-  D)  008  (C+D)  +  sin  {D-A)  oos(D+il)=0. 

31.  8in(ii  +  B-2C)oosB-sin(il  +  0-2B)oosC 

=5in(B~C){cos(B+<7-il)+oos(C+il-B)  +  oos(ii+B-C)}. 

32.  Bm{A'¥B+C+D)  +  mn{A+B-C"D)+Bm{A+B-C+D) 

+  sin(il+B  +  C~D)=r4sin(ii  +  B)oosC7oosD. 

33.  If  any  theorem  be  true  for  values  of  ^,  B,  and  C  suoh  that 

ii+B  +  C7=180°, 

prove  that  the  theorem  is  still  tme  if  we  substitute  for  A,  B,  and  C 
respectively  the  quantities 

(1)    90°-^,  9(y>-|,and90«-|, 

or  (2)    180° -ai,  180°- 2B,  and  180° -20. 

Ux+y +z=xyz  prove  that 

Bx-afl     &y-y^     8g-g»_8a?-a^    8y-y»    3z-z* 
^^    l-3xa"*"l-3ya''"l-8«^"l-8a;«*l-8y«*l-82« 

and    35.    x(l-y«)(l-«')+y(l-«»)(l-aj«)+a(l-x«)(l-y«)=4a?yi?. 

128.     The  Addition  and  Subtraction  Theorems  may  be 
used  to  solve  some  kinds  of  trigonometrical  equations. 

Solve  ike  eqtuition 

sin  a'\'8in5x=  sin 3^. 
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By  the  formulae  of  Art.  94  the  equation  is 

2  sin  3^  cos  2w  =  sin  3^. 
/.  sin  Sx  =  0,  or  2  cos  2a?  =  L 
If  sin  Sx  =  0,  then  3a?  =  nir. 

1  TT 

If  cos  2a?  =  ^ ,  then  2a?  =  2n7r  ±  ^  . 

Hence  a?  =  -^  ,  or  wtt  ±  ^  . 

o  o 

129.     To  solve  an  eqridtion  of  the  form 

a  cos  5  +  6  sin  5  =  c. 

Divide  both  sides  of  the  equation  by  Va^  +  b^,  so  that 
it  may  be  written 

cos  0  +   .  sm  ^  = 


Find  from  the  table  of  tangents  the  angle  whose 
tangent  is  -  and  call  it  a. 

•L 

Then  tan  a  =  - ,  so  that 

a 

b  J  a 

sm  a  =  ,  ,  and  cos  a== 


The  equation  can  then  be  written 
COS  a  COS  ^  +  sin  a  sin  ^  = 


i.e.  cos  (^  —  a)  = 


\/a«+  b^ ' 
c 


^a^  +  b^' 
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Next  find  from  the  tables,  or  otherwise,  the  angle  fi 
whose  cosine  is  -,  , 

so  that  cos  B  =*  -,^ — :_  , 


[N.B.    This  can  only  be  done  when  c  is  <  Va"  +  6*.] 

The  equation  is  then  cos  (tf  —  a)  =  cos  /9. 

The  solution  of  this  is  5  —  a  =  2n7r  ±  /8,  so  that 

where  n  is  any  integer. 

Angles,  such^  as  a  and  )9,  which  are  introduced  into 
trigonometrical  work  to  focilitate  computation  are  called 
SubBidiaiy  Angles. 

130.    The  above  solution  may  be  illustrated  graphically 
as  follows ; 

Measure  OM  along  the  initial 
line  equal  to  a,  and  MP  perpen- 
dicular to  it,  and  equal  to  6.  The 
angle  MOP  is  then  the  angle  whose 

tangent  is  - ,  i.e.  a. 

With  centre  0  and  radius  OP, 

i.e.  Va*  +  6^  describe  a  circle  and  measure  ON  along 
the  initial  line  equal  to  c. 

Draw  QNQ  perpendicular  to  ON  to  meet  the  circle  in 
Q  and  Q[ ;  the  angles  NOQ  and  QON  are  therefore  each 
equal  to  /8. 

The  angle  QOP  is  therefore  a  -  /8  and  QOP  is  a  +  )8. 


«— -. 
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Hence  the  solutions  of  the  equation  are  respectively 
27i7r  +  QOP  and  2w7r  +  Q'OP. 

The  construction  clearly  fails  if  c  be  >  Va'-*  +  6^,  for  then 
the  point  N  would  fall  outside  the  circle. 

131.    As  a  numerical  example  let  us  solve  the  equation 

5  cos  0-2  sin  d=:  2. 

given  that  tan  2P  4S'=  | . 

Dividing  both  sides  of  the  equation  by 

^6i^+2*  U.  V29, 


vre  have 


Hence 


Hence 


5         z.       2     .    ^       2 
^/29°"''^-V29^"^'  =  V29- 

cos  0  cos  21°  48'  -  sin  ^  sin  21°  48' 
= sin  21°  48'= sin  (90  -  68°  12') 
=cos68°12'. 

.-.  cos(0+21°48')=cos68°12'. 

0+21°48'=2nir±68°12'. 
.-.  0=2nir-21°48'±68°12' 


=2nir-s  or  2fnr+46°  24', 


vhere  n  is  any  integer. 


(Art.  83) 


EXAMPLES.    ZXI. 


Solve  the  equations 

1,    sin  0  + sin  70=  sin  40. 

3,    cos  0+ cos  30 =2  cos  20. 
5.    cos  0  -  sin  30 = cos  20. 


2.  cos  0+ COS  70= cos  40. 

4.  sin  40  -  sin  20 = cos  30. 

6.  sin  70 = sin  0  + sin  30. 

8.  sin 0+sin30  +  sin 50=0. 


7.    COS  0 + COS  20 + cos  30 =0. 
9.    sin20-co8  20-sin0+oos0=O. 
10.    sin  (30  +  a)  +  sin  (30  -  a)  +  sin  (a  -  0)  -  sin  (a + 0) = cos  a. 
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11.  008  {S0 + a)  008  (3^  -  a) + 008  (5^  +  a)  C08  (5^  -  a) = oos  2a. 

12.  co8n^=co8(n-2)^+sin^.    13,  sin— ^-^ssin— ^d+sin^. 

14.  Biu  mS  +  Bin  nd=0.  15.    O08nt^  +  cosn^=0. 

16.  8in»nd-8in»(n-l)^=8ma^.      17.    sin8^+co8  2tf=0. 

18.  is/3 008 d  +  8in 0=^2.  19.    8in0  +  oo8^=V^. 

20.  »JS  Bine -COB  6=^2.  21.    8ina;  +  oo8d;=^2oo8il. 

22.  5  8ind +  2  008  0=5  (given  tan  21®  48'= -4). 

23.  6  008  a; + 8  8in  a; = 9  (given  tan  53°  8' = 1^). 

24.  1 +  sin»  0=3  sin  0008  0  (given  tan  71°  34'= iB). 

25.  coseo0=oot0+V3.  26.    oo8eox=l  +  ootx. 
27.  (2+V3)co8  0=l-8in0.            28.    tan  0+8eo  0=^3. 

29.    008  20=008*0.  30.    4oo80-3  8eo0=tan0. 

31.   008  20 +  3  008  0=0.  32.   00830  +  20080  =  0. 

33.  008  20=  (V2  +  1)  ^008  0 -  -j^j  . 

34.  oot0-tan0=2.  35.    4oot20=oot3  0-tan3  0. 

36.  3tan(0-16°)=tan(0+15°). 

37.  tan  0 + tan  20  +  tan  30 = 0. 

38.  tan  0  +  tan  20 + ,JS  tan  0  tan  20 = ^3. 

39.  8in  3a = 4  8in  a  sin  {x  +  a)  sin  {x  -  a). 

40.  Prove  that  the  equation  o:^  -  2:1;  + 1 = 0  is  satisfied  by  putting  for  x 
either  of  the  values 

V2  sin  45°,  2  sin  18°,  and  2  sin  234°. 

132.  Ex.  To  trace  the  changes  in  the  sign  and 
magnitude  of  the  eaypression  sin  0  +  cos  6  as  6  increases  from 
0  to  360°. 

We  have  sin  ^  +  cos  tf  =  \/2    —.^  sin  0  +  -^  cos  6 
=  V2  [sin  e  cos  45°  +  cos  0  sin  45°]  =  ^/2  sin  {6  +  45°). 
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As  0  increases  from  0  to  45°,  sin  {0  +  45°)  increases 
from  sin  45°  to  sin  90°,  and  hence  the  expression  increases 
from  1  to  V2. 

As  6  increases  from  45°  to  135°,  6  +  45°  increases  from 
90°  to  180°,  and  hence  the  expression  is  positive  and 
decreases  from  V^  to  0. 

As  0  increases  from  135°  to  225°,  the  expression 
changes  from  V2  sin  180°  to  \/2  sin  270°,  i.e.  it  is  negative 
and  decreases  from  0  to  —  »J% 

As  0  increases  from  225°  to  315°,  the  expression 
changes  from  V2  sin  270°  to  V2  sin  360°,  i,e.  it  is  negative 
and  increases  from  —  s/2  to  0. 

As  0  increases  from  315°  to  360°,  the  expression 
changes  from  \/2  sin  360°  to  \/2  sin  405°,  i.e,  it  is  positive 
and  increases  from  0  to  1. 

133.  Ex.  To  trace  the  changes  in  the  sign  and 
magnitvde  of  a  cos  0  +  b  sin  0,  and  to  find  ihe  greatest 
value  of  the  expression. 

We  have 

Let  a  be  the  smallest  positive  angle  such  that 

a  J   .  h 

cos  a  =    .  ,  and  sm  a  = 


The  expression  therefore 
=  s/of+h^  [cos  ^  cos  a  +  sin  d  sin  a]  =  VoH^  cos  {0  -  a). 

As  0  changes  from  a  to  360°  + a,  the  angle  ^  — a 
changes  from  0  to  360°,  and  hence  the  changes  in  the 
sign  and  magnitude  of  the  expression  are  easily  obtained. 
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Since  the  greatest  value  of  the  quantity  cos  (5  —  a)  is 
unity,  i.e.  when  0  equals  a,  the  greatest   value   of  the 

expression  is  Va'  +  6*. 

Also  the  value  of  0  which  gives  this  greatest  value  is 

such  that  its  cosine  is 


EXAMPLES.    XXn. 

As  $  inoreases  from  0  to  860°,  trace  the  changes  in  the  sign  and 
magnitnde  of 

1.  sin  0  -  cos  6 J 

2.  am0+»J9ooBe, 

Fn.  B.  sin  ^+V3oos  6=2  ["^  sin  ^+  ^  cos  ^"1=2  sin  (^  +  60°)."] 

3.  sin ^-^3 cos ^.  4.  cos' ^- sin" ^. 

_       .    -        ^  ^     8in9+8in2^ 

5.    sin^oos^.  6.    ^—^zrzzzoo' 

cos  &  +  COS  2u 

7.    sin  (t  sin  6).  8.    oos  (r  sin  $). 

sin  (x  cos  ^) 


9. 


cos(irsin^)* 


flin  4A 

10.    Trace  the  changes  in  the  sign  and  magnitnde  of  — ;r-r  as  the 

cos  29 

angle  increases  from  0  to  90°. 
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CHAPTER  X. 


LOGARITHMS. 


134.    Supposing  that  we  know  that 

102-i08i206  =  253,    lO^-^w^***  =  407, 
and  105^137149  ^  102971, 

we  can  shew  that  253  x  407  =  102971  without  performing 
the  operation  of  multiplication.     For 

253  X  407  =  102*»iao6  X  i02«o«»44 

-.  102*4031206+3*e090944 

=  1050127149  =  102971. 

Here  it  will  be  noticed  that  the  process  of  multiplica- 
tion has  been  replaced  by  the  simpler  process  of  addition. 
Again  supposing  that  we  know  that 

1049004066=79507^ 

and  that  ioi-«884«86  =  43^ 

we  can  easily  shew  that  the  cube  root  of  79507  is  43. 
For        v^79507  =  [79507]*  =  (lO*'*^*"')* 

=  lOi^^''^^^^^^'^  s  10^*<>334666  ^  43^ 

Here  it  will  be  noticed  that  the  difficult  process  of 
extracting  the  cube  root  has  been  replaced  by  the  simpler 
process  of  division. 
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136.  Logarithm.  Def.  If  a  he  any  nwmher  and  x 
and  N  two  other  numbers  such  that  a*  =  N,  then  x  is  called 
the  logarithm  of  N  to  the  hose  a  and  is  written  logaN. 


Since  102=100,  therefore  2=logio  100. 

Since  10^=100000,  therefore  5=logiol00000. 
Since  2*=  16,  therefore  4=loga  16. 

Since  8i=[84p=22=4,  therefore  %=\og^i. 
Since  9"t  =  ^  =  Si  ~  97 »  *^«refore 


-|  =  ^°8«(^)- 


N.B.    Since  a^ = 1  always,  the  logarithm  of  onity  to  any  base  is  always 
zero. 

136.  In  Algebra,  if  m  and  n  be  any  real  quantities 
whatever,  the  following  laws,  known  as  the  laws  of  indices, 
are  found  to  be  true : 

(i)     a'^xa'^^^  a"*+», 

(ii)     a^^ -7- a**  =  a*"^, 

and         (iii)    (a"*)**  =  a"** 

Corresponding  to  these  we  have  three  fundamental 
laws  of  logarithms,  viz. 

(i)     log^  (mn)  =  loga  m  +  log»  n, 
(ii)    loga^™j  =  log»m-logan, 

and         (iii)    log^  m"^  =  n  log.^  m. 

The  proofs  of  these  laws  are  given  in  the  following 
articles. 

10—2 
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137.  The  logarithm  of  the  product  of  two  qttantities  is 
equal  to  the  sum  of  the  logarithm's  of  the  quantities  to  the 
sams  base,  i,e, 

loga  (mn)  =  log^  m  +  log.^  n. 

Let  fl?  =  logam,  so  that  a*  =  m, 

and  y  =  loga  n,  so  that  a^  =  n. 

Then  mn  =  a^  x  a^^  a^-^y. 

.•.  logamn  =  x  +  y    (Art.  135,  Def.) 
=  loga  ^  +  loga  n, 

138,  The  logarithm  of  the  quotient  of  two  quantities  is 
equal  to  the  difference  of  their  logarithms,  i.e. 


loga  (™  j  =  loga  m  -  loga  n. 


Let        a?  =  logam,  so  that  a^  =  m,    (Art.  135,  Def.) 
and  y  =  log^  n,  so  that  a^  =  n. 

Then  —  =  a*-r-ay  =  a*-«'. 

n 

•'•  loga  (— )  =x  —  y  (Art.  135,  Def.) 
=  loga  rn  -  logfl  n. 

139.  The  logarithm  of  a  quantity  raised  to  any  power 
is  equal  to  the  logarithm,  of  the  quantity  multiplied  by  the 
index  of  the  power,  i.e, 

loga  (m")  =  n  loga  ™- 

Let  X  =  loga  w>  so  that  a*  =  m.     Then 

m?  =  (a^y  =  a"*. 
.'.  loga(m~)  =  na?  (Art.  135,  Def.) 
=  n  loga  f^' 
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140.  Ooniinoii    ByBtem   of  logarithms.      In   the 

system  of  logarithms  which  we  practically  use  the  base  is 
always  10,  so  that,  if  no  base  be  expressed,  the  base  10 
is  always  understood.  The  advantage  of  using  10  as  the 
base  is  seen  in  the  three  following  articles. 

141.  Charaoteristic  and  Mantissa.    Def.    If  the 

logarithm  of  any  number  be  partly  integral  and  partly 
firactional,  the  integral  portion  of  the  logarithm  is  called  its 
characteristic  and  the  decimal  portion  is  called  its  mantissa. 
Thus,  supposing  that  log  795  =  2*9003671,  the  number 
2  is  the  characteristic  and  '9003671  is  the  mantissa. 

Negative  characteristics.    Suppose  we  know  that 

log  2  =  -30103. 
Then 

log  i  =  log  1  -  log  2  =  0  -  log  2  =  -  -30103, 

so  that  log  ^  is  negative. 

Now  it  is  found  convenient,  as  will  be  seen  in  Art.  143, 
that  the  mantissas  of  all  logarithms  should  be  kept  positive. 
We  therefore  instead  of  -'30103  write  -  [1  -  '69897],  so 
that 

log  J  =  -  (1  -  -69897)  =  - 1  +  -69897. 

For  shortness  this  latter  expression  is  written  1-69897. 
The  horizontal  line  over  the  1  denotes  that  the  integral 
part  is  negative ;  the  decimal  part  however  is  positive. 

As  another  example  3*4771213  stands  for 

-3+4771213. 

142.  The  characteristic  of  the  logarithm  of  any  nvmher 
can  always  he  determined  by  inspection. 
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(i)    Let  the  number  be  greater  than  unity. 

Since  10^=1,  therefore  logl  =0; 
since  10^  =  10,     therefore  log  10   =1; 

since  10^  =  100,  therefore  log  100  =  2, 

and  so  on. 

Hence  the  logarithm  of  any  number  lying  between  1 
and  10  must  lie  between  0  and  1,  that  is,  it  will  be  a 
decimal  fraction  and  therefore  have  0  as  its  characteristic. 

So  the  logarithm  of  any  number  between  10  and  100 
must  lie  between  1  and  2,  i,e,  it  will  have  a  characteristic 
equal  to  1. 

Similarly  the  logarithm  of  any  number  between  100 
and  1000  must  lie  between  2  and  3,  i,e.  it  will  have  a 
characteristic  equal  to  2. 

So,  if  the  number  lie  between  1000  and  10000,  the 
characteristic  will  be  3. 

Generally,  the  characteristic  of  the  logarithm  of  any 
number  will  he  one  less  than  the  nvmber  of  digits  in  its 
integral  part. 


The  number  296*3457  has  3  figures  in  its  integral  part  and 
therefore  the  characteristic  of  its  logarithm  is  2. 

The  characteristic  of  the  logarithm  of  29634*57  will  be  5- 1,  i,e.  4. 

(ii)    Let  the  number  be  less  than  unity. 
Since  10^  =      1,  therefore  log      1  =  0 ; 

since      10""^  =  r^  =     '1,  therefore  log     -1  =  —  1 ; 

since      10-»  =  — =   -01,  therefore  log   '01  =  -2; 

since     10"8  =  tt^  =  '001,  therefore  log  001  =  -  3 ; 
and  so  on. 
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The  logarithm  of  any  number  between  1  and  '1  there- 
fore lies  between  0  and  —  1,  and  so  is  equal  to  —  1  +  some 

decimal,  i,e.  its  characteristic  is  1. 

So  the  logarithm  of  any  number  between  '1  and  '01 
lies  between  —  1  and  —  2,  and  hence  it  is  equal  to  —  2  + 

some  decimal,  i.e,  its  characteristic  is  2. 

Similarly  the  logarithm  of  any  number  between  '01 

and  '001  lies  between  —  2  and  —  3,  i.e,  its  characteristic  is  3. 

Generally,  the  characteristic  of  the  logarithm  of  any 
decimal  f  ration  tvill  be  negative  and  numerically  tuUl  be 
grea;ter  by  unity  than  the  number  of  cyphers  following  the 
decimal  point 

For  any  fraction  between  1  and  '1  {e,g.  '5)  has  no 
cypher  following  the  decimal  point  and  we  have  seen  that 

its  characteristic  is  1. 

Any  fraction  between  '1  and  '01  {e.g.  '07)  has  1  cypher 
following  the  decimal  point  and  we  have  seen  that  its 

characteristic  is  2. 

Any  fraction  between  '01  and  '001  {e,g.  '003)  has  two 
cyphers  following  the  decimal  point  and  we  have  seen  that 

its  characteristic  is  3. 

Similarly  for  any  fraction. 


The  characteristic  of  the  logarithm  of  the  number  *00A35  is  3. 
The  characteristic  of  the  logarithm  of  the  number  '0000053  is  6. 
The  characteristic  of  the  logarithm  of  the  number  *84567  is  !• 

143.     The  mantissce  of  the  logarithm  of  all  mmJberSy 
consisting  of  the  same  digits,  are  the  same. 
This  will  be  made  clear  by  an  example. 
Suppose  we  are  given  that 

log  66818  =  4-8248935. 
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Then 
log  66818  =  log  ?|^  =  log  66818  -  log  100  (Art.  138) 

=  4-8248935  -  2  =  2*8248935  ; 

log  -66818  =  log  ^^  =  log  66818  -  log  100000 

(Art.  135) 
=  4-8248935  -  5  =  1-8248935. 

So     log  -00066818  =  log  -^^^  =  log  66818  -  log  10« 

=  4-8248935  -  8  =  4-8248935. 

Now  the  numbers  66818, 66818,  -66818,  and  -00066818 
consist  of  the  same  significant  figures  and  only  differ  in 
the  position  of  the  decimal  point.  We  observe  that  their 
logarithms  have  the  same  decimal  portion,  i.e.  the  same 
mantissa,  and  they  only  differ  in  the  characteristic. 

The  value  of  this  characteristic  is  in  each  case  deter- 
mined by  the  rule  of  the  previous  article. 

It  will  be  noted  that  the  mantissa  of  a  logarithm  is 
always  positive. 

144.  Tables  of  logarithms.  The  logarithms  of  all 
numbers  fi:om  1  to  108000  are  given  in  Chambers'  Tables 
of  Logarithms.  Their  values  are  there  given  correct  to 
seven  places  of  decimals. 

The  student  should  have  access  to  a  copy  of  the  above 
table  of  logarithms  or  to  some  other  suitable  table.  It 
will  be  required  for  many  examples  in  the  course  of  the 
next  few  chapters. 

On  the  opposite  page  is  a  specimen  page  selected  from 
Chambers*  Tables.  It  gives  the  mantissas  of  the  logarithms 
of  all  whole  numbers  from  52500  to  53000. 


No. 

5250 
51 
52 
58 
54 
55 

56 
57 
58 
59 

60 

5261 
62 
63 
64 
65 

66 
67 
68 
69 
70 

5271 
72 
73 

74 
75 

76 

77 
78 
79 
80 

5281 
82 
83 

84 
85 

86 
87 
88 
89 
90 

5291 
92 
93 
94 
95 

96 
97 
98 
99 
5300 


0   12 

7201693  1676  1758 
2420  2503  2586 
3247  3330  3413 
4074  4157  4239 
4901  4983  5066 
5727  5810  5892 

6554  6636  6719 
7380  7462  7546 
8206  8288  8371 
9032  9114  9197 

9857  9940  0023 

7210683  0766  0848 
1608  1591  1674 
2334  2416  2499 
3169  3241  3324 
3984  4066  4149 

4809  4891  4973 
6633  5716  6798 
6468  6640  6623 
7282  7364  7447 
8106  8189  8271 


3   4 

1841  1924 
2668  2751 
3495  3578 
4322  4406 
5149  5231 
5975  6058 

6801  6884 
7628  7710 
8464  8536 
9279  9362 


5   6 

2007  2089 
2834  2916 
3661  3743 
4487  4670 
5314  6397 
6140  6223 

6967  7049 
7793  7875 
8619  8701 
9446  9627 


7   8   9 

2172  2256  2337 
2999  3082  3164 
3826  3909  3991 
4663  4736  4818 
5479  5562  6645 
6306  6388  6471 

7132  7216  7297 
7968  8041  8123 
8784  8867  8949 
9610  9692  9776 


0105  0188  0270  0363  0436  0518  0600 


0931  1013 
1756  1839 
2681  2664 
3406  3489 
4231  4314 

6066  6138 
6881  5963 
6706  6787 
7629  7612 
8363  8436 


1096  1178 
1921  2004 
2746  2829 
3671  3664 
4396  4479 

6221  5303 
6045  6128 
6870  6962 
7694  7777 
8618  8601 


1261  1343  1426 
2086  2169  2251 
2911  2994  3076 
3736  3819  3901 
4661  4644  4726 


6386 
6210 
7036 
7869 
8683 


5468 
6293 
7117 
7941 
8766 


8930  9013  9096  9177  9260  9342  9424  9607  9689 


9764  9836  9919  0001  0084 

7220678  0660  0742  0826  0907 

1401  1484  1666  1648  1731 

2226  2307  2389  2472  2664 


3048  3130  3212 
3871  3963  4036 
4694  4776  4868 
6617  6699  6681 
6339  6421  6604 


3295  3377 

4118  4200 
4941  6023 
6763  6846 
6686  6668 


7162  7244  7326  7408  7491 

7984  8066  8148  8281  8313 
8806  8888  8971  9063  9135 

9628  9710  9792  9876  9957 
7230460  0682  0614  0696  0779 

1272  1364  1436  1518  1600 
20i)3  2175  2267  2340  2422 
2914  2997  3079  3161  3243 
3736  3818  3900  3982  4064 
4657  4639  4721  4803  4886 


0166  0248 
0990  1072 
1813  1896 
2636  2719 

3459  3642 
4282  4366 
6106  6188 
6928  6010 
6760  6833 

7573  7656 

8396  8477 
9217  9^99 

0039  0121 
0861  0943 


0331 
1164 
1978 
2801 

3624 
4447 
6270 
6092 
6916 


0413 
1237 
2060 
2883 

3706 
4629 
5352 
6176 
6997 


6661 
6376 
7200 
8024 
8848 

9672 

0496 
1319 
2142 
2966 

3789 
4612 
6431 
6257 
7079 


7737  7820  7902 


8669  8642  8724 
9382  9464  9646 

0203  0286  0368 
1025  1107  1189 

1682  1766  1847  1929  2011 
2604  2686  2668  2760  2832 
3325  3407  3489  3571  3654 
4146  4228  4310  4393  4476 
4967  5049  6131  5213  5296 


6378  5460 
6198  6280 
7019  7101 
7839  7921 
8660  8742 


5642  5624  5706 
6362  6445  6627 
7183  7265  7347 
8003  8085  8167 
8824  8906  8988 


5788  5870  5962 
6609  6691  6773 
7429  7611  7593 
8250  8332  8414 
9070  9152  9234 


6034  6116 
6856  6937 
7675  7767 
8496  8578 
9316  9398 


9480  9662  9644  9726  9808 

7240300  0382  0464  0546  0628 

1120  1202  1283  1365  1447 

1939  2021  2103  2185  2267 

2759  2841  2923  3006  3086 


9890  9972  0064 
0710  0792  0874 
1529  1611  1693 
2349  2431  2513 
3168  3250  3332 


0136  0218 
0966  1038 
1776  1857 
2596  2677 
3414  8496 


Diff. 


82 


1 

8 

2 

16 

S 

25 

4 

33 

5 

41 

6 

49 

7 

67 

8 

66 

9 

74 
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146.  To  obtain  the  logarithm  of  any  such  number,  such 
as  52687,  we  proceed  as  follows.  Run  the  eye  down  the 
extreme  left-hand  column  until  it  arrives  at  the  number 
5268.  Then  look  horizontally  until  the  eye  sees  the  figures 
7035  which  are  vertically  beneath  the  number  7  at  the  top 
of  the  page.  The  number  corresponding  to  52687  is  there- 
fore 7217035.  But  this  last  number  consists  only  of  the 
digits  of  the  mantissa,  so  that  the  mantissa  required  is 
•7217035.    But  the  characteristic  for  52687  is  4. 

Hence  log  52687  =  47217035. 

So  log  -52687  =  1-7217035, 

and  log -00052687  =  4-7217035. 

If  again  the  logarithm  of  52725  be  required  the  student 
will  find  (on  running  his  eye  vertically  down  the  extreme 
left-hand  column  as  far  as  5272  and  then  horizontally 
along  the  row  until  he  comes  to  the  column  under  the 

digit  5)  the  number  0166.      The  bar  which  is  placed  over 
these  digits  denotes  that  to  them  must  be  prefixed  not 
i  721  but  722.     Hence  the  mantissa  corresponding  to  the 
number  52725  is  7220166. 

Also  the  characteristic  of  the  logarithm  of  the  number 
52725  is  4. 

Hence  log  52725  =  4-7220166. 

So  log  -052725  =  27220166. 

We  shall  now  work  a  few  numerical  examples  to  shew 
the  eflSciency  of  the  application  of  logarithms  for  purposes 
of  calculation. 

146.    Use  1.    Find  the  value  of  ^^23^4. 
Leta:=4/2?4=(23-4)*i 
80  that  log  a; = ^  log  (23-4),  by  Art.  139. 


EXAMPLES  OF  LOGARITHMS.  155 

In  the  table  of  logarithms  we  find,  opposite  the  number  284,  tfie 
logarithm  3692159. 

Henoe  log  23-6 = 1-3692159. 

Therefore  log  ar = ^  [1'3692169] = -2738432. 

Again  in  the  table  of  logarithms  we  find,  corresponding  to  the  logarithm 
2738432,  the  number  187864,  so  that 

log  1*87864 =-2788432. 

.-.  a:  =1-87864. 

Bac  a.    Find  the  value  of 


(6-45)»x  V-U0034 
(9-87)2x^8^ 

Let  X  be  the  required  yalue  so  that,  by  Arts.  138  and  139, 
log  a;=log  (6-45)»+log  (-00034)4  -  log  (9-37)«  -  log  -^8^ 
= 3  log  (6-46)  +  i  log  (-00034)  -  2  log  (9-37)  -  ~  log  8-93. 

Now  in  the  table  of  logarithms  we  find 

opposite  the  number  645  the  logarithm  8095597, 

34  „         „  5314789, 

937  „         „  9717396, 

„         „        „        893  „         „  9508515. 

Henoe 

loga:=3x -8095697  +  1  (4-5314789) 

o 

-  2  X  -9717396  -  7  x  -9508515. 

4 

But  I  (4-5314789)  =  |  [6  +  2-5314789] 

=2+ •8438263. 
.-.  log  «= 2-4286791  +  [2  +  -8438263]  - 1-9434792  -  -2377129 

=3*2725054-41811921 

=1+4-2725054  -  4-1811921 
='10913183. 
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In  the  table  of  logarithms  we  find,  opposite  the  number  12340  the 
logarithm  0913152,  so  that 

log  •12340=1-0913162. 

Henoe  log  x = log  *12340  nearly, 

and  therefore  x = '12340  nearly. 

When  the  logarithm  of  any  number  does  not  quite  agree  with  any 
logarithm  in  the  tables  but  lies  between  two  oonsecutive  logarithms,  it 
will  be  shewn  in  the  next  chapter  how  the  number  may  be  accurately 
found. 

Bx.  8.  Having  given  2o^2=*30103,  find  the  number  of  digits  in  2^ 
and  the  position  of  the  first  significant  figure  in  2~*'. 

We  have  log  2«' = 67  x  log  2  =  67  x  -30103 

=  20-16901. 

Since  the  characteristic  of  the  logarithm  of  2^  is  20  it  follows,  by  Art. 
142,  that  in  2^  there  are  21  digits. 

Again  log  2-»7=  -  37  log  2  =  -  37  x  -30103 

=  -11-13811 =12-86189. 

Hence  by  Art.  142,  in  2~>7  there  are  11  cyphers  following  the  decimal 
point,  i.e.  the  first  significant  figure  is  in  the  twelfth  place  of  decimals.  * 

Bz.  4.  GivenlogS='^71121S,log7=  - 8450980 an<2%  11  =  1-0413927, 
solve  the  equation 

Taking  logarithms  of  both  sides  we  have 

log  3* + log  7**^i = log  11*^. 

.-.  a;log3  +  (2j:  +  l)log7=(a;  +  5)logll. 
.-.  X  [log3  +  21og  7  -log  11]=5  log  11  -  log  7. 
5  log  11  -  log  7 


\ 


log3+21og7-logll 

5-2069635  -  -8450980 
'  -4771213+1-6901960  - 1-0413927 

4-3618655 


1-1259246 


—  d*b#  .... 
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147.     To  prove  that 

loga^  m  =  logi,  m  X  loga  ^• 

Let  logam  =  a?,  so  that  a^^m. 

Also  let  logft  m=^y,  so  that  6*'  =  m. 

.-.  a*  =  6*'. 

Hence  loga  (a*)  =  log^  Qj^). 

,'.  x  =  y  loga  6  (Art.  139). 

Hence  loga  ^  =  logj  m  x  loga  &• 

By  the  theorem  of  the  foregoing  article  we  can  from 
the  logarithm  of  any  number  to  a  base  h  find  its  logarithm 
to  any  other  base  a.  It  is  found  convenient,  as  will  appear 
in  a  subsequent  chapter,  not  to  calculate  the  logarithms  to 
base  10  directly,  but  to  calculate  them  first  to  another 
base  and  then  to  transform  them  by  this  theorem. 

EXAMPLES.    XZm. 

1.  Given  log  4=  '60206  and  log  3=  -4771213,  find  the  logarithms  of 
•8,  -003,  -0108,  and  (-00018)^. 

2.  Given  log  11 = 1-0413927  and  log  13 = 1-1139434,  find  the  values  of 
(1)  log  1-43,  (2)  log  133-1,  (3)  log  4^143  and  (4)  logiTmm. 

3.  What  are  the  charaoteristios  of  the  logarithms  of  243-7,  -0153, 
2-8713,  -00067,  -023,  \^246l6,  and  (24689)*? 

4.  Find  the  6th  root  of  -003,  having  given  log  3= -4771213  and 

log  312936=6-4964243. 

5.  Find  the  value  of  (1)  7^  (2)  (84)*  and  (3)  (-021)t,  having  given 

log  2  =30103,  log  3 =-4771213, 

log  7  =  -8450980,  log  132067 = 6  -1207283, 

log  6^63=6-7697117  and  log  461791 =6-6644438. 
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6.  Having  given  log  8= '4771218, 

find  the  number  of  digits  in 

(1)  8«     (2)  837,  and  (8)  8«2, 
and  the  position  of  the  first  significant  figure  in 

(4)  8-",     (6)  8-«   and  (6)  3-««. 

7.  Given  log  2  =  -80103,  log  8 ='4771213  and  log  7 =-8460980,  solve 

the  equations 

2*.8**-4=7*, 

and  72«^2«-*=38*-7. 

8.  From  the  tables  find  the  seventh  root  of  '000026751. 
Making  use  of  the  tables  find  the  approximate  values  of 

9.    4^646^.  10.    4^82857.  11.    ^|^. 


12        '/7'2x8'3  y/sixlli 

^^'     V  9-4-5- 16-5  •    ^^'     ^  J74x^62* 
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CHAPTER  XI. 

TABLES  OF   LOGARITHMS  AND  TRIGONOMETRICAL  RATIOS. 
PRINCIPLE   OF  PROPORTIONAL  PARTS. 

148.  We  have  pointed  out  that  the  logarithms  of  all 
numbers  from  1  to  108000  may  be  found  in  Chambers' 
Mathematical  Tables,  so  that;  for  example,  the  logarithms 
of  74583  and  74584  may  be  obtained  directly  therefrom. 

Suppose  however  we  wanted  the  logarithm  of  a 
number  lying  between  these  two,  e,g,  the  number  74583*3. 

To  obtain  the  logarithm  of  this  number  we  use  the 
Principle  of  Proportional  Parts  which  states  that  the 
increase  in  the  logarithm  of  a  number  is  proportional  to 
the  increase  in  the  number  itself 

Thus  from  the  tables  we  find 

log  74583  =  4-8726398 (1), 

and  log  74584  =  48726457 (2). 

The  quantity  log  74583*3  will  clearly  lie  between 
log  74583  and  log  74584. 

Let  then     log  74583*3  =  log  74583  +  x 

=  4*8726398  +  a? (3). 
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From  (1)  and  (2)  we  see  that  for  an  increase  1  in  the 
number  the  increase  in  the  logarithm  is  '0000059. 

The  Theory  of  Proportional  Parts  then  states  that  for 
an  increase  of  '3  in  the  number  the  increase  in  the 

logarithm  is 

•3  X  0000059,  i,e.y  -00000177. 

Hence   log  74583*3  =  4-8726398  +  '00000177 

=  4-87264157. 

149.  As  another  example  we  shall  find  the  value  of 
log -0382757  and  shall  exhibit  the  working  in  a  more 
concise  form. 

From  the  tables  we  obtain 

log  038275  =  2-5829152 

log  -038276  =  2-5829265. 

Hence  difference  for 

•000001=    -0000113. 

Therefore  the  difference  for 

•0000007  =  -7  X  -0000113 
=  -00000791, 

.-.    log  -0382757  =  25829152 

+    -00000791 

=  2-58292311. 
Since  we  only  require  logarithms  to  seven  places  of 
decimals   we    omit    the    last    digit    and  the  answer  is 

2  5829231. 

160.  The  converse  question  is  often  met  with,  viz., 
to  find  the  number  whose  logarithm  is  given.  If  the 
logarithm  be  one  of  those  tabulated  the  required  number 
is  easily  found.  The  method  to  be  followed  when  this  is 
not  the  case  is  shewn  in  the  following  examples. 
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Find  the  number  whose  logarithm  is  2*6283924. 

On  reference  to  the  tables  we  find  that  the  logarithm  6283924  is  not 
tabulated,  but  that  the  nearest  logarithms  are  6283889  and  6283991, 
between  which  our  logarithm  lies. 

We  have  then  log  425-00 =2-6283889 (1), 

and  log  426-01 =2-6283991 (2). 

Let  log  (426-00+ a;) =2-6283924 (3). 

From  (1)  and  (2)  we  see  that  corresponding  to  a  difference  -01  in  the 
number  there  is  a  difference  -0000102  in  the  logarithm. 

From  (1)  and  (3)  we  see  that  corresponding  to  a  difference  x  in  the 
number  there  is  a  difference  -0000036  in  the  logarithm. 

Hence  we  have      a; :  -01  : :  -0000036  :  -0000102. 

ae  .OR 

Hence  the  required  number =426-00 +-00343= 426*00343. 

151.  Where  logarithms  are  taken  out  of  the  tables 
the  labour  of  subtracting  successive  logarithms  may  be 
avoided.  On  reference  to  page  153  there  is  found  at  the 
extreme  right  a  column  headed  Diff.  The  number  82  at 
the  head  of  the  figures  in  this  column  gives  the  difference 
corresponding  to  a  difference  unity  in  the  numbers  on 
that  page. 

This  number  82  means  -0000082. 

The  rows  below  the  82  give  the  differences  correspond- 
ing to  '1,  '2,....     Thus  the  fifth  of  these  rows  means  that, 
the  difference  for  '5  is  '0000041. 

As  an  example  let  us  find  the  logarithm  of  52746*74. 

From  page  153  we  have 

log  52746      =  4-7221895 
diff.  for  -7    =    0000057 

diff:  for  -04 


( 


=  ^  X  diff.  for  4 )      =    0000003 


«    • 


log  52746-74  =  4-7221955. 
L.  T.  11 
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152.  The  proof  of  the  Principle  of  Proportional  Parts 
will  not  be  given  at  this  stage.  It  is  not  strictly  true 
without  certain  limitations. 

The  numbers  to  which  the  principle  is  applied  must 
contain  not  less  than  five  significant  figures,  and  then  we 
may  rely  on  the  result  as  correct  to  seven  places  of 
decimals. 

For  example,  we  must  not  apply  the  principle  to 
obtain  the  value  of  log  2*5  from  the  values  of  log  2  and 
log  3. 

For,  if  we  did,  since  these  logarithms  are  'SOlOS  and 
•4771213,  the  logarithm  of  2-5  would  be  '389075. 

But  firom  the  tables  the  value  of  log  2*5  is  found  to  be 
•3979400. 

Hence  the  result  which  we  should  obtain  would  be 
manifestly  quite  incorrect. 

Tahles  of  trigonometrical  ratios, 

163.  In  Chambers'  Tables  will  be  found  tables  giving 
the  values  of  the  trigonometrical  ratios  of  angles  between 
0°  and  45°,  the  angles  increasing  by  differences  of  1'. 

It  is  unnecessary  to  separately  tabulate  the  ratios  for 
angles  between  45°  and  90**,  since  the  ratios  of  angles 
between  45°  and  90°  can  be  reduced  to  those  of  angles 
between  0°  and  45°.    (Art.  75.) 

For  example, 

[sin  76°  11'  =  sin  (90°  - 13°  49')  =  cos  13°  49', 

and  is  therefore  known]. 

Such  a  table  is  called  a  table  of  natural  sines,  cosines, 
etc.  to  distinguish  it  from  the  table  of  logarithmic  sines, 
cosines,  etc. 
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If  we  want  to  find  the  sine  of  an  angle  which  contains 
an  integral  number  of  degrees  and  minutes  we  can  obtain 
it  from  the  tables.  If,  however,  the  angle  contain  seconds 
we  must  use  the  principle  of  proportional  parts. 

Bx.  1.    Given  sin  29°  14'  =  -4883674, 

and  sin  29°  16' = -4886212, 

find  the  value  of  sin  29°  14'  32". 

By  subtraction  we  have 

difference  in  the  sine  for  1'= -0002688. 

QQ 

/.  difference  in  the  sine  for  82"  =  ^x  -0002638= -00013636, 

bO 

.-.  sin  29°  14'  32"  =  -4883674 

+ -00013536 

=  •48860276. 

Since  we  want  oar  answer  only  to  seven  places  of  decimals  we  omit 
the  last  6,  and,  since  76  is  nearer  to  80  than  70,  we  write 

sin  29°  14'  32" = -4886028. 

N.B.  When  we  omit  a  figure  in  the  eighth  place  of  decimals  we  add 
1  to  the  figure  in  the  seventh  place,  if  the  omitted  figure  be  6  or  a  number 
greater  than  6. 

Bz.  2.    Given  cos  16°  27' = -9690672, 

and  cos  16°  28' = -9689848, 

find  cos  16°  27'  47". 

We  note  that,  as  was  shewn  in  Art.  66,  the  cosine  decreases  as  the 
angle  increases. 

Hence  for  an  inar«aae  of  T,  i,e,  60",  in  the  angle,  there  is  a  deofa— 
of  -0000824  in  the  cosine. 

Hence  for  an  inereaaa  of  47"  in  the  angle  there  is  a  dAcrmuM  of 

1^  X  -0000824  in  the  cosine. 

.-.  cos  16°  27'  47"= -9690672  -  ^  x  -0000824 

60 

=  -9690672  -  -0000646 
=  -9690672 
-  -0000646 

=  •9690027. 

11—2 
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164.  The  inverse  question,  to  find  the  angle,  when 
one  of  its  trigonometrical  ratios  is  given,  will  now  be 
easy. 


Find  the  angle  whose  cotangent  is  1*4109325,   having  given 
co«  36°  19' =1-4114799,  and  co«  36°  20' =1-4106098. 

Let  the  required  angle  be  36°  19'+ a;, 

80  that  cot  (36°  19' +x)  =  1-4109326. 

From  these  three  equations  we  have 

For  an  increase  of  60"  in  the  angle  a  decrease  of  -0008701  in  the  cotangent, 

x"        „        „        „        „      -0006474 

/.  j;  :  60  ::  5474 :  8701,  so  that  a; =37-7. 

Hence  the  required  angle=35°  19' 37*7". 

166.  In  working  all  questions  involving  the  applica- 
tion of  the  Principle  of  Proportional  Parts  the  student  must 
be  very  careful  to  note  whether  the  trigonometrical  ratios 
increase  or  decrease  as  the  angle  increases.  As  a  help  to 
his  memory  he  may  observe  that  in  the  first  quadrant  the 
3  trigonometrical  ratios  whose  names  begin  with  co-,  i.e. 
the  cosine,  the  cotangent,  and  the  cosecant,  all  decrease  as 
the  angle  increases. 

Tables  of  logarithmic  sines,  cosines^  etc. 

166.  In  many  kinds  of  trigonometric  calculation,  as 
in  the  solution  of  triangles,  we  often  require  the  logarithms 
of  trigonometrical  ratios.  To  avoid  the  inconvenience  of 
first  finding  the  sine  of  any  angle  from  the  tables  and 
then  obtaining  the  logarithm  of  this  sine  by  a  second 
application  of  the  tables,  it  has  been  found  desirable  to 
have  separate  tables  giving  the  logarithms  of  the  various 


TABLES  OF  LOGARITHMIC   SINES,  ETC.  165 

trigonometrical  functions  of  angles.  As  before  it  is  only 
necessary  to  construct  the  tables  for  angles  between  0** 
and  45°. 

Since  the  sine  of  an  angle  is  always  less  than  unity, 
the  logarithm  of  its  sine  is  always  negative  (Art.  142). 

Again,  since  the  tangent  of  an  angle  between  0°  and 
45""  is  less  than  unity  its  logarithm  is  negative,  whilst  the 
logarithm  of  the  tangent  of  an  angle  between  45°  and 
90°  is  the  logarithm  of  a  number  greater  than  unity  and  is 
therefore  positive. 

167.  To  avoid  the  trouble  and  inconvenience  of  print- 
ing  the  proper  sign  to  the  logarithms  of  the  trigonometric 
functions,  the  logarithms  as  tabulated  are  not  the  true 
logarithms,  but  the  true  logarithms  increased  by  10. 

For  example,  sine  30°  =  J. 

Hence  log  sin  30°  =  log  J  =  —  log  2 

=  -•30103  =  1-69897. 

The  logarithm  tabulated  is  therefore 

10  +  log  sin  30°,  i.e.  9*69897. 

Again,  tan  60°  =  V3. 

Hence    log  tan  60°  =  i  log  3  =  i  ('4771213) 

=  -2385606. 

The  logarithm  tabulated  is  therefore 

10  + -2385606,  ie.  10-2385606. 

The  s3nnbol  L  is  used  to  denote  these  "tabular 
logarithms,"  i.e.  the  logarithms  as  found  in  the  English 
books  of  tables. 

Thus        i  sin  15°  25' =  10  + log  sin  15°  25', 

and  L  sec  48°  23'  =  10  +  log  sec  48°  23'. 
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158.  If  we  want  to  find  the  tabular  logarithm  of  any 
function  of  an  angle,  which  contains  an  integral  number 
of  degrees  and  minutes,  we  can  obtain  it  directly  from  the 
tables.  If,  however,  the  angle  contain  seconds  we  must 
use  the  principle  of  proportional  parts.  The  method  of 
procedure  is  similar  to  that  of  Art.  152.  We  give  an 
example  and  also  one  of  the  inverse  question. 


:.  1.    Given        L  cosec  32°  21'  =  10-2715733, 
and  L  cosec  32°  22' = 10*2713740, 

find  L  cosec  32°  21'  51". 

For  an  increase  of  60"  in  the  angle  there  is  a  decrease  of  '0001993  in 
the  logarithm. 

Hence  for  an  increase  of  51"  in  the  angle  the  corresponding  decrease 

is  fi  X  -0001993,  i.e.  -0001694. 
60 

Hence  L  cosec  32°  21'  61" = 10-2715733 

-     -0001694 

=  10-2714039. 

Bz.  2.    Find  the  angle  such  that  the  tabular  logarithm  of  its  tangent 
is  9-4417250. 

From  the  tables  we  have 


L  tan  15°  27' =9-4415145, 

and 

L  tan  15°  28' =9-4420062. 

Let 

L  tan  (15°  27' + x")  =  9-4417250. 

We  then  have 

x"      9-4417250  -  9-4415145 
60"  ~  9-4420062  -  9-4416145 

•0002105 

~  -0004917 ' 

80  that 

*  =  60x?i?^= nearly  26. 

Hence  the  required  angle  is  15°  27' 26". 
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8.    Given  I.«inl4'>6'=9'8867040 

find  Leasee  14i°&, 

Here  log  sin  W  6' = L  sin  14°  6'  - 10 

=  - 1  +  -3867040. 

Now  log  cosec  14°  6' = log  ^  ^^^  ^, 

=  - log  sin  14°  6' 
=1- -3867040= -6132960. 
Hence  L  cosec  14°  6'= 10-6132960. 

The  error  to  be  avoided  is  this ;  the  student  sometimes  assumes  that 

because 

log  cosec  14°  6'  =  -  log  sin  14°  6', 

he  may  therefore  assume  that 

L  cosec  14°  6'=  -  X  sin  14°  6'. 

This  is  obviously  untrue. 

EXAMPLES.    XXIV. 

1.  Given  log  36706 =4-6527290 
and  log  36706 = 4*6627142, 
find  the  values  of       log  86706-7  and  log  36*70686. 

2.  Given  log  6 -8743  =  -7689487 
and  log  687  -44 = 2-7689661, 
find  the  values  of     log  68743-67  and  log  -00687432. 

3.  Given  log  47847=4-6798647 
and  log  47848 = 4-6798638, 
find  the  numbers  whose  logarithms  are  respectively 

2-6798693  and  3-6798617. 
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4.  Given  log  258*36 =2-412225  3 
and  log  2-5837  =  -4122421 
find  the  numbers  whose  logarithms  are 

•4122378  and  2-4122287. 

5.  From  the  table  on  page  153  find  the  logarithms  of 
(1)    62638'97,        (2)    527-286,        (3)    -000529673, 

and  the  numbers  whose  logarithms  are 

(4)    3-7221098,        (5)    2-7240075  and  (6)    -7210386. 

6.  Given  sin  43°  23' =-6868761 
and  sin  43°  24' = -6870876, 
find  the  value  of  sin  43°  23'  47" 

7.  Find  also  the  angle  whose  sine  is  -6870349. 

8.  Given  cos  32°  16' =  -8455726 
and                                   cos  32°  17'=  -8454172, 

find  the  values  of    cos  32°  16'  24"  and  of  cos  32°  16'  47". 

9.  Find  also  the  angles  whose  cosines  are 

•8454832  and  -8455176. 

10.  Given  tan  76°  21' =4- 1177784 
and  tan  76°  22' = 4-1230079, 
find  the  values  of     tan  76°  21'  29"  and  tan  76°  21'  47". 

11.  Given  coseo  13°  8' =  4-4010616 
and                                  oosec  13°  9' = 4-3955817, 

find  the  values  of    cosec  13°  8'  19"  and  cosec  13°  8'  37". 

12.  Find  also  the  angle  whose  cosecant  is  4-396789. 

13.  Given  L  cos  34°  44' = 99147729 
and                                  L  cos  34°  45'= 9-9146852, 
find  the  value  of  L  cos  34°  44'  27". 

14.  Find  also  the  angle  0y  where 

L  cos  ^=9-9147328. 
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15.  Given  Loot 71° 27' =9-6257779 
and  L  cot  71°  28'= 9-5253589, 
find  the  value  of  L  cot  71°  27'  47 

and  solve  the  equation       I«  cot  ^ = 9-5254782. 

16.  Given  L  sec  18°  27' =10-0229168 
and  L  sec  18°  28' = 10-0229590, 
find  the  value  of  L  sec  18°  27'  36". 

17.  Find  also  the  angle  whose  L  sec  is  10*0229285. 

18.  Find  in  degrees,  minutes,  and  seconds  the  angle  whose  sine  is  *6, 

given  that 

log  6 = 7781613,  L  sin  36°  62' = 9  -7781186 

and  L  sin  36°  53' = 9  -7782870. 

159.  On  the  next  page  is  printed  a  specimen  page 
taken  from  Chambers'  tables.  It  gives  the  tabular  log- 
arithms of  the  ratios  of  angles  between  32°  and  33°  and 
also  between  57°  and  58°. 

The  first  column  gives  the  L  sine  for  each  minute 
between  32°  and  33°. 

In  the  second  column  under  the  word  Diff.  is  found 
the  number  2021.  This  means  that  -0002021  is  the 
diflference  between  isin32°0'  and  Z  sin  32°  1';  this  may- 
be verified  by  subtracting  9-7242097  from  9*7244118.  It 
will  also  be  noted  that  the  figures  2021  are  printed  half- 
way between  the  numbers  97242097  and  9-7244118, 
thus  clearly  shewing  between  what  numbers  it  is  the 
difference. 

This  same  column  of  Diflferences  also  applies  to  the 
column  on  its  right-hand  side  which  is  headed  Cosec. 

Similarly  the  fifth  column,  which  is  also  headed  Difi*., 
may  be  used  with  the  two  columns  on  the  right  and  left 
of  it. 
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Sine   Diif.   Gosec. 


0 
1 
2 
3 
4 
6 

6 
7 
8 
9 
10 

11 
12 
IS 

14 
16 

16 
17 
18 
19 
20 

21 
22 
28 
24 
26 

26 
27 
28 
29 
30 

31 
32 
33 
34 
36 

36 
37 
38 
39 
40 

41 
42 
43 
44 
46 

46 
47 
48 
49 

60 

61 
62 
63 
64 
66 

66 
67 

68 
69 
60 


9*7242007 
9-7244118 
9-7246138 
9-7248166 
9-7260174 
9*7262189 

9-7264204 
9-7266217 
9-7268229 
9-7260240 
9-7262*249 

9-7264257 
9-7266264 
9-7268269 
9-7270273 
9-7272276 

9-7274278 
9*727e2r8 
9-7278277 
9-7280275 
9-7282271 

9*7284267 
9-7286260 
9-7288253 
9-7290244 
9*7292284 

9-7294228 
9-7296211 
9-7298197 
9-7300182 
9-7302165 

9-7304148 
9*7306129 
9-7306100 
9-7310087 
9-7813064 

9-7814040 
9*7316015 
9*7317989 
9-7319961 
9-7821982 

9-7823902 
9-7326970 
9-7327837 
9-7329808 
9-7331768 

9-7888781 
9-7336698 
9-7387664 
9*7339614 
9-7341672 

9-7848529 
9-7846485 
9*7347440 
9-7849898 
9-7861845 

9*7858296 
9'7856246 
9-7857196 
9*7360142 
9*7361068 


2021 
2090 
2018 
2018 
2015 
2015 

2018 
2012 
2011 
2009 
2008 

2007 
2005 
2004 
2003 
2002 

2000 
1909 
1996 
1996 
1996 

1993 
1993 
1991 
1990 
1989 

1968 
1966 
1965 
1968 
1988 

1981 
1980 
1978 
1977 
1976 

1976 
1974 
1972 
1971 
1970 

1968 
1967 
1966 
1966 
1963 

1962 
1961 
1960 
1968 
1967 

1966 
1966 
1968 
1962 
1961 

1950 
1949 
1947 
1946 


10*2757908 
10*2766882 
10*2753862 
10*2761844 
10*2749826 
10*2747811 

10*2746796 
10*2743788 
10*2741771 
10*2739760 
10*2737751 

10-2735748 
10-2783736 
10-2781781 
10-2729727 
10-2727724 

10-2725722 
10*2723722 
10*2721728 
10*2719726 
10*2717729 

10*2716738 
10*2718740 
10*2711747 
10*2709766 
10*2707766 

10*2706777 
10*2703789 
10*2701803 
10*2699818 
10*2697835 

10*2696862 
10*2693871 
10*2691891 
10*2689913 
10*2687936 

10*2686060 
10*2683966 
10-2682011 
10*2680039 
10*2678068 

10*2676096 
10*2674180 
10*2672163 
10*2670197 
10*2668282 

10*2666269 
10-2664307 
10*2662346 
10*2660386 
10-2668428 

10*2666471 
10*2664616 
10-2652660 
10*2660607 
10*2648655 

10*2646701 
10*2644764 
10*2642806 
10-2640668 
10*2638912 


Tang. 

9*7967892 
9*7960703 
9-7963613 
9*7966322 
9*7969180 
9*7971936 

9*7974746 
9*7977661 
9*7980866 
9*7983160 
9*7986964 

9*7988767 
9*7901569 
9*7994370 
9*7997170 
9*7999970 

9-8002769 
9*8006667 
9-8006366 
9*8011161 
9*8013957 

9*8016752 
9*8019646 
9*8022340 
9*8p26133 
9*8027926 

9*8080716 
9.8083606 
9*8036296 
9*8089065 
9-8041873 

9*8044661 
9*8047447 
9-8060233 
9*8063019 
9*8056803 

9*8066667 
9-8061370 
9*8064162 
9*8066938 
9*8069714 

9*8072494 
9*8075278 
9*8078052 
9*8080629 
9*8063606 

9*8066383 
9*8069168 
9*8091933 
9*8004707 
9*8097480 

9*8100263 
9*8108025 
9*8105796 
9-8106666 
9-8111386 

9*8114105 
9*8116873 
9*8119641 
9-8122406 
9-8126174 


Diff.  Gotang.    Secant  Diff.  Ckxane 


2811 
2810 
2800 
2806 
2806 
2807 

2806 
2805 
2804 
2804 
2803 

2802 
2801 
2800 
2800 
2799 

2798 
2798 
2796 
2796 
2796 

2794 
2794 
2798 
2792 
2791 

2790 
2790 
2789 
2788 
2788 

2786 
2786 
2786 
2784 
2784 

2788 
2782 

2781 
2781 
2780 

2779 
2779 
2777 
2777 
2777 

2776 
2776 
2774 
2773 
2773 

2772 
2771 
2770 
2770 
2769 

2768 
2768 
2767 
2766 


10-2042106 
10-2039297 
10-2086487 
10-2033678 
10-2080670 
10*2026062 

10*2026265 
10*2022449 
10*2019644 
10*2016840 
10-2014086 

10-2011233 
10-2006431 
10-2006630 
10-2002880 
10-2000080 

10-1997231 
10-1994488 
10-1991685 
10-1968839 
10-1986048 

10-1983248 
10-1960454 
10-1977660 
10-1974867 
101972075 

10-1969284 
10-1966494 
10-1963704 
10-1960015 
10-1958127 

10-1966339 
10-1962653 
10-1940767 
10-1946961 
10-1944197 

10-1941418 
10-1938630 
10-1935848 
10-1933067 
10-1930286 

10-1927606 
10-1924727 
10-1921948 
101919171 
10*1916394 

10*1918617 
10*1910842 
10*1908067 
10*1906293 
10*1902620 

10*1899747 
10*1896075 
10*1804204 
10*1891434 
10*1888664 

10*1886805 
10*1883127 
10*1880360 
10*1877592 
10*1874826 


10*0715795 
10*0716585 
10*0717875 
10*0718166 
10*0718957 
10*0719749 

10*0720641 
10-0721334 
10-0722127 
10-0722921 
10-0723715 

10-0724610 
10-07*26305 
10-0726101 
10-0726897 
10-0727694 

10-0728491 
10-0729289 
10*0780087 
10*0730686 
10*0781686 

10*0732486 
10*0733286 
10*0734087 
10-0734888 
10-0735690 

10-0736498 
10-0787296 
10-0738099 
10-0738904 
10-0739708 

10-0740513 
10-0741319 
10-0742125 
10-0742931 
10-0743739 

10-0744546 
10-0745364 
10-0746166 
10-0746972 
10-0747782 

10-0748692 
10-0749408 
10-0760214 
10-0761026 
100761839 

10*0762661 
10*0763466 
10*0764279 
10-0766093 
10-0765906 

10-0756723 
10-0767539 
10-0756866 
10-0760178 
10-0769990 

10-0760809 
10-0761627 
10-0762446 
10-0768266 
10-0764066 


790 
790 
791 
791 
792 
792 

798 
798 
794 
794 
796 

796 
796 
796 
797 
797 

796 
796 
799 
800 
800 

800 
801 
801 
802 
803 

803 
803 
806 
804 
806 

806 
806 
806 
806 
807 

806 
809 
809 
810 
810 

811 
811 
812 
818 
812 

814 
814 
814 
816 
815 

816 
817 
617 
817 
819 

818 
819 
820 
820 


9-9284205 
9-9288415 
9-9282625 
9-9281884 
9*9281043 
9*9280261 

9*9279459 
9*9278666 
9*9277878 
9*9277079 
9*9276286 

9*9276490 
9*9274696 
9*9273890 
9*9273103 
9-9272806 

9-9271609 
9-9270711 
9-9269913 
9-9269114 
9-9268314 

9-9267614 
9-9266714 
9*9266013 
0*9266112 
9*9264310 

9*9268607 
9*9262704 
9*9261901 
9*9261096 
9*9260*292 

9*9269487 
9*9258681 
9*9257075 
9-9267069 
9*9266261 

9*9265454 
9-9264646 
9-9263837 
9-9263028 
9-9262218 

9-9261406 
9-9260697 
9-9249786 
9-9248974 
9-9248161 

9-9247349 
9-9246535 
9-9246721 
9-9244907 
9-9244092 

9-9248277 
9-9242461 
9-9241644 
9-9240627 
9-9240010 

9-9289191 
9-9288378 
9*9287664 
9*9236734 
9*9236014 


60 
59 
58 
57 
66 
66 

64 
63 
62 
61 
60 

49 
48 
47 
46 
45 

44 
43 
42 
41 
40 

39 
38 
87 
36 
85 

84 
83 
32 
31 
30 

29 
28 
27 
26 
26 

24 
23 
22 
21 
20 

19 
18 
17 
16 
15 

14 
18 
12 
11 
10 

9 
8 
7 
6 
5 

4 
8 
2 
1 
0 


Cosine     Diff.       Secant       Cotang.    Diff.      Tang.  Ck>8ee.     Diff.      Sine 


57  Deg. 
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160.  There  is  one  point  to  be  noticed  in  using  the 
columns  headed  Diff.  It  has  been  pointed  out  that  2021 
(at  the  top  of  the  second  column)  means  '0002021.  Now 
the  790  (at  the  top  of  the  eighth  column)  means  not  "000790, 
but  -0000790.  The  rule  is  this ;  the  right-hand  figure  of 
the  Diff.  must  be  placed  in  the  seventh  place  of  decimals 
and  the  requisite  number  of  cyphers  prefixed.    Thus 

DiflF.  =         9  means  that  the  diflference  is  -0000009, 
Difir.=        74  „  „  „  -0000074, 

Diflf.=      735  ,.  „  „  -0000735, 

Diff.=    2021  „  „  „  0002021, 

whilst  Diff,=  12348  „  „  „  "0012348. 

161.  Page  170  also  gives  the  tabular  logs,  of  ratios 
between  57°  and  58°.  Suppose  we  wanted  L  tan  57°  20'. 
We  now  start  with  the  line  at  the  bottom  of  the  page  and 
run  our  eye  up  the  column  which  has  Tang,  at  its  foot.  We 
go  up  this  column  until  we  arrive  at  the  number  which  is 
on  the  same  level  as  the  number  20  in  the  extreme 
right-hand  column.  This  number  we  find  to  be  10*1930286, 
which  is  therefore  the  value  of 

L  tan  57°  20'. 


EXAMPLES.    ZXV. 

1.  Find  e  given  that      cos  e=  -9726382, 

cos  13°  27' =-9726733,  diff.  for  l'=677. 

2.  Find  the  angle  whose  sine  is  ■= ,  given 

sin  22°  1'= -3748763,  diff.  for  l'=2696. 
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3.  Given  coseo  65°  24' = 1-0998243, 

diff.  fori' =1464, 
find  the  value  of  cosec  65°  24'  37" 

and  the  angle  whose  oosec  is  1*0997938. 

4.  Given  L  tan  22°  37' = 9-6197205, 

diff.  for  l'=3557, 
find  the  value  of  L  tan  22°  37'  22" 

and  the  angle  whose  L  tan  is  9*6195283. 

5.  Find  the  angle  whose  L  cos  is  9*993,  given 

L  cos  10°  15'=9-9930131,  diflf.  for  l'=229. 

6.  Find  the  angle  whose  L  sec  is  10*15,  given 

I.sec44°55'=10*1498843,  difif.  forl'=1260.    • 

7.  From  the  table  on  page  170  find  the  values  of 

(1)  L  sin  32°  18' 23",  (2)  L  cos  32°  16' 49", 

(3)  I.  cot  32°  29' 43",  (4)  L  sec  32°  52' 27", 

(5)  I.  tan  57°  45' 28",  (6)  I.  cosec  57°  48' 21", 

and  (7)  L  cos  57°  58' 29". 

8.  With  the  help  of  the  same  page  solve  the  equations 

(1)    L  tan  0  =  10*1959261,  (2)    I.  cosec  0=10*0738125, 

(3)    I.  cos  0 = 9 *9259283,       and  (4)    L  sm  0 = 9 -9241352. 

9.  Take  out  of  the  tables  L  tan  16°  6' 23"  and  calculate  the  value  of 
the  square  root  of  the  tangent. 

10.  Change  into  a  form  more  convenient  for  logarithmic  computation 
(i.e.  express  in  the  form  of  products  of  quantities)  the  quantities 

(1)    l  +  tanxtan^,  (2)    1 -tan a; tan ^, 

(3)    cot  a;  +  tan  ^,  (4)    cot  a;- tan  ^, 

,-,    1- cos  2a:  ,  ,^.    tan  a;  +  tan  t/ 

(5)    \ 5-,  and  (6)    — --^. 

'    l  +  cos2a:  ^        cotar  +  coty 


CHAPTER  XII. 

RELATIONS  BETWEEN  THE  SIDES  AND  THE  TRIGONOMETRICAL 
RATIOS  OF  THE  ANGLES  OF  ANY  TRIANGLE. 

162.  In  any  triangle  ABC,  the  side  BC,  opposite 
to  the  angle  A,  is  denoted  by  a;  the  sides  CA  and  AB, 
opposite  to  the  angles  B  and  C  respectively,  are  denoted 
by  b  and  c. 

163.  Theorem.    In  any  triangle  ABC, 

sin  -4  _  sin  J5  __  sin  C 
a     ^     h     "     c     ' 

i.e.  the  sines  of  the  angles  are  proportional  to  the  opposite 
sides. 


Draw  AD  perpendicular  to  the  opposite  side  meeting 
it,  produced  if  necessary,  in  the  point  D, 
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In  the  triangle  ABD,  we  have 

.  „  =  sin  B.  80  that  AD  =  c  sin  B, 
AB 

In  the  triangle  ACD,  we  have 

AD 


AG 


=  sin  (7,  so  that  AD  =  h  sin  (7. 


[If  the  angle  C  be  obtnse,  as  in  the  second  figure,  we  have 

AT) 

=  smi4CD=sm(180°-C)  =  8inC  (Art.  72), 

so  that  AD  =  h  sin  C] 

Equating  these  two  values  of  AD,  we  have 

c  sin  J5  =  6  sin  C, 

sin  5  __  sin  C 
6  c 

In  a  similar  manner  by  drawing  a  perpendicular  from 

B  upon  CA  we  have 

sin  0  _  sin  -4 

c     "     a    ' 

If  one  of  the  angles,  (7,  be  a  right  angle  as  in  the  third 
figure  we  have  sin  (7  =  1, 

sin  il  =  - ,  and  sin  5  =  - . 
c  c 

TT  sin  il     sin  5     1     sin  C 

Hence  =  • — j —  =  -  = . 

a  0        c        c 

We  therefore  have,  in  all  cases, 

sin  A     fin  B     sin  C 
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164.     In  any  triangle  to  find  the  cosine  of  an  angle  in 
tei^ms  of  the  sides. 


Let  ABC  be  the  triangle  and  let  the  perpendicular 
from  A  on  BG  meet  it,  produced  if  necessary,  in  the 
point  D. 

Fii'st,  let  the  angle  C  be  acute,  as  in  the  left-hand 
figure. 

By  Euc.  II.  13,  we  have 

AB^^BC^^-GA^-^BCCD (i). 

CD 
GA 

Hence  (i)  becomes 

(^  =  a^  +  ¥-  2a .  b  cos  (7, 

2a6  cos  (7=  a2  +  6«-c^ 

a^  +  6^  -  c* 


But 


=  co8(7,  so  that  (7i)  =  6cosc. 


i,e. 
i.e. 


cos  (7= 


2ab 


Secondly,  let  the  angle  G  be  obtuse,  as  in  the  right- 
hand  figure. 

By  Euc.  II.  12,  we  have 

AB^  =  BG^  +  GA^  +  2BG.GD  (ii). 

CD 
But    ^^  =  cos ^Ci)  =  cos (180^ -(7)= -cos  (7, 

(Art.  72) 
so  that  GD  =  —  5  cos  G, 
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Hence  (ii)  becomes 
c2  =  a*  +  &2+  2a(-  6cos  (7)  =  a^  +  6' -  2a6 cos 0, 
so  that,  as  in  the  first  case,  we  have 

•     a«  +  b^  -  c^ 

COSC=    jr-^ . 

Sab 

In  a  similar  manner  it  may  be  shewn  that 


cos  J.  = 


and  cos  B  = 


26c 


2ca 

If  one  of  the  angles,  C,  be  a  right  angle,  the  above 
formula  would  give  c^=a^+b\  so  that  cosC  =  0.  This 
is  correct,  since  (7  is  a  right  angle. 

The  above  formula  is  therefore  true  for  all  values  of  C. 

Sx.    If  a =15,  6  =  36,  and  c=39, 

36g+39^-152_3g(12a  +  13g-5g)_    288     _  12 
cos^-    2x36x39    ~   2x32x12x13    ~24xl3""13' 

165.  To  find  the  sines  of  half  the  angles  in  terms  of 
the  sides. 

In  any  triangle  we  have,  by  Art.  164, 

.     b^  +  d'-a^ 

By  Art.  109,  we  have 

cos  J.  =  1  —  2  sin^  -jr . 

Hence     2  sm^  ^  =  1  —  cos -4  =  1 ^ 

2  2oc 

^  26c-  6^ -c^  +  g^^  g^ - (6^  -f  c" -  26c)  ^  a'-  (6 -c)^ 
~  26c  "  26c  "■        26c 

_[g  +  (6-c)][g-(6-c)]_(g  +  6-c)(g~6  +  c)     ,. 

26c  "  26c  •••^  ^' 
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Let  2^  stand  for  a  +  6  +  c,  so  that  8  is  equal  to  half  the 
sum  of  the  sides  of  the  triangle,  i.e.  s  is  equal  to  the  semi- 
perimeter  of  the  triangle. 

We  then  have 

a  +  6-c  =  a  +  6  +  c-2c  =  25-2c  =  2(«-c), 
and     a  -  6  +  c  =  a  +  6  +  c  -  26  =  25  -  26  =  2  («  -  6). 
The  relation  (1)  therefore  becomes 

^'""2'  26^  ^  k  • 

Similarly, 
.   B        /(«-c)(«-a)        ,    .    C        /{8-a){8-b), 


sm 


166.     To  find  the  cosines  of  half  the  angles  in  terms  of 
the  sides. 

By  Art.  109,  we  have 

cos  -4.  =  2  cos'  -s  - 1. 

z 

TT           ^      ^A     ^            .      ,     6»  +  c*-a= 
Hence    2 cos* -^^l-^cosA^l  + xr- — 

_  26c  +  62-1-  c'-g'  ^  (6  +  cy  -  a' 
26c  "        26c 

[(6H-c)4-a][(6-hc)-a]_(a  +  6-hc)(6  +  c-a)      . 
" 26^  ^      26^  '"^  ^' 

Now    6  +  c  -  a  =  a  +  6  +  c  -  2a  =  2«  -  2a  =  2  (5  -  a), 

L.T.  12 
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80  that  (1)  becomes 

^      ^A     25x2(5  — a)     ^8(8— a) 


A 

2 


Similarly, 
B 


cos 


2     V       ca     '^<^<^'>^2      V       ab     * 


167.    To  find  the  tangents  of  half  the  angles  in  terms 

of  the  sides. 

.   A 

A     ^^'^  2 
Since  tan  ^  =         i  , 

2  A 

cos  2 

we  have,  by  (2)  of  Arts.  165  and  166, 

Similarly, 
tan:?-V<i=M^)  and  tan ^ - . /(izM?^) 

A 
Since  ^  is  always  <  180°,  ^  is  always  <  90°. 

A 
The  sine,  cosine,  and  tangent  of  -^  are  therefore  always 

positive  (Art.  52). 

The  positive  sign  must  therefore  always  be  prefixed  to 
the  radical  sign  in  the  formulae  of  this  and  the  last  two 
articles. 
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168.    Bz-    If  a =13,  6=14  and  c=15 

XI.                               13+14+16    .„  Q        r    f, 

then  8= 5 =21,  «-a=8,  «-5=7, 

and  «-c=6. 


„  .A         /7x6         11, c 

Hence  sin  «  =  ^  /  i^s — rs  ==  ~7f  =  ¥  v  o» 


cos 


.    B         I  6x8         4         4    ,^- 
'"'2  =  Vl5^i3"766"66^^^' 

C_      /21x6  _  _3___3^  ,,a 

2""  V  isxli^viB-is 

and  tan -^^  .  /  -^ — =  =  ,= . 

2      V  21x7     7 

169.     To  express  the  sine  of  any  angle  of  a  triangle 
in  terms  of  the  sides. 

We  have,  by  Art.  109, 

Sin  J.  =  2  sin  ^  cos  ^ . 

But,  by  the  previous  articles, 

sm^^J^^EMZ^    aiidcos^=A/^^^3 
^^^  2     V  be         ,  ana  cos  2 -y      j^      . 

Hence 

2     

.-.   sin  A  =  —  V  s  (s  -  a)  (b  -  b)  (8  -  c). 

EXAMPLES.    XXVI. 

In  a  triangle 

1.    Given  a = 25,  6  =  52  and  c = 63, 


A  B  C 

find  tan  ^  » tan  - ,  and  tan  5- 


12—2 
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2.  Given  o = 126,  6  =  123  and  c = 62, 

find  the  sines  of  half  the  angles  and  the  sines  of  the  angles. 

3.  Given  a = 18,  6 = 24  and  c = 30, 
find  sin^l,  sin  B,  and  sin  C 

4.  Given  a=36,  6=84  and  c=91, 
find  tan  il,  tan  B,  and  tan  C. 

5.  Given  a =13,  6  =  14  and  c  =  15, 
find  the  sines  of  the  angles. 

6.  Given  a = 287,  6 = 816  and  c = 865, 
find  the  values  of  tan  ^  and  tan  A. 

7.  Given  a=V3,  6=^2  and  0=^^^^^^^, 
find  the  angles. 

170.     In  any  triangle  to  prove  that 

a  =  6  cos  (7  +  c  cos  B, 

Take  the  figures  of  Art.  164. 

In  the  first  case,  we  have 

SD 

^^  =  cos  By  so  that  BD  =  c  cos  J5, 

CD 

and  YTT  =  c^s  C,  so  that  CZ)  =  h  cos  C 

Hence  a^BC^BD  +  DC^CQO^B^-hQO^G. 

In  the  second  case,  we  have 

BD 

^rTT  =  COS  B,  so  that  -BD  =  c  cos  5, 

BA 

and  ^  =  cos  .4(72)  =  cos  (180*^  -  C) 

=  -  cos  C7  (Art.  72), 
so  that  CD  =  —  6  cos  C 
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Hence,  in  this  case, 

a  =  5(7=  52)  -  02)  =  cco85-(- 6cos  0), 
so  that  in  each  case 

a  =  b  cos  C  +  c  cos  B. 

Similarly,  6  =  c  cos  J.  +  a  cos  C, 

and  c  =  aco8-B  +  6cos -4. 

171.    In  any  triangle  to  prove  tha/t 

^     B'G    b-c    ,A 

In  any  triangle,  we  have 

6  _  sin  5 
c     sinC* 

^       5  +  C  .    5-0 
,  •    D      .    ^     2  cos  — ^r—  Sin  — s — 

6  —  c     sin  jd  —  sin  C/  2  2 


••    64-c"sin5  +  8ina     „  .    B  +  C       B-C 

2  sm  — ^ —  cos  — :r— 


,     B-C         ,     5-0 
tan  — 5 —   _    tan  — ^ — 

tan^i^     tan  (90°-^) 
B-C 


tan 


4—  (Art.  69). 


cot  2 

B-C     b-c        A 

Hence         tan  — - —  =  i— - —  cot  ^ , 

3        b  +  c        2 
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172.    fix.    From  the  formulae  of  Art,  164  deduce  those  of  Art.  170 
and  vice  versd. 

The  first  and  third  formulae  of  Art.  164  give 
6  cos  C+c  cos  B=r  — + 


2a  2a 

2a^ 

so  that  a=&cosC7+ccosB. 

Similarly,  the  other  formulae  of  Art.  170  may  be  obtained. 
Again,  the  three  formulae  of  Art.  170  give 

a=5cos  C+ccosB, 

&=cco8il+acosC, 

and  e=aooaB  +  booBA, 

Multiplying  these  in  succession  by  a,  5,  and  -  c  we  have,  by  addition, 
a^  +  6^  -  c' = a  (6  cos  C + c  cos  B)  +  6  (c  cos  ii  +  a  cos  C)  -  c  (a  cos  B  +  6  cos  i4) 
=2adcosC. 

/.  oosC= — TT-T — . 
2a& 

Similarly,  the  other  formulae  of  Art.  162  may  be  found. 

173.  The  student  will  often  meet  with  identities,  which  he  is  required 
to  prove,  which  involve  both  the  sides  and  the  angles  of  a  triangle. 

It  is,  in  general,  desirable  in  the  identity  to  substitute  for  the  sides  in 
terms  of  the  angles,  or  to  substitute  for  the  ratios  of  the  angles  in  terms 
of  the  sides. 

Bz.  1.    Prove  that       a  cos  —5 — =  (6 + c)  sm  ^ . 


By  Art.  163  we  have 


„   .   B  +  C       B-C 
2  sm  — TT—  COS 


b  +  e     sinB+sinC  2  2 


a  Bin  A  ^   ,    A        A 

2  sm  ^  COS  -^ 

A       B-C  B-C 

COS  —  COS  —5 —       COS  — — 


A       A  A 

sin  ^  cos  2  sin  ^ 

' /.  (ft  +  cjsm^rracos—^— 


SIDES  AND  ANGLES  OF  A  TRIANGLE.  183 

a.    In  a  triangle  prove  that 

(62-c2)ootii+(ca-aa)ootB  +  (a»-6*)ootO=0. 

By  Art.  168  we  have 

a  o  c 

Hence  the  given  expression 

2abek  *• 
=0. 

Sz.  8.    In  a  triangle  prove  that 

(a+b+c)  (  tan ^+tan  -^  J  =2ccot^. 
The  left-hand  member 


-'■i'/^^IW^^^W^l  ■'"■"'• 


-^/^-^  is/-ii^.*'y'^''J^'iim0ii 


=-4======  I  smoe  2«=a+o  +  c, 

V(,-a)(«-6) 

=2ccot  TT. 

This  identity  may  also  be  proved  by  substituting  for  the  sides. 
We  have,  by  Art.  163, 

a^b'{-c     siuil+sinB  +  BinC 
c  Bin  C 

ABC  ^       A       B 

4  cos  "5  COB  ^  cos  -g  2  cos  -g  cos  "2 

2sin-^cos-^  ain-g 
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Also 


2oot^ 


^       C       A       B 

2  COB  ^  OOB  ^  COB  jr 

£  a  a 


.    C   .    A^-B 


Bin  ^Bin 


T 


""2 


We  have  therefore 


a+6+c 


2cot^ 


.      A     .       W 
tan^+tan  - 


so  that 


(a-^h-\-e)  (tan  5-+ tan  ^  j=2ccot 


C 
2 


~     A~      B       ,    C  r  .    A        B,        A    .    B-\ 
tan  2 +tan ^     sin  ^  ^sm ^cob  ^ +co8 ^  Bin  ^ 

^       A       B       C     .        A       B 

2  OOB^  OOB^OOB^       2  COB  ^  OOB  — 


(Art.  69.) 


4.    If  the  tides  of  a  triangle  be  in  Arithmetical  Progression,  prove 
that  so  also  are  the  cotangents  of  half  the  angles. 


We  have  given  that  a+c=2& 

and  we  have  to  prove  that 

^A        ^C    ^     ^B 
cot -s  +  cot  ^= 2  cot  ^ 


(1), 


,(2). 


Now  (2)  Ib  true  if 

/     sjs^a)  I      8(8-c)   "_       /      s(s^h) 

V   («-6)(«-c)"^V    («-a)(«-6)"    V   («-c)(«-a)' 

or,  by  multiplying  both  sidcB  by 

JJfi^a){s-h){s-c)  ^ 


if 
i.e.  if 


(«-a)  +  (»-c)  =  2(«-6), 
2«-(a+c)=2«-2&, 


i.e.  if  a+c= 26,  which  is  relation  (1). 

Hence  if  relation  (1)  be  true,  so  also  is  relation  (2). 
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EXAMPLES.    ZZVn. 

In  any  triangle  ABC^  prove  that 

.    B-C     b-c       A 

1.  sm-2-  =  -^C08-. 

2.  a(co8B  +  cosC)=2(6+c)8in2-. 

3.  a(cosC7-coBB)=2(6-c)co82-. 

5.  (&  +  c-a)  (cot  ^+cot^j=2acot2. 

6.  a2+  6*+c2=2  (6c  C08  -4  +ca cos  B  +  a6  cos  C). 

7.  (a2-62+c2)tanB=(a2+6a-c*)tanC. 

8.  c«=(a-&)9cos2^+(a+6)*8in«^. 

9.  a8in(B-C)  +  68in(C-i4)+c8in(ii-B)=0. 
g  sin  (^-  C)  _  6  sin  (C-^)  _  c  sin  (^4  -  JB) 

-,  .    A    .    B-C    ,    .   J5   .    C-A  .    C  .    ^-B     - 

11.  a  sm  2  sin  ~"2~  "^    ^^'^  2  ^^°  ~~2 —  +  ^  ^^^  o  ''"^  ~~2~  ~ 

12.  a*  (cos2  B  ~  cob2  C)  +  62  (cos^  C  -  cos^  ^ )  +  c*  (cos^  ^  -  cos^  B) = 0. 

13.  ^-^8in24+^-^8in2B+  -^sin2C==0. 

a^  6*  c^ 

•^*"    a2+62  +  c«     cotT+cot15+cot7* 

15.  a^cos  (B-C)  +  68cos(C-^)  +  c'cos(ii-B)=3a6c. 

16,  In  a  triangle  whose  sides  are  3,  4,  and  ^38  feet  respectively, 
prove  that  the  largest  angle  is  greater  than  120°. 
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17.  The  sides  of  a  right-angled  triangle  are  21  and  28  feet ;  find  the 
length  of  the  perpendicular  drawn  to  the  hypothenuse  from  the  right 
angle. 

18.  If  in  any  triangle  the  angles  be  to  one  another  as  1:2:3, 
prove  that  the  corresponding  sides  are  as  1 :  ^3  :  2. 

19.  In  any  triangle  if 

^     A     5    ,     B     20 
tan2=6,tan^  =  3;^, 

find  tan  — ,  and  prove  that  in  this  triangle  a+c=2&. 

20.  In  f^  isosceles  right-angled  triangle  a  straight  line  is  drawn  from 
the  middle  point  of  one  of  the  equal  sides  to  the  opposite  angle.  Shew 
that  it  divides  the  angle  into  parts  whose  cotangents  are  2  and  3. 

21.  The  perpendicular  AD  to  the  base  of  a  triangle  ABC  divides  it 
into  segments  such  that  BD,  CD  and  AD  are  in  the  ratio  of  2,  3  and  6 ; 
prove  that  the  vertical  angle  of  the  triangle  is  45°. 

22.  A  ring,  ten  inches  in  diameter,  is  suspended  from  a  point  one 
foot  above  its  centre  by  6  equal  strings  attached  to  its  circumference  at 
equal  intervals.  Find  the  cosine  of  the  angle  between  consecutive 
strings. 

23.  I^  a^f  b*  and  c*  be  in  a.p.,  prove  that  cot  A^ootB  and  cot  C  are  in 
A.  p.  also. 

A  B 

24.  If  a,  &  and  c  be  in  a.  p.,  prove  that  eosilcot^,  cosB  cot-^ 

A  2 

(J 

and  cos  C  cot  h-  cure  in  a.  p. 

A  B  C 

25.  K  a,  b  and  c  are  in  h.p.  prove  that  sin^  — ,  sin*  ^  and  sin*  ^  are 

also  in  h.p. 

26.  The  sides  of  a  triangle  are  in  a.p.  and  the  greatest  and  least 
angles  are  $  and  4> ;  prove  that 

4  (1  -  cos  0)  (1  -  cos  0)  =  COS  ^  +  C03  0. 

27.  The  sides  of  a  triangle  are  in  a.p.  and  the  greatest  angle  exceeds 
the  least  by  90° ;  prove  that  the  sides  are  proportional  to  V7+ 1}  \/7  and 
V7-1. 
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28.    n  C=60°,  then  prove  that 

113 

+ 


a+c     6  +  c     a+b  +  c' 

29.  In  any  triangle  ABC  if  D  be  any  point  of  the  base  BCi  such  that 
BD  :  DC  ::m  :n,  prove  that 

(m + n)  cot  ilDC = n  eot  B  -  m  cot  C, 

and  (m + nf  AD^  =:(m+n)  (wi6' + ne^)  -  mna^, 

30.  If  in  a  triangle  the  bisector  of  the  side  c  be  perpendicular  to  the 

side  b,  prove  that 

2tanyl  +  tanC=0. 

31.  In  any  triangle  prove  that,  if  ^  be  any  angle,  then 

b  cos  $=e  cos  (/I  -  ^)  +  a  cos  ((7+  $), 

32.  If  P  and  g  be.  the  perpendiculars  from  the  angular  points  A  and  B 

on  any  line  passing  through  the  vertei  C  of  the  triangle  ABC,  then 

prove  that 

ay+6»g«-2al»pg  oosC7=oa6'8in»C. 

33.    In  the  triangle  ABC,  lines  OA,  OB,  and  0(7  are  drawn  so  that 
the  angles  OAB,  OBC,  and  OCA  are  each  equal  to  u ;  prove  that 

cot  (iy=COt  il +cot  B+oot  C, 

and  cosec'  b; = cosec^  A  +  cosec'  B  +  cosec*  C. 


CHAPTER  XIII. 


SOLUTION  OF  TRIANGLES. 


174.  In  any  triangle  the  3  sides  and  the  3  angles  are 
often  called  the  elements  of  the  triangle.  When  any  3 
elements  of  the  triangle  are  given,  provided  they  be  not  the 
3  angles,  the  triangle  is  in  general  completely  known,  i.e. 
its  other  angles  and  sides  can  be  calculated.  When  the  3 
angles  are  given,  only  the  ratios  of  the  lengths  of  the  sides 
can  be  found,  so  that  the  triangle  is  given  in  shape  only 
and  not  in  size.  When  3  elements  of  a  triangle  are  given 
the  process  of  calculating  its  other  3  elements  is  called 
the  Solution  of  the  Triangle. 

We  shall  first  discuss  the  solution  of  right-angled 
triangles,  i.e,  triangles  which  have  one  angle  given  equal 
to  a  right  angle. 

The  next  four  articles  refer  to  such  triangles,  and  G 
denotes  the  right  angle. 

176.  Case  I.  Oiven  the  hypothenuse  and  one  side,  to 
solve  the  triangle. 


RIGHT-ANGLED   TRIANGLE. 
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Let  6  be  the  given  side  and  c  the  given  hypothenuse. 
The  angle  B  is  given  by  the 
relation 

sm  ^  =  - . 

c 

.'.  i  sin  5  =  10  +  log  b  —  log  c. 

Since   6   and   c  are   known   we 
thus  have  L  sin  B  and  therefore  B. 

The  angle  A  (=  90°  -  B)  is  then  known. 

The  side  a  is  obtained  from  either  of  the  relations 


eosJ?  =  -,   tan  £  =  -  ,  or  a  =  V(c  —  6)  (c  +  6). 
0  ^ 


176.     (7a56  //.     Given  f/i€  ^w;o  ^'(2&^  a  and  b,  to  solve 
the  triangle. 

Here  B  is  given  by  ^^ 

tan5  =  -, 


a 
so  that 

L  tan  5  =  10  +  log  6  —  log  a. 

Hence  L  tan  B,  and  therefore  jB,  is  known. 
The  angle  A  (=  90°  —  B)  is  then  known. 

The  hypothenuse  c  is  given  by  the  relation  c  =  Va*  +6l 
This  relation  is  not  however  very  suitable  for  loga- 
rithmic calculation,  and  c  is  best  given  by 

•    r>     ^     •  ^ 

sm  Jo  =  -  ,  I.e.  c  =  -. — ri' 
c  sm  jS 

.'.    log  c  =  log  6  —  log  sin  B 

=  10  +  log6-Z8inJ5. 
Hence  c  is  obtained. 
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177.  Case  III,    Given  an  angle  B  avd  one  of  the  sides 
a,  to  solve  the  triangle. 

Here  A  (=  90°  -  B)  is  known. 
The  side  6  is  found  from  the  rela- 
tion 

-  =  tan  By 
a 

and  c  from  the  relation 

-  =cosi>. 
c 

178.  Case  IV,    Given  an  angle  B  and  the  hypothenuse 
c,  to  solve  the  triangle,  * 

Here  A  is  known  and  a  and  h  are 
obtained  from  the  relations 

-  =  cosjB,  and  -  =  sin5. 
c  c 


EXAMPLES.    XXVm. 

1.  In  a  right-angled  triangle  ABC,  where  C  is  the  right  angle,  if 
a=60  and  B=75°,  find  the  sides,     (tan  75°=2+^3.) 

2.  Solve  the  triangle  of  which  two  sides  are  eqnal  to  10  and  50  feet 
and  of  which  the  included  angle  is  90*" ;  given  that  log  20=  1-30103,  and 

L  tan  26°  33' =9-6986847,  diff.  for  r=3160. 

3.  The  length  of  the  perpendicular  from  one  angle  of  a  triangle  upon 
the  base  is  3  inches  and  the  lengths  of  the  sides  containing  this  angle  are 
4  and  5  inches.    Find  the  angles,  having  given 

log  2 =-30103,  log  3 =-4771213, 

L  Bm36°52'=9-7781186,  diff.  for  l'=1684, 

Lsin  48°  36'= 9-8760142,  diflf.  for  r=1115. 

4.  Find  the  acute  angles  of  a  right-angled  triangle  whose  hypothenuse 
is  four  times  as  long  as  the  perpendicular  drawn  to  it  from  the  opposite 
angle. 
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179.  We  now  proceed  to  the  case  of  the  triangle  which 
is  not  given  to  be  right  angled. 

The  different  cases  to  be  considered  are ; 

Case  /.     The  three  sides  given ; 

Case  II,    Two  sides  and  the  included  angle  given ; 

Case  III.  Two  sides  and  the  angle  opposite  one  of 
them  given; 

Cdse  IV,     One  side  and  two  angles  given ; 

Case  V,     The  three  angles  given. 

180.  Ca^e  L     The  three  sides  a,  6,  and  c  given. 

Since  the  sides  are  known,  the  semi-perimeter  s  is 
known  and  hence  also  the  quantities  s  —  a,  s  —  b,  and 
s  —  c. 

A    B  C 

The  half-angles  n"  >  "9  »  ^^^  9  ^^  ^^^^  found  from  the 

formulae 

^^''2-V      s{s^a)     ^^""^-y      s(s-b)    ' 

and  tBJi^=\/- .        . — -. 

2      V       s{s-C) 

Only  two  of  the  angles  need  be  found,  the  third  being 
known  since  the  sum  of  the  three  angles  is  always  180°. 

The  angles  may  also  be  found  by  using  the  formulae 
for  the  sine  or  cosine  of  the  semi-angles. 

(Arts.  165  and  166.) 

The  above  formulae  are  all  suited  for  logarithmic 
computation. 
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The  angle  A  may  also  be  obtained  from  the  formula 


cos  A  =  - — ^v- —  .     (Art.  164.) 

This  formula  is  not,  in  general,  suitable  for  logarithmic 
calculation.  It  may  be  conveniently  used  however  when 
the  sides  a,  b,  and  c  are  small  numbers. 

Bz.    The  sides  of  a  triangle  are  32,  40,  and  66  feet ;  find  the  angle 
opposite  the  greater  side,  having  given  that 

log  207=2-3159703,  log  1073=3-0306997, 

Lcof  66°  18'= 9-6424341,  tabulated  difference  for  r=3431. 

Here  a =32,  5=40  and  c=66, 

80  that       »sa =69,  »-a=37,  «-6=29  and»-c=3. 


207 
1073* 


Hence     cot  ^  ^. /ZI^ESI  ^.f^JL^  J 
2     V   («-a)(«-6)     V  37x29     V 

L  cot  ^=  10  +  ^  [log  207  -  log  1073] 

=  10  +  1  -15798516  - 1-51629985 

=9-6426853. 
(J 

L  oot  ^  is  therefore  greater  than  L  cot  66°  18', 
80  that  ^  i8  less  than  66°  18'. 

Let  then  ^=66°  18' -a;". 

The  difference  in  the  logarithm  corresponding  to  difference  of  x"  in  the 

angle  therefore 

=     9*6426863 

-  96424341 

=       -0002512 

Also  the  difference  for  60"=  -0003431. 

X      -0002512 


Hence 


60  ~  -0003431 ' 


80  that  X = ^^^  X  60 = nearly  44. 

.-.  ^ = 66°  18'  -  44"  «  66°  17'  16",  and  hence  C = 132°  34'  32". 
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EXAMPLES.    XXIX. 

1.  If  the  sides  of  a  triangle  be  56,  65,  and  33  feet,  find  the  greatest 
angle. 

2.  The  sides  of  a  triangle  are  7,  4  jJS,  and  ^^13  yards  respectively. 
Find  the  number  of  degrees  in  its  smallest  angle. 

3.  The  sides  of  a  triangle  are  a:^ + x  + 1,  2a;  + 1  and  x^-l;  prove  that 
the  greatest  angle  is  120°. 

4.  The  sides  of  a  triangle  are  a,  b,  and  Ja*+ab  +  l^  feet ;  find  the 
^eatest  angle. 

5.  If  a  =  2,  6 = ;y/6  and  c = ^^^3  - 1,  solve  the  triangle. 

6.  If  a = 2,  6 = V6  and  c =^^3  + 1,  solve  the  triangle. 

7.  If  a=9,  6=10  and  c  =  ll,  find  B,  given 

log  2  =  -30103,  L  tan  29°  29' = 9-7523472, 
and  L  tan  29°  30' = 9-7526420. 

8.  The  sides  of  a  triangle  are  130,  123  and  77  feet.    Find  the 
greatest  angle,  having  given 

log  2= -30103,  L  tan  38°  39' =9*9029376, 

and  L  tan  38°  40' =9-9031966. 

9.  Find  the  greatest  angle  of  a  triangle  whose  sides  are  242, 188,  and 
270  feet,  having  given 

log  2 =-30103,    log  3  =  -4771213,    log  7  =-8450780, 
I.  tan  38°  20' =9-8980104,  and  I.  tan  38°  19' =9 '8977507. 

10.  The  sides  of  a  triangle  are  2,  3,  and  4 ;  find  the  greatest  angle, 

having  given 

log  2  =  -30103,  log  3  =  -4771213, 

L  tan  52°  14'= 10-1108395, 

and  L  tan  52°  15' = 10  -1111004. 

Making  use  of  the  tables,  find  all  the  angles  when 

11.  a=25,  6  =  26  and  c=27. 

12.  o  =  17,  6  =  20  and  c=27. 

13.  a=2000,  6  =  1050  and  c=1150. 

L.  T.  13 
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181.     Case  II.    Given,  two   sides  b  and  c  and  the 
included  angle  A. 

Taking  6  to  be  the  greater  of  the  two  given  sides, 
we  have 

tan  -^  =  ^^  cot  J  (Art.  171). .  .(1), 

and  ^t^  =  90°-4 (2).     fi 

These  two  relations  give  us 

B-C       ,   B+G 
-2-  ^^     ^-' 

and  therefore,  by  addition  and  subtraction,  B  and  G, 
The  third  side  a  is  then  known  from  the  relation 

a  b 


sin  A     sin  5  * 

,  .  ,     .  ,  sin  il 

which  gives  a  =  6  -; — y^ , 

^  sin  5 ' 

and  thus  determines  a. 

The  side  a  may  also  be  found  from  the  formula 

a2  =  62  +  c^  -  26c  cos  A. 

This  is  not  adapted  to  logarithmic  calculation  but  is 
sometimes  useful,  especially  when  the  sides  a  and  6  are 
small  numbers. 

182.    B^  I-    Ifb= ^3,  c = 1,  and  A  =  30°,  solve  the  triangle. 

"We  have 

^     B-C     b-c      .A     ^3-1     ,-_o 

tan — ;r—  =  -i cot  -X  =  ^^ — z  cot  16°. 

2         h+c        2     V^  +  l 

Now  tan  15° =^^1^4    (Art.  101), 

fjS  +  1 
80  that  cot  16°= -yq^i  • 
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Henoe  tan — ^ — = !• 

•••  ^=«'' (1). 

Aim  5i?=90°-^=90°-16''=76'' (2). 

By  addition  £=120°. 
By  subtraction  C=30°. 
Since  il  =  C,  we  have  a=c  =  1. 

Othtirwlfl*.    We  have 

a2=62+c«- 26c  COB  J=3  +  l -2^3.^=1, 
flo  that  a  =  l  =  c. 

.-.   C=.l=30°, 
and  B=180°-il-C=120°. 

Bz.  2.    1/  & = 215,  c  =  105,  and  A = 74°  27',  ^ind  t^e  r^matntn^  angles, 

having  given 

log  2= -30103,  %  11  =  1-041393, 

log  105 = 2  0211893,  log  212-486 = 2  -3273103, 
L  cot  37°  13' 30"= 10-119341,     L  tan  24°  20' 40" =9-666672, 
L  tan  24°  20'  50" =9-655626,    L  sin  74°  27' = 9-9838062, 
4ind  L  sin  28°  25'  48" = 9-6776842. 

Here  tan  ^^  =  !^  cot  ^  =  ^i  cot  37°  13'  30". 

2  0  +  c        2      od 

.'.  Ltan^^^=logll-51og2+Xcot37°13'30" 

1041393      -30103 

+  10-119341     5 

=     11160734  - 1-60516 
=9-656684, 

«o  that  ?^  lies  between  24°  20'  40"  and  24°  20*  60". 

13—2 
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Let  then  ^^ = 24°  20'  40"  +  a:". 

The  difference  for  __  ^^^^^^^^  =  .000012. 

mu    ^.«  /         10"=     9-6556261       .,^_. 

The  difference  for  _        kkvq f  =  '000064. 

_  X      -000012     2 

^^**  10  =  .00005-4  =  9 '  ^^  **^**  ^=^^  • 

.-.   ^^=24°20'42f" (1). 

But  ^^=90° -4  =  90° "37°  13' 30"  =  62°  46' 30" (2). 

By  adding  (1)  and  (2),  we  have  B=77®7'12". 

By  subtracting  (1)  from  (2),  we  have  C=28°  25'  48". 

To  get  a  we  have 

a    _     c 

sin  ii  "*  sin  C  * 

.'    log  a=log  c+Ii  sin  il-L  sin  C 

= log  105 + i  sin  74°  27'  -  i  sin  28°  25'  48" 
2-0211893 
+  9.9838062 
=  12-0049945 
-  9-6776842 
=     2-3273103 
=  log  212-486. 

...  0  =  212-486. 
The  triangle  is  therefore  completely  determined. 

#183.    There  are  ways  of  finding  the  third  side  a  of  the  triangle  in  the 
previous  case  without  first  finding  the  angles  B  and  C. 

Two  methods  are  as  follows  : 

(1)    Since  a*=6«  +  c«-26cco8il. 


=  6«+ca-26c 


(2C08»|-l) 


=  (6  +  c)2-46ccoB»4. 
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•••  -*=('+')'t-(jS)-.'-'fl- 


Henoe,  if  Bin>d=,,-  -.^oos'^, 

{b-hcy         2 

we  have  a' = (ft  +  c)«  [1  -  sin*  ^]  =  (6  +  c)*  oos'  tf , 

«o  that  a={b  +  c)  COB0, 

If  then  sin  0  be  oaloulated  from  the  relation 


,    ^    2>Jbc       A 

we  have 

a=(6+c)0O8^. 

(2)    We  have 

a» 

=  &a-26c  +  c«-26c(00Bil-l) 
=  (6-c)2+46cBin3^ 

so  that  tan  </>=  ,-  —  -  sm  ^r , 

b-c        2 

and  hence  <f>  is  known. 

Then  a»  =  (6 -c)«[l  +  tanV]=-^ -.-!', 

flothat  a={b-c)ae(nf>, 

and  is  therefore  easily  found. 

An  angle,  such  as  ^  or  0  above,   introduced  for  the  purpose  of 
facilitating  calculation  is  called  a  subsidiary  angle  (Art.  129). 


EXAMPLES.    XXX. 

1.    If  6 = 90,  c = 70,  and  il  =  72°  48'  30",  find  B  and  C,  given 
log  2= -30103,  L  cot  36°  24'  16"=  101323111, 
L  tan  9°  37' =9-2290071 
and  L  tan  9°  38' =9*2297785. 
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2.  If  0=21,  6=11,  and  C=34°42'30",  find  A  and  B,  given 

log  2  =30103 
and  L  tan  72°  38'  45" = 10-50616. 

3.  If  the  angles  of  a  triangle  be  in  a.  p.  and  the  lengths  of  the  greatest 
and  least  sides  be  24  and  16  feet  respectively,  find  the  lengths  of  the  third 
side  and  the  other  angles,  given 

log  2 = -30103,  log  3 = -4771213, 

L  tan  19°  6' d:  9-6394287,  diflf.  for  V = 4084. 

4.  If  a=13,  6=7,  and  C=60°,  find  A  and  B,  given  that 

log  3 =-4771213, 
L  tan  27°  27'= 9-7166608,  tabulated  diflf.  for  l'=3087. 

5.  If  a=2h,  and  C=120°,  find  the  values  of  A,  B,  and  the  ratio  of  c 

to  a,  given  that 

log  3 =-4771213, 

L  tan  10°  63' =9-283907,  diflf.  for  l'=6808. 

6.  If  6  s  14,  c = 11,  and  il = 60°,  find  B  and  C,  given  that 

log  2  =  -30103,  log  3 = -4771213, 
Ltanll°44'=9-3174299, 
and  L  tan  11°  46' = 9-3180640. 

7.  The  two  sides  of  a  triangle  are  640  and  420  yards  long  respectively 
and  include  an  angle  of  62°  6'.    Find  the  remaining  angles,  given  that 

log  2 = -30103,  L  tan  26°  3'= 9*6891430, 

L  tan  14°20'=9-4074189,  L  tan  14°  21' =9-4079468. 

8.  If  &=2ift.,  c=2  ft.,  and  ^  =  22°  20',  find  the  other  angles,  and 
shew  that  the  third  side  is  nearly  one  foot,  given 

log  2= -30103,  log  3  =  -4771213, 
L  cot  11°  10' = 10-70466,  L  sin  22°  20'  =  9-67977, 
L  tan  29°  22'  20" =9-76038,  L  tan  29°  22'  30"=9-76043, 
and  L  sm  49°  27'  34" = 9-88079. 
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0.    If  a=:2,  6=  1  +  V3,  and  C^6QP,  solve  the  triangle. 

10.  Two  sides  of  a  triangle  are  ^3  + 1  and  V^  - 1,  and  the  incladed 
angle  is  60° ;  find  the  other  side  and  angles. 

11.  If  &  =  1,  c=>J9  - 1,  and  il=60°,  find  the  length  of  the  side  a. 

12.  If  6=91,  c  =  I25  and  tan^  =  ^,  prove  that  a=204. 

31 

13.  If  a=5, 2>=4,  and  cos  (^  -  B)=^ ,  prove  that  the  third  side  c  will 

be  6. 

14.  One  angle  of  a  triangle  is  30°  and  the  lengths  of  the  sides 
adjacent  to  it  are  40  and  40^3  yards.  Find  the  length  of  the  third 
side  and  the  nnmber  of  degrees  in  the  other  angles. 

15.  The  sides  of  a  triangle  are  9  and  3,  and  the  difference  of  the 

angles  opposite  to  them  is  90°.    Find  the  base  and  the  angles,  having 

given 

log  2= -30103,  log  3 =-4771213, 

log  75894 = 4  -8802074,  log  75895  ==  4-8802132, 

L  tan  26°  33' =9*6986847 

and  L  tan  26°  34' =9 '6990006. 

16.  Two  sides  of  a  triangle  are  237  and  158  feet  and  the  contained 
angle  is  66°  40' ;  find  the  base  and  the  other  angles,  having  given 

log  2  =  -30103,  log  79 = 1-89763, 
log  22687 = 4  -35578,  L  cot  33°  20' = 10-18197 
L sin 33° 20' = 973998,  L tan  16° 54' = 9 -48262, 
L tan  16° 56'=9-48308,  L sec  16° 64'=1001917, 
and  L  sec  16°  55' = 10-01921. 

Use  the  formula  cot  — ^—  = nn  ^ . 

17.  If  tan  ^=^^;  cot  I . 

.    C 
sin  2 

prove  that  c  =  (a  +  6)  . 

OOS0 


200  TRIGONOMETRY.  [Exg.  XXX.] 

If  a=8,  6  =  1,  and  (7=53°7'48",  find  c  without  getting  A  and  B, 

given 

log 2  =  -30103,  Ipg 25298  =  44030862, 

log 25299 ^ 4*4031034,  L cos 26° 33' 54'' = 99515452, 

and  L  tan  26°  33'  54" = 9-6989700. 

In  the  following  4  examples^  the  required  logarithnu  must  be  taken 
from  the  tables, 

18.  If  a=242-5,  6=164-3,  and  C=64°36',  solve  the  triangle. 

19.  If  6 = 130,  c = 63,  and  ii = 42°  15'  30",  solve  the  triangle. 

20.  Two  sides  of  a  triangle  being  2265*4  and  1779  feet  and  the 
included  angle  58°  17' ;  find  the  remaining  angles. 

21.  Two  sides  of  a  triangle  being  237*09  and  130*96  feet  and  the 
included  angle  57°  59',  find  the  remaining  angles. 

184.     Case  III.     Given   two  sides  b  and  c  and  the 
angle  B  opposite  to  one  of  them. 

The  angle  G  is  given  by  the  relation 

sin  (7  _  sin  -B 

A 

i.e.  8in(7=rsini? (1). 

Taking  logarithms  we  determine    g 
G  and   then  il  (=  180° -5- C)  is 
found. 

The  remaining  side  a  is  then  found  from  the  relation 

a     _     h 
sin  A  ""  sin  JB ' 

I.  sin  ^  /av 

i.e.  a^h-^—f,  (2). 

sinij  ^  ^ 
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186.  The  equation  (1)  of  the  previous  article  gives  in 
some  cases  no  value,  in  some  cases  one,  and  sometimes 
two  values,  for  C. 

If  c  sin  jB  >  6,  the  right-hand  member  of  (1)  is  greater 
than  unity,  and  hence  there  is  no  corresponding  value 

for  a 

If  c  sin  5  =  6,  the  right-hand  member  of  (1)  is  equal 

to  unity  and  the  corresponding  value  of  C  is  90°. 

c  sm  B 
If  c  sin  B  <  b,  there  are  two  values  of  C  having    — v  - 

as  its  sine,  one  value  lying  between  0°  and  90°  and  the 
other  between  90°  and  180°. 

Both  of  these  values  are  not  however  always  admissible. 

For  if  6  >  c,  then  B>G.  The  obtuse-angled  value  of 
C  is  now  not  admissible ;  for,  in  this  case,  G  cannot  be 
obtuse  unless  B  be  obtuse  also,  and  it  is  manifestly 
impossible  to  have  two  obtuse  angles  in  a  triangle. 

If  b  <c  and  B  be  an  acute  angle,  both  values  of  C 
are  admissible.  Hence  there  are  two  values  found  for 
A  and  hence  the  relation  (2)  gives  two  values  for  a.  In 
this  case  there  are  therefore  two  triangles  satisfying  the 
given  conditions. 

Since,  for  some  values  of  6,  c  and  B,  there  is  a  doubt 
or  ambiguity  in  the  determination  of  the  triangle,  this 
case  is  called  the  Ambiguous  Case  of  the  solution  of 
triangles. 

186.  The  Ambiguous  Case  may  also  be  discussed 
in  a  geometrical  manner. 

Suppose  we  were  given  the  elements  b,  c  and  B  and 
that  we  proceeded  to  construct,  or  attempted  to  construct, 
the  triangle. 
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We  first  measure  an  angle  ABD  equal  to  the  given 
angle  B. 


^^ 


Fig.  1 


Fig.  4      • 


We  then  measure  along  BA  a  distance  BA  equal  to 
the  given  distance  c,  and  thus  determine  the  angular 
point  A. 

We  have  now  to  find  a  third  point  C,  which  must  lie 
on  BD  and  must  also  be  such  that  its  distance  from  A 
shall  be  equal  to  b. 

To  obtain  it,  we  describe  with  centre  A  a  circle  whose 
radius  is  6. 

The  point  or  points,  if  any,  in  which  this  circle  meets 
BD  will  determine  the  position  of  C. 

Draw  AD  perpendicular  to  BD,  so  that 

AD  =  AB  sin  5  =  c  sin  B, 

One  of  the  following  events  will  happen. 

The  circle  may  never  reach  BD  (Fig.  1)  or  it  may 
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touch  BD  (Fig.  2),  or  it  may  meet  BD  in  two  points  C^ 
and  Ga  (Figs.  3  and  4). 

In  the  case  of  Fig.  1,  it  is  clear  that  there  is  no 
triangle  satisfying  the  given  condition. 

Here  6  <  -42),  i.e.  <  c  sin  B. 

In  the  case  of  Fig.  2,  there  is  one  triangle  ABD 
which  is  right-angled  at  D.     Here 

b  =  AD  =  c  sin  B. 

In  the  case  of  Fig.  3,  there  are  two  triangles  ABC^ 
and  ABC^.  Here  b  lies  in  magnitude  between  AD  and  c, 
i.e.  6  is  >csinB  and  <  c. 

In  the  case  of  Fig.  4,  there  is  only  one  triangle  ABC^ 
satisfying  the  given  conditions  [the  triangle  ABO^  is 
inadmissible ;  for  its  angle  at  B  is  not  equal  to  B  but  is 
equal  to  180°— 5].  Here  b  is  greater  than  both  csin5 
and  c. 

To  sum  up : 

Given  the  elements  6,  c,  and  £  of  a  triangle, 

(a)     If  6  be  <  c  sin  B,  there  is  no  triangle. 

()8)    If  6  =  c  sin  Bf  there  is  one  triangle  right-angled. 

(7)  If  6  be  >  c  sin  B  and  <  c  and  B  be  acute,  there  are 
two  triangles  satisfying  the  given  conditions. 

(S)     If  6  be  >  c,  there  is  only  one  triangle. 
Clearly  if  6  =  c,  the  points  B  and  (7a  in  Fig.  3  coincide 
and  there  is  only  one  triangle. 

If  B  be  obtuse,  there  is  no  triangle  except  when  b>c. 

187.  The  ambiguous  case  may  also  be  considered 
algebraically  as  follows. 
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From  the  figure  of  Art.  184  we  have 

Ja  =  c"  4.  ct»  -  2ca  cos  5. 
.-.   a^  -  2ac  cos  J5  4-  c^  cos^  5  =  i^-  c^  +  c^  cos^  J? 

=  62-c2sin25. 


/.   a-cco8£=±  Vi^-c^sin^^, 


i,e.  a  =  c  COS  B  ±  's/b' "  d'siii'  B (1). 

Now  (1)  is  an  equation  to  determine  the  value  of  a 
when  6,  c  and  jB  are  given. 

(a)  If  i  <  c  sin  B,  the  quantity  Vt*  —  (f  sin*  B  is 
imaginary  and  (1)  gives  no  real  value  for  a. 

(13)  If  6  =  csin5,  there  is  only  one  value,  ccosB, 
for  a;  there  is  thus  only  one  triangle  which  is  right- 
angled. 

(7)  If  6  >  c  sin  jB,  there  are  two  values  for  a.  But, 
since  a  must  be  positive,  the  value  obtained  by  taking 
the  lower  sign  affixed  to  the  radical  is  inadmissible  unless 

c  cos  B  —  V6*  —  c*  sin^  B  is  positive, 
i.e.  unless  Vi*  —  c*  sin^  5  <  c  cos  JB, 

i,e.  unless  6*  -  c*  sin*  B<c^  cos*  B , 

i.e.  unless  ¥  <  c\ 

There  are  therefore  two  triangles  only  when  h  is 
>  c  sin  jB  and  at  the  same  time  <  c. 

188.    »«.    Given  ft  =  16,  c = 26,  and  B = 33°  16',  prove  that  the  triangle 
is  amhiguaas  and  find  the  other  angles ,  having  given 

log  2= -30103,  L  sin  33°  15' = 9-7390129, 
L«n  68°  66' =9-9327616, 
and  L  sin  68°  67' = 9*9328376. 
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We  have 

.     _     f   .     _     25  .    _     100  .    _     102   .    ««ote/ 
BmG=-BinB=:i^BmB=-^smB=-zrir  sin 33°  16'. 
6  16  64  2^ 

Hence  L8inC7=2+L8in33°15'-61og2 

=9-9328329. 

G  therefore  lies  between  58°  56'  and  58°  57',  so  that 

C=58°56'+x". 

For  a  difference  of  x"  in  the  angle  the  difference  in  the  log 

=9*9328329  -  9*9327616=  0000713. 

For  a  difference  of  60"  in  the  angle  the  difference 

=  9-9328376  -  9*9327616 = -0000760. 

X  _  -0000713  _  713 
^^^^  60  "  -0000760  "  760  * 

6x713     -^         , 
.-.   X  =  — =^ — = 56  nearly, 

BO  that  L  sin  C=L  sin  58°66'56". 

.-.   C= 58°  56' 56"  or  180°  -  58°  56' 56". 
Hence  (Fig.  3,  Art.  186)  we  have 

<7i = 68°  56'  66",  and  C^=  121°  3'  4". 
.-.    IBAC^= 180° - 33°  16' - 68° 66' 56"=  87° 48' 4", 
and  I  B^C2=180°-33°15'-121°3'4"=26°41'56". 

EXAMPLES.    XXXI. 

1.  If  a=5,  &= 7,  and  sin  ^^ = j ,  is  there  any  ambiguity? 

2.  If  a = 2,  c = /^3  + 1,  and  A = 45°,  solve  the  triangle. 

3.  If  a = 100,  c = 100  V3  and  A = 30°,  solve  the  triangle. 

3 

4.  If  25= 3a,  and  tan'^  =  - ,  prove  that  there  are  two  values  to  th& 

third  side,  one  of  which  is  double  the  other. 

5.  If  ^  =  30°,  6=8,  and  a=6,  find  c. 
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6.  Given  J5=30°,  c=160,  and  6=160^3,  prove  that  of  the  two 
triangles  which  satisfy  the  data  one  will  be  isosceles  and  the  other  right- 
angled.    Find  the  greater  value  of  the  third  side. 

Would  the  solution  have  been  ambiguous  had 

B=30°,  c=160,  and  6  =  75? 

7.  In  the  ambiguous  case  given  a,  &,  and  A^  prove  that  the  difference 
between  the  two  values  of  c  is  ^sjoi^  -  V^  sin^  A, 

8.  If  a =5,  6=4,  and  ^ =45°,  find  the  other  angles,  having  given 

log  2=  -30103,  L  sin  33°  29'= 9-7620607, 
and  L  sin  33°  30^ = 9*7530993. 

9.  If  a =9,  6=12,  and  -4  =30°,  find  c,  having  given 

log  2  =  -30103,  log  3  =  -47712, 

log  171  =  2-23301,  log  368 = 2-66635, 

Jj  sin  11°  48'  39" = 9-31108,  L  sin  41°  48'  39" = 9-82391, 
and  L  sin  108°  11'  21" = 9-977774. 

10.  Point  out  whether  or  no  the  solutions  of  the  following  triangles 
are  ambiguous. 

Find  the  smaller  value  of  the  third  side  in  the  ambiguous  case  and 
the  other  angles  in  both  cases. 

(1)  A- 30°,  c = 250  feet,  and  a = 125  feet ; 

(2)  A = 30°,  c = 250  feet,  and  a = 200  feet. 
Given  log  2  =  -30103,  log  6-03893  =  -7809601, 

.  i  sin  38°  41' =9-7958800, 
and  L  sin  8°  41' = 9*1789001. 

11.  Given  a = 250,  h = 240,  and  A = 72°  4'  48",  find  the  angles  B  and  C, 
and  state  whether  they  can  have  more  than  one  value,  given 

log  2-5 = -3979400,  log  2  -4 = -3802112, 

L  sin  72°  4' =9 -9783702,  L  sin  72°  5'= 9-9784111, 

and  L  sm  66°  54' = 9-9606739. 

12.  Two  straight  roads  intersect  at  an  angle  of  30° ;  from  the  point  of 
junction  two  pedestrians  A  and  B  start  at  the  same  time,  A  walking 
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along  one  road  at  the  rate  of  5  miles  per  boor  and  B  walking  oniformly 
along  the  other  road.  At  the  end  of  3  hoars  they  are  9  miles  apart. 
Shew  that  there  are  two  rates  at  which  B  may  walk  to  fulfil  this 
condition  and  find  them. 

For  the  following  3  examples,  a  hook  of  tables  will  be  required. 

13.  Two  sides  of  a  triangle  are  1015  feet  and  732  feet  and  the  angle 
opposite  the  latter  side  is  40*^ ;  find  the  angle  opposite  the  former  and 
prove  that  more  than  one  value  is  admissible. 

14.  Two  sides  of  a  triangle  being  5374*5  and  1586*6  feet,  and  the 
angle  opposite  the  latter  being  15°  11',  calculate  the  other  angles  of  the 
triangle  or  triangles. 

15.  Given  ^  =  10°,  a =2308*7,  and  &= 7903*2,  find  the  smaller  value 
of  c. 

189.  Cdse  IV.     Oiven  one  side  and  two  angles,  viz. 
a,  B,  and  C. 

Since  the  three  angles  of  a  triangle  are  together  equal 
to  two  right  angles,  the  third  angle 
is  given  also.  ^X\A 

The  sides  b  and  c  are  now  obtained  c 

from  the  relations 

b     _     c     ^     a_  B-*^^-^ 5 ^-^C 

sin  B     sin  G     sin  A  ' 

.  .  ,         sin  B        ,  sin  G 

ffivmg  6  =  a  - — 7  ,  and  c  =  a— — -,- . 

^       ^  smJ.'  sin-4 

190.  Gase  V.     The  three  angles  -4,  B  and  G  given. 

Here  the  ratios  only  of  the  sides  can  be  determined 
by  the  formulae 

sin  A     sin  B  "  sin  G' 
Their  absolute  magnitudes  cannot  be  found. 
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EXAMPLES.    ZXXn. 

17  1 

1.  If  COB  A=^  and  cos  C= :pj ,  find  the  ratio  otaib  :  e. 

2.  The  angles  of  a  triangle  are  as  1  :  2  :  7 ;  prove  that  the  ratio  of 
the  greatest  side  to  the  least  side  is  ^^5  + 1 :  ^5  - 1. 

3.  If  ii  =  46°,  B = 76°,  and  C = 60°,  prove  that  a  +  c  ^/2  =  26. 

4.  Two  angles  of  a  triangle  are  41°  13'  22"  and  71°  19'  6"  and  the  side 

opposite  the  first  angle  is  hh\  find  the  side  opposite  the  latter  angle, 

given 

log  56 = 1-7403627,  log  79063 =4-8979775, 

L  sin  41°  13'  22" =9-8188779, 

and  h  sin  71°  19'  6" = 9-9764927. 

5.  From  each  of  two  ships,  one  mile  apart,  the  angle  is  observed 
which  is  subtended  by  another  ship  and  a  beacon  on  shore ;  these  angles 
are  fonnd  to  be  52°  26'  16"  and  75°  9'  30"  respectively.    Given 

L  sin  75°  9'  30" =9-9852635, 
i  sin  52°  26'  16" = 9-8990056,  log  1  -2197  =  -0862630 
and  log  1-2198=  -0862886, 

find  the  distance  of  the  beacon  from  each  of  the  ships. 

6.  The  base  angles  of  a  triangle  are  22^°  and  112^° ;  prove  that  the 
base  is  equal  to  twice  the  height. 

For  the  following  6  questions  a  book  of  tables  is  required, 

7.  The  base  of  a  triangle  being  seven  feet  and  the  base  angles 
129°  23'  and  38°  36',  find  the  length  of  its  shorter  side. 

8.  If  the  angles  of  a  triangle  be  as  6  :  10  :  21,  and  the  side  opposite 
the  smaller  angle  be  3  feet,  find  the  other  sides. 

9.  The  angles  of  a  triangle  being  150°,  18°  20',  and  11°  40',  and  the 
longest  side  being  1000  feet,  find  the  length  of  the  shortest  side. 

10.  To  get  the  distance  of  a  point  A  from  a  point  B,  a  line  BC  and 
the  angles  ABC  and  BCA  are  measured,  and  are  found  to  be  287  yards 
and  56°  32'  10"  and  51°  8'  20"  respectively.    Find  the  distance  AB, 

11.  To  find  the  distance  from  ^  to  P  a  distance,  AB^  of  1000  yards  is 
measured  in  a  convenient  direction.  At  A  the  angle  PAB  is  found  to  be 
41°  18'  and  at  B  the  angle  PBA  is  found  to  be  114°  38'.  What  is  the 
required  distance  to  the  nearest  yard  f 
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HEIGHTS  AND  DISTANCES. 


191.  In  the  present  chapter  we  shall  consider  some 
questions  of  the  kind  which  occur  in  land-surveying*. 
Simple  questions  of  this  kind  have  abeady  been  considered 
in  Chapter  III. 

192.  To  find  the  height  of  an  inaccessible  tower  by 
means  of  observations  made  at  distant  points. 

Suppose  PQ  to  be  the  tower  and  that  the  ground 
passing  through  the  foot  Q  of  the 
tower  is  horizontal.  At  a  point  A 
on  this  ground  measure  the  angle 
of  elevation  a  of  the  top  of  the 
tower. 

Measure  off  a  distance  AB{=a) 
from  A  directly  toward  the  foot  of 
the  tower,  and  at  B  measure  the  angle  of  elevation  13, 

To  find  the  unknown  height  x  of  the  tower,  we  have 
to  connect  it  with  the  measured  length  a.  This  is  best 
done  as  follows : 

L.  T.  14 
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From  the  triangle  PBQ  we  have 


BP 

and  from  the  triangle  PAB  we  have 

PB     am  PAB  sin  a 


""   -sin)8 (1), 


.(2), 


a       sin  BPA     sin  (/8  —  a) 

since  zBPA^zQBP-zQAP=^l3-a. 

From  (1)  and  (2),  by  multiplication,  we  have 

a?  _  sin  a  sin  ^ 
a"'sin()8  — a)' 

_    sin  a  sin  yS 
8m(p— a) 

The  height  x  is  therefore  given  in  a  form  suitable  for 
logarithmic  calculation. 

Numerical  Example,    If  a = 100  feet,  a = 30°,  and  j8 = 60°,  then 

,-^ Bin 80° sin  60°     -^    JS    _^.^  .    . 

^=100 .    -.Q —  =  100  X  ^=86*6  feet. 

sm  30°  2 

193.     It    is  often  not  convenient    to   measure    AB 
directly  towards  Q. 

Measure  therefore  AB  in  any 
other  suitable  direction  on  the  hori- 
zontal ground  and  at  A  measure  the 
angle  of  elevation  a  of  P,  and  also 
the  angle  Pil5(=/8). 

At  B  measure  the  angle  PBA 

(=7). 

In  the  triangle  PAB  we  have  then 

Z  APB  =  180°  -  Z  PAB  -  Z  PBA  =  180°  -  (^  +  y). 


Hence 
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AP     sin  PB  A  sin  7 


a       sin  BPA     sin  (/8  +  y) ' 
From  the  triangle  PAQ,  we  have 

.  rk  ,  sin  a  sin  7 

sin()8+7) 

Hence  oc  is  found  by  an  expression  suitable  for 
logarithmic  calculation. 

194.  To  find  the  distance  between  two  inaccessible  points 
by  means  of  observations  made  at  two  points  the  distance 
between  which  is  known,  all  four  points  being  supposed  to 
be  in  one  plane. 

Let  P  and  Q  be  two  points  whose  distance  apart,  PQ, 
is  required. 

Let  A  and  B  be  the  two  known 
points  w^hose  distance  apart,  AB,  is 
given  to  be  equal  to  a. 

At  A  measure  the  angles  PAB 
and  QAB,  and  let  them  be  a  and  /3 
respectively. 

At  B  measure  the  angle  PBA  and  QBA,  and  let  them 
be  7  and  S  respectively. 

Then  in  the  triangle  PAB  we  have  one  side  a  and  the 
two  adjacent  angles  a  and  7  given,  so  that,  as  in  Art.  163, 
we  have  AP  given  by  the  relation 

AP        sin  7  sin  7 


a       sin  APB     sin  (a  +  7) ' 
In  the  triangle  QAB  we  have,  similarly, 

AQ         sinS 


(1). 


a       sin(^  +  S) 


(2). 

14—2 
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In  the  triangle  APQ  we  have  now  determined  the 
sides  AP  and  AQ ;  also  the  included  angle  PAQ(=^  a  —  /8) 
is  known.  We  can  therefore  find  the  side  PQ  by  the 
method  of  Art.  181. 

If  the  four  points  -4,  J5,  P,  and  Q  be  not  in  the  same 
plane,  we  must,  in  addition,  measure  the  angle  PAQ;  for 
in  this  case  PAQ  is  not  equal  to  a  —  )8.  In  other  respects 
the  solution  will  be  the  same  as  above. 

196.    Bearings  and  Points  of  the  Compass.  The 

Bearing  of  a  given  point  B  as  seen  from  a  given  point 
0  is  the  direction  in  which  B  is  seen  from  0.     Thus  if 
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the  direction  of  OB  bisect  the  angle  between  East  and 
North,  the  bearing  of  B  is  said  to  be  North-East. 

If  a  line  is  said  to  bear  20°  West  of  North  we  mean 
that  it  is  inclined  to  the  North  direction  at  an  angle  of 
20°,  this  angle  being  measured  from  the  North  towards 
the  West. 
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To  facilitate  the  statement  of  the  bearing  of  a  point 
the  circumference  of  the  mariner's  compass-card  is  divided 
into  32  equal  portions,  as  in  the  above  figure,  and  the  sub- 
divisions marked  as  indicated.  Consider  only  the  quadrant 
between  East  and  North.  The  middle  point  of  the  arc 
between  N.  and  E.  is  marked  North-East  (N.E.).  The 
bisectors  of  the  arcs  between  N.E.  and  N.  and  E.  are 
respectively  called  North-North-East  and  East-North- 
East  (N.N.E.  and  E.N.E.).  The  other  four  subdivisions, 
reckoning  from  N.,  are  called  North  by  East,  N.E.  by 
North,  N.E.  by  East,  and  East  by  North.  Similarly  the 
other  three  quadrants  are  subdivided. 

It  is  clear  that  the  arc  between  two  subdivisions  of 

the  card  subtends   an   aogle   of  -nH"i  *'^'  lli°>  ^^  the 
centre  0. 


EXAMPLES. 


:♦.«  1 1 


1,  A  flagstaff  stands  on  the  middle  of  a  square  tower.  A  man  on 
the  ground  opposite  the  middle  of  one  face  and  distant  from  it  100  feet 
just  sees  the  flag ;  receding  another  100  feet  the  tangents  of  elevation  of 

the  top  of  the  tower  and  the  top  of  the  flagstaff  are  found  to  be  ^ 

and  ^ .    Find  the  dimensions  of  the  tower  and  the  height  of  the  flagstaff, 
the  ground  being  horizontal. 

2.  A  man,  walking  on  a  level  plane  towards  a  tower,  observes  that 
at  a  certain  point  the  angular  height  of  the  tower  is  10°  and  after  going 
50  yards  nearer  the  tower  the  elevation  is  found  to  be  15°.    Having  given 

I,  sin  15° = 9  '4129962,    L  cos  5° = 9  '99S3442, 

log  25 '783 =1-4118334  and  log  25*784 =1-4113503, 

find,  to  4  places  of  decimals,  the  height  of  the  tower  in  yards. 
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3.  DE  is  a  tower  standing  on  a  horizontal  plane  and  ABCD  is  a 
straight  line  in  the  plane.  The  height  of  the  tower  subtends  an  angle  9 
at  ^,  2^  at  Bt  and  SO  at  C.  It  AB  and  BC  be  respectively  50  and  20  feet» 
find  the  height  of  the  tower  and  the  distance  CD, 

4.  A  tower,  50  feet  high,  stands  on  the  top  of  a  mound ;  from  a 
point  on  the  ground  the  angles  of  elevation  of  the  top  and  bottom  of  the 
tower  are  found  to  be  75^  and  45°  respectively;  find  the  height  of  the 
mound. 

5.  A  vertical  pole  (more  than  100  feet  high)  consists  of  two  parts, 

the  lower  being  ^rd  of  the  whole.    From  a  point  in  a  horizontal  plane 

o 

through  the  foot  of  the  pole  and  40  feet  from  it,  the  upper  part  subtends 
an  angle  whose  tangent  is  ^ .     Find  the  height  of  the  pole. 

6.  A  tower  subtends  an  angle  a  at  a  point  on  the  same  level  as  the 
foot  of  the  tower  and  at  a  second  point,  h  feet  above  the  first,  the 
depression  of  the  foot  of  the  tower  is  /3.    Find  the  height  of  the  tower. 

7.  A  person  in  a  balloon,  which  has  ascended  vertically  from  flat 
land  at  the  sea  level,  observes  the  angle  of  depression  of  a  ship  at  anchor 
to  be  30°;  after  descending  vertically  for  600  feet  he  finds  the  angle 
of  depression  to  be  15°;  find  the  horizontal  distance  of  the  ship  from  the 
point  of  ascent. 

8.  PQ  is  a  tower  standing  on  a  horizontal  plane,  Q  being  its  foot ; 
A  and  B  are  two  points  on  the  plane  such  that  the  l  QAB  is  90°,  and  AB 
is  40  feet.    It  is  found  that 

Got PAQ=^  and  cot PBQ=^, 

Find  ^e  height  of  the  tower. 

9.  A  column  is  E.S.E.  of  an  observer  and  at  noon  the  end  of  the 
shadow  is  North-East  of  him.  The  shadow  is  80  feet  long  and  the 
elevation  of  the  column  at  the  observer's  station  is  45°.  Find  the  height 
of  the  column. 

10.  A  tower  is  observed  from  two  stations  A  and  B,  It  is  found  to 
be  due  north  of  A  and  north-west  of  ^.  B  ia  due  east  of  A  and  distant 
from  it  100  feet.  The  elevation  of  the  tower  as  seen  from  A  is  the 
complement  of  the  elevation  as  seen  from  B.  Find  the  height  of  the 
tower. 
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11.  The  elevation  of  a  steeple  at  a  place  due  soath  of  it  is  45®  and 
at  another  place  dae  west  of  it  the  elevation  is  15®.  If  the  distance 
between  the  two  places  be  a,  prove  that  the  height  of  the  steeple  is 

a(V8-l) 
24^3      • 

12.  A  person  stands  in  the  diagonal  prodaoed  of  the  square  base  of 
a  church  tower,  at  a  distance  2a  from  it,  and  observes  the  angles  of 
elevation  of  each  of  the  two  outer  corners  of  the  top  of  the  tower  to  be 
30®,  whilst  that  of  the  nearest  comer  is  45®.  Prove  that  the  breadth  of 
the  tower  is  a  (^10  -mJ2). 

13.  A  person  standing  at  a  point  A  due  south  of  a  tower  built  on  a 
horizontal  plane  observes  the  altitude  of  the  tower  to  be  60®.  He  then 
walks  to  B  due  west  of  A  and  observes  the  altitude  to  be  45®,  and  again 
at  C  in  AB  produced  he  observes  it  to  be  30®.  Prove  that  B  is  midway 
between  A  and  C. 

14.  At  each  end  of  a  horizontal  base  of  length  2a  it  is  found  that 
the  angular  height  of  a  certain  peak  is  0  and  that  at  the  middle  point  it 
is  0.    Prove  that  the  vertical  height  of  the  peak  is 

a  sin  0  sin  <f> 
jBiD,(4>  +  e)8in((f>'-e)' 

15.  A  and  B  are  two  stations  1000  feet  apart;  P  and  Q  are  two 
stations  in  the  same  plane  &b  AB  and  on  the  same  side  of  it ;  the  angles 
PAB,  PBA,  QAB,  and  QBA  are  respectively  75®,  30®,  46®,  and  90®;  find 
how  far  P  is  from  Q  and  how  far  each  is  from  A  and  B. 

For  the  following  4  examples  a  hook  of  tables  will  he  wanted. 

16.  At  a  point  on  a  horizontal  plane  the  elevation  of  the  summit  of 
a  mountain  is  found  to  be  22®  15'  and  at  another  point  on  the  plane  a 
mile  further  away  in  a  direct  line  its  elevation  is  10®  12';  find  the  height 
of  the  mountain. 

17.  From  the  top  of  a  hill  the  angles  of  depression  of  two  successive 
milestones,  on  level  ground  and  in  the  same  vertical  plane  with  the 
observer,  are  found  to  be  5®  and  10®  respectively.  Find  the  height  of  the 
hill  and  the  horizontal  distance  to  the  nearest  milestone. 

18.  A  castle  Aud  a  monument  stand  on  the  same  horizontal  plane. 
The  height  of  the  castle  is  140  feet  and  the  angles  of  depression  of  the 
top  and  bottom  of  the  monument  as  seen  from  the  top  of  the  castle  are 
40®  and  80®  respectively.    Find  the  height  of  the  monument. 
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19.  A  flagBtafif  PN  stands  on  level  ground.  A  base  AB  ib  measured 
at  right  angles  to  AN^  the  points  A^  B  and  N  being  in  the  same  horizontal 
plane,  and  the  angles  PAN  and  PBN  are  found  to  be  a  and  j8  respectively. 
Prove  that  the  height  of  the  flagstaff  is 

.  _            sin  a  sin  )3 
AB     .  — = ^;^_-  . 

/^sin  (a  -  )3)  sin  (a + /3) 
If  ^B=100  feet,  a=70°,  and  /3=50°,  calculate  the  height. 

20.  A  man  standing  due  south  of  a  tower  on  a  horizontal  plane 
through  its  foot  finds  the  elevation  of  the  top  of  the  tower  to  be  54°  16'; 
he  goes  east  100  yards  and  finds  the  elevation  to  be  then  50°  8'.  Find 
the  height  of  the  tower. 

21.  A  man  in  a  balloon  observes  that  the  angle  of  depression  of  an 
object  on  the  ground  bearing  due  north  is  33° ;  the  balloon  drifts  3  miles 
due  west  and  the  angle  of  depression  is  now  found  to  be  21°.  Find  the 
height  of  the  balloon. 

22.  From  the  extremities  of  a  horizontal  base-line  AB^  whose  length 
is  1000  feet,  the  bearings  of  the  foot  C  of  a  tower  are  observed  and  it  is 
found  that  zC^£= 56° 23',  LCBA-^T\h\  and  that  the  elevation  of 
the  tower  from  A  is  9°  25' ;  find  the  height  of  the  tower. 

196.  Ex.  A  flagstaff  is  on  the  top  of  a  tower  which 
stands  on  a  horizontal  plane.  A  person  observes  the  angles, 
a  and  ^,  subtended  at  a  point  on  the  horizontal  plane  by  the 
flagstaff  and  the  tower ;  he  then  walks  a  known  distance  a 
toward  the  tower  and  finds  thai  the  flagstaff  subtends  the 
same  angle  as  before;  prove  that  the  height  of  the  tower 
and  the  length  of  the  flagstaff  are  respectively 

a  sin  )8  cos  (a  +  /8)        ,        a  sin  a 
cos  (a +2^)  cos(a  +  2^)* 

Let  P  and  Q  be  the  top  and  foot  of  the  tower,  and  let 
PR  be  the  flagstaff.  Let  A  and  B  be  the  points  at  which 
the  measurements  are  taken,  so  thatzP^Q  =  ^  and 
Z  PAR  =  Z  PER  =  a.  Since  the  two  latter  angles  are 
equal,  a  circle  will  go  through  the  four  points  A,  B,  P, 
and  R, 
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To  get  the  height  of  the  flagstaff  we  have  to  connect 
the  unknown  length  PR  with  the  known  length  AB. 
This   may  be    done    by   connecting    each   with    the 

length  AR. 

To  do  this,  we  must  first 
determine  the  angles  of  the 
triangles  ARP  and  ARE. 

Since  A,  B,  P,  and  R  lie  on  a 
circle,  we  have 

^BRP  =  zBAP^fi, 
and      Z  APB  =  Z  ARB  =  0  (say).  A 

Also         Z  APR  =  90°  +  Z  P^Q  =  90°  + 13. 
Hence,   since   the   angles  of  the  triangle  APR  are 
together  equal  to  two  right  angles,  we  have 

180°  =  a-i-(90°  +  /8)  +  (d  +  /3), 

so  that  d  =  90°-(a  +  2/3) (1). 

From  the  triangles  APR  and  ABR  we  then  have 
PR  ^     AR     ^      AR     ^    a       ^^  ^gg. 
sin  a     sin  RP A     sin  RB A     sind 
[It   will   be   found  in  Chap.  XV.  that  each   of  these 
quantities  is  equal  to  the  radius  of  the  circle.] 
Hence  the  height  of  the  flagstaff 

a  sin  a  a  sin  a       i     /,  x 

y  by  (1). 


=  PR  = 


sin  0      cos  (a  +  2/3) 


Again 


^  =  cosjBPQ  =  co8(a  +  /3). 
PB     sin  PAB     sin  /3 


(2), 
(3). 


a   "  sin  APB  ~"  sin  0 

Hence,  from  (2)  and  (3),  by  multiplication, 

PQ  _  sin  )8  cos  (a  +  y8)  _  sin  /8  cos  (a  +  /8)    i^    /-in 
a   "  sine  "cos  (a +  2)8)     '  ""^  ^^^- 
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Also  BQ  =  PQ  tan  BPQ  =  PQ  tan  (a  +  /3) 

sin  /3  sin  (a  +  yS) 


=  a 


cos  (a  +  2)3) 


and     ^Q  =  a  +  ^Q=a"^^(^  +  ^^)  +  ^^^^^^^'<«-^^) 
^  ^  cos  (a  +  20) 

_     cos  y8  cos  (g  +  /3) 
"  ^     cos  (a  H-  2/3)     ' 

If  a,  a,  and  0  be  given  numerically  these  results  are 
all  in  a  form  suitable  for  logarithmic  computation. 

197.  Ex.  A  man  walks  along  a  straight  road  and 
observes  that  the  greatest  angle  subtended  by  two  objects  is  a  ; 
from  the  point  where  this  greatest  angle  is  subtended  he  walks 
a  distance  c  along  the  road  and  finds  that  the  two  objects  are 
now  in  a  straight  line  luhich  makes  an  angle  y8  with  the 
road;  prove  that  the  distance  between  the  objects  is 

c  sm  a  sin  )8  sec — s"^  sec  -~- , 

Let  P  and  Q  be  the  two  points  and  let  PQ  meet 
the  road  in  B, 
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If  A  be  the  point  at  which  the  greatest  angle  is 
subtended  then  A  must  be  the  point  where  a  circle  drawn 
through  P  and  Q  touches  the  road. 

[For,  take  any  other  point  A'  on  AB  and  join  it  to  P 
cutting  the  circle  in  R  and  join  A'Q  and  RQ. 

Then  Z  PA'Q  <  Z  PRQ  (Euc.  I.  16), 

and  therefore  <  Z  PAQ  (Euc.  III.  21).] 

Let  the  angle  QAB  be  called  0.  Then  (Euc.  III.  32) 
the  angle  APQ  is  6  also. 

Hence  180°  =  sum  of  the  angles  of  the  triangle  PAB 

so  that  ^=90"-^^. 

From  the  triangles  PAQ  and  QAB  we  have 

PQ  _ sing  ,  AQ _     sin  /8     _      sin y8 

AQ  ""  sin  ^ '  c    ~ Sn  AQB^  sin(^  +  a) * 

Hence,  by  multiplication,  we  have 

PQ  _      sin  a  sin  )8 
c   ""  sin  ^  sin  (^  +  a) ' 

sin  a  sin  0 


cos  — :^~  COS  -^e- 


.'.  FQ  =  c  Sin  OL  Sin  p  sec —^ — sec — ^— 
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EXAMPLES.    XXXIV. 

1.  A  bridge  has  5  equal  spans,  each  of  100  feet  measured  from  the 
centre  of  the  piers,  and  a  boat  is  moored  in  a  line  with  one  of  the  middle 
piers.  The  whole  length  of  the  bridge  subtends  a  right  angle  as  seen 
from  the  boat.  Prove  that  the  distance  of  the  boat  from  the  bridge  is 
100^6  feet. 

2.  A  ladder  placed  at  an  angle  of  75°  just  reaches  the  sill  of  a 
window  at  a  height  of  27  feet  above  the  ground  on  one  side  of  a  street 
On  turning  the  ladder  over  without  moving  its  foot,  it  is  found  that 
when  it  rests  against  a  wall  on  the  other  side  of  the  street  it  is  at  an 
angle  of  15°  with  the  ground.  Prove  that  the  breadth  of  the  street  and 
the  length  of  the  ladder  are  respectively 

27(3  +  ^3)  and  27  (^6  -  ^2)  feet. 

3.  From  a  house  on  one  side  of  a  street  observations  are  made  of  the 
angle  subtended  by  the  height  of  the  opposite  house ;  from  the  level  of 
the  street  the  angle  subtended  is  the  angle  whose  tangent  is  3 ;  from  two 
windows  one  above  the  other  the  angle  subtended  is  found  to  be  the 
angle  whose  tangent  is  -3;  the  height  of  the  opposite  house  being 
60  feet,  find  the  height  above  the  street  of  each  of  the  two  windows. 

4.  A  rod  of  given  length  can  turn  in  a  vertical  plane  passing  through 
the  sun,  one  end  being  fixed  on  the  ground ;  find  the  longest  shadow  it 
can  cast  on  the  ground. 

Calculate  the  altitude  of  the  sun  when  the  longest  shadow  it  can  cast 
is  3^  times  the  length  of  the  rod. 

5.  A  ship  A  observes  another  ship  B  leaving  a  harbour,  whose 
bearing  is  then  N.W.  After  10  minutes  A^  having  sailed  one  mile  N.E., 
sees  B  due  west  and  the  harbour  then  bears  60°  West  of  North.  After 
another  10  minutes  B  is  observed  to  bear  S.W.  Find  the  distances 
between  A  and  B  at  the  first  observation  and  also  the  direction  and  rate 
ofB. 

6.  A  ship  sailing  north  sees  two  lighthouses,  which  are  6  miles 
apart,  in  a  line  due  west ;  after  an  hour's  sailing  one  of  them  bears  S.W. 
and  the  other  S.S.W.    Find  the  ship^s  rate. 
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7.  A  ship  sees  a  lighthoase  N.W.  of  itself.  After  sailing  for  12  miles 
in  a  direction  15°  south  of  W.  the  lighthoase  is  seen  due  N.  Find 
the  distance  of  the  lighthoase  from  the  ship  in  each  position. 

8.  A  man,  travelling  west  along  a  straight  road,  observes  that  when 
ha  is  due  soath  of  a  certain  windmill  the  straight  line  drawn  to  a  distant 
oharch  makes  an  angle  of  80°  with  the  road.  A  mile  farther  on  the 
bearings  of  the  windmill  and  tower  are  respectively  N.E.  and  N.W.  Find 
the  distances  of  the  tower  from  the  windmill  and  from  the  nearest  point 
of  the  road. 

9.  An  observer  on  a  headland  sees  a  ship  dae  north  of  him ;  after  a 
quarter  of  an  hour  he  sees  it  due  east  and  after  another  half-hour  he  seea 
it  due  south-east;  find  the  direction  that  the  ship's  coarse  makes  vdth 
the  meridian  and  the  time  after  the  ship  is  first  seen  antil  it  is  nearest 
the  observer,  supposing  that  it  sails  uniformly  in  a  straight  line. 

10.  A  man  walking  along  a  straight  road  which  runs  in  a  direction 

30°  east  of  north  notes  when  he  is  due  south  of  a  certain  house ;  when  he 

has  walked  a  mile  further  he  observes  that  the  house  lies  due  west  and 

that  a  windmill  on  the  opposite  side  of  the  road  is  N.E.  of  him ;  three 

miles  further  on  he  finds  that  he  is  due  north  of  the  windmill;  prove 

that  the  line  joining  the  house  and  the  windmill  makes  with  the  road 

the  angle  whose  tangent  is 

48-25^3 

n    • 

11.  Af  Bf  and  C  are  three  consecutive  milestones  on  a  straight  road 
from  each  of  which  a  distant  spire  is  visible.  The  spire  is  observed  to 
bear  north-east  at  A,  east  at  By  and  60°  east  of  south  at  C,    Prove  that 

IT     I     C       /Q 

the  shortest  distance  of  the  spire  from  the  road  is  — ^.      miles. 

lo 

12.  Two  stations  due  south  of  a  tower,  which  leans  towards  the 
north,  are  at  distances  a  and  b  from  its  foot;  if  a  and  p  be  the 
elevations  of  the  top  of  the  tower  from  these  stations,  prove  that  its 

inclination  to  the  vertical  is 

^  ,  6  cot  a  -  a  cot  iS 

cot""^ 7 ~  . 

o-a 

13.  From  a  point  A  on  &  level  plane  the  angle  of  elevation  of  a 
balloon  is  a,  the  balloon  being  south  of  A  ;  from  a  point  B  which  is  at  a 
distance  C  south  of  A  the  balloon  is  seen  northwards  at  an  elevation  of 
P;  find  the  distance  of  the  balloon  from  A  and  its  height  above  the 
ground. 
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14.  A  statue  on  the  top  of  a  pillar  subtends  the  same  angle  a  at 

distances  of  9  and  11  yards  from  the  pillar ;  if  tan  a= yo  *  ^^^  ^^^  height 
of  the  pillar  and  of  the  statue. 

15.  A  tower  and  a  spire  on  the  top  of  the  tower  subtend  equal  angles 
at  a  point  whose  distance  from  the  foot  of  the  tower  is  a ;  if  /(  be  the 
height  of  the  tower,  prove  that  the  height  of  the  spire  is 

16.  A  flagstaff  on  the  top  of  a  tower  is  observed  to  subtend  the  same 
angle  at  two  points  on  a  horizontal  plane,  which  lie  on  a  line  passing 
iihrough  the  centre  of  the  base  of  the  tower  and  whose  distance  from  one 
another  is  2a,  and  an  angle  /3  at  a  point  halfway  between  them.  Prove 
that  the  height  of  the  flagstaff  is 


a  sin  o.  ^  I 

'V  cos  a 


2sin/3 


cos  a  sin  (a  -  /3)  * 

17.  An  observer  in  the  first  place  stations  himself  at  a  distance  a 
feet  from  a  column  standing  upon  a  mound.    He  finds  that  the  column 

subtends  an  angle,  whose  tangent  is  ^ ,  at  his  eye  which  may  be  supposed 

to  be  on  the  horizontal  plane  through  the  base  of  the  mound.    On 

2 

moving  »  ^  ^^et  nearer  the  column  he  finds  that  the  angle  subtended  is 
o 

unchanged.    Find  the  height  of  the  mound  and  of  the  column. 

18.  A  church  tower  stands  on  the  bank  of  a  river  which  is  150  feet 
wide  and  on  the  top  of  the  tower  is  a  spire  30  feet  high.  To  an  observer 
on  the  opposite  bank  of  the  river  the  spire  subtends  the  same  angle  that 
a  pole  six  feet  high  subtends  when  placed  upright  on  the  ground  at  the 
foot  of  the  tower.     Prove  that  the  height  of  the  tower  is  nearly  285  feet. 

19.  A  person,  wishing  to  ascertain  the  height  of  a  tower,  stations 
himself  on  a  horizontal  plane  through  its  foot  at  a  point  at  which  the 
elevation  of  the  top  is  30°.  On  walking  a  distance  a  in  a  certain  direction 
he  finds  that  the  elevation  of  the  top  is  the  same  as  before,  and  on  then 

^^ralking  a  distance  ^  a  at  right  angles  to  his  former  direction  he  finds  the 

o 

elevation  of  the  top  to  be  60°.    Prove  that  the  height  of  the  tower  is 
either       '  ^  ' 
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20.  The  angles  of  elevation  of  the  top  of  a  tower,  standing  on  a 
horizontal  plane,  from  two  points  distant  a  and  h  from  the  base  and  in 
the  same  straight  line  with  it  are  complementary.    Prove  that  the  height 

of  the  tower  is  Jah  feet,  and,  if  ^  be  the  angle  subtended  at  the  top  of 
the  tower  by  the  line  joining  the  two  points,  then  sin  ^=  — ^ . 

21.  A  tower  150  feet  high  stands  on  the  top  of  a  oliff  80  feet  high. 
At  what  point  on  the  plane  passing  through  the  foot  of  the  cliff  must  an 
observer  place  himself  so  that  the  tower  and  the  cliff  may  subtend  equal 
angles,  the  height  of  his  eye  being  5  feet? 

22.  A  statue  on  the  top  of  a  pillar,  standing  on  level  ground,  is 
found  to  subtend  the  greatest  angle  a  at  the  eye  of  an  observer  when  his 
distance  from  the  pillar  is  c  feet ;  prove  that  the  height  of  the  statue  is 
2c  tan  a  feet,  and  find  the  height  of  the  pillar. 

23.  A  tower  stood  at  the  foot  of  an  inclined  plane  whose  inclination 

to  the  horizon  was  9°.    A  line  100  feet  in  length  was  measured  straight 

up  the  incline  from  the  foot  of  the  tower,  and  at  the  end  of  this  line  the 

tower  subtended  an  angle  of  54^     Find  the  height  of  the  tower,  having 

given 

log  2==-3010d,     log  114-122:=:20584726, 

and  L  sin  54° =9-9079576. 

24.  A  vertical  tower  stands  on  a  declivity  which  is  inclined  at  15°  to 
the  horizon.  From  the  foot  of  the  tower  a  man  ascends  the  declivity  for 
80  feet,  and  then  finds  that  the  tower  subtends  an  angle  of  30°.  Prove 
that  the  height  of  the  tower  is  40  (,^6  -  »J2)  feet. 

25.  The  altitude  of  a  certain  rock  is  47°  and  after  walking  towards  it 
1000  feet  up  a  slope  inclined  at  S0°  to  the  horizon  an  observer  finds  its 
altitude  to  be  77°.  Find  the  vertical  height  of  the  rock  above  the  first 
point  of  observation,  given  that  sin  47° ='73135. 

26.  A  man  observes  that  when  he  has  walked  c  feet  up  an  inclined 
plane  the  angular  depression  of  an  object  in  a  horizontal  plane  through 
the  foot  of  the  slope  is  a,  and  that,  when  he  has  walked  a  further  distance 
of  c  feet  the  depression  is  j8.  Prove  that  the  inclination  of  the  slope  to 
the  horizon  is  the  angle  whose  cotangent  is 

(2cotj8-cota). 
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27.  A.  regular  pyramid  on  a  square  base  has  an  edge  150  feet  long 
and  the  length  of  the  side  of  its  base  is  200  feet.  Find  the  inclination  of 
its  faoe  to  the  base. 

28.  A  pyramid  has  for  base  a  square  of  side  a ;  its  vertex  lies  on  a 
line  through  the  middle  point  of  the  base  and  perpendicular  to  it,  and  at 
a  distance  h  from  it ;  prove  that  the  angle  a  between  the  two  lateral  faces 
is  given  by  the  equation 


sma= 


aa  +  4/i« 


29.  A  flagstaff,  100  feet  high,  stands  in  the  centre  of  an  equilateral 
triangle  which  is  horizontal.  From  the  top  of  the  flagstaff  each  side 
subtends  an  angle  of  60° ;  prove  that  the  length  of  the  side  of  the  triangle 
is  50  V6  feet. 

30.  The  extremity  of  the  shadow  of  a  flagstaff,  which  is  6  feet  high 
and  stands  on  the  top  of  a  pyramid  on  a  square  base,  just  reaches  the 
side  of  the  base  and  is  distant  56  and  8  feet  respectively  from  the 
extremities  of  that  side.  Find  the  sun's  altitude  if  the  height  of  the 
pyramid  be  34  feet. 

31.  The  extremity  of  the  shadow  of  a  flagstaff,  which  is  6  feet  high 
and  stands  on  the  top  of  a  pyramid  on  a  square  base,  just  reaches  the 
side  of  the  base  and  is  distant  x  feet  and  y  feet  respectively  from  the  ends 
of  that  side ;  prove  that  the  height  of  the  pyramid  is 


V       2 


2 
where  a  is  the  elevation  of  the  sun. 


tan  a  -  6, 


32.  The  angle  of  elevation  of  a  cloud  from  a  point  h  feet  above 
a  lake  is  a  and  the  angle  of  depression  of  its  reflexion  in  the  lake  is 

fl ;  prove  that  its  height  is  h  — — 1? — ^ . 

sm  (/3  -  a) 

33.  The  shadow  of  a  tower  is  observed  to  be  half  the  known  height 
of  the  tower  and  sometime  afterwards  it  is  equal  to  the  known  height ; 
how  much  will  the  sun  have  gone  down  in  the  interval,  given 

log  2 = -30103,     L  tan  63°  24' » 10*3009994, 

and  diff.  fori' =3159? 


[EXS.  XXXIV.]      HEIGHTS  AND  DISTANCES.  225 

34.  An  isosceles  triangle  of  wood  is  placed  in  a  vertical  plane,  vertex 
upwards,  and  faces  the  son.  If  2a  be  the  base  of  the  triangle,  h  its 
height,  and  30°  the  altitude  of  the  sun,  prove  that  the  tangent  of  the  angle 

at  the  apex  of  the  shadow  is  „f,-^4 . 

35.  A.  rectangular  target  faces  due  south,  being  vertical  and  standing 
on  a  horizontal  plane.  Compare  the  area  of  the  target  with  that  of  its 
shadow  on  the  ground  when  the  sun  is  /3°  from  the  south  at  an  altitude 
of  a°. 

36.  A  spherical  ball,  of  diameter  d,  subtends  an  angle  a  at  a  man's 
eye  when  the  elevation  of  its  centre  is  /3 ;  prove  that  the  height  of  the 

centre  of  the  ball  is  ^  5  sin  /3  oosec  ^ . 

37.  A  man  standing  a  plane  observes  a  row  of  equal  and  equi- 
distant pillars,  the  10th  and  17th  of  which  subtend  the  same  angle  that 
they  would  do  if  they  were  in  the  position  of  the  first   and    were 

respectively  -  and  ^  of  their  height.    Prove  that,  neglecting  the  height 

of  the  man's  eye,  the  line  of  pillars  is  inclined  to  the  line  drawn  to  the 
first  at  an  angle  whose  secant  is  nearly  2*6. 

For  the  following  4  examples  a  book  of  tables  will  be  wanted. 

38.  ^  <uid  B  are  two  points  on  the  opposite  bank  of  a  river  1000  feet 
wide  and  between  them  is  the  mast  of  a  ship  PN ;  the  vertical  elevation 
of  P  at  il  is  U''20'  and  at  B  it  is  S'^IO'.  What  is  the  height  of  P 
above  AB7 

30.  AB  is  a  line  1000  yards  long ;  B  is  due  north  of  A  and  from  B 
a  distant  point  P  bears  70°  east  of  north ;  at  il  it  bears  41°  22'  east  of 
north ;  find  the  distance  from  A  to  P. 

40.  A  IB  A  station  exactly  10  miles  west  of  B.  The  bearing  of  a 
particular  rock  from  A  is  74°  19^  east  of  north  and  its  bearing  from  B  is 
26°  51'  west  of  north.    How  far  is  it  north  of  the  line  AB  ? 

41.  The  summit  of  a  spire  is  vertically  over  the  middle  point  of  a 

horizontal  square  enclosure  whose  side  is  of  length  a  feet ;  the  height  of 

the  spire  is  h  feet  above  the  level  of  the  square.     If  the  shadow  of  the 

spire  just  reach  a  comer  of  the  square  when  the  sun  has  an  altitude  $, 

prove  that 

A^2=atan9. 

Calculate  h,  having  given  a = 1000  feet  and  $ = 25°  15'. 

L.  T.  16 


CHAPTER  XV. 


PBOPERTIES  OF  A  TRIANGLE. 


198.    Area  of  a  given  triangle.     Let  ABC  be  any 

triangle  and  AD  the  perpen- 
dicular drawn  from  A  upon  the 
opposite  side. 

Through  A  draw  EAF  parallel 
to  BC  and  draw  BE  and  OF  per- 
pendicular to  it.  By  Euc.  i.  41, 
the  area  of  the  triangle  ABC 

=  i  rectangle  BF=  ^BC  .CF=-^.  AD, 

But  AD  =  AB8mB  =  c sin 5. 

The  area  of  the  triangle  ABC  therefore  =  ^ca  sin  B. 
This  area  is  denoted  by  A. 

Hence  A  =  ^ca  sin  B  =  ^ab  sin  C  =  ^bc  sin  A . .  .(1). 


By  Art.  169,  we  have  smA=j-  V«  («  —  a)  («  —  6)  («  —  c), 

so  that      A  =  ^c  sin  -4  =  Vb  (a  —  a)  (b  —  b)  (s  —  c) . . .  (2). 
This  latter  quantity  is  often  called  8. 
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Find  the  area  of  the  triangle  ABC  when 

I,  a=ld,  5=14,  and  e=15.  2.  a=18,  6=24,  and  c=30. 
3.  a=25,  &=52,  and  c=63.  4.  a=125,  6  =  123,  and  c=62. 
5.    a=15,    6=86,    and  c=89.     6.    a=287,    6=816,  and  e=865. 

7.  a =35,     6  s  84,    and  c  =  91. 

8.  a=V3,    &=V2,    andc=^^^^^. 

9.  If  J3=45°,  (7=60°,  and  a=2  (V3  +  1)  inches,  prove  that  the  area 
of  the  triangle  is  6+2/^3  sq.  inohes. 

10.  The  Bides  of  a  triangle  are  119,  111,  and  92  yards ;  prove  that  its 
area  is  10  sq.  yards  less  than  an  acre. 

II.  The  sides  of  a  triangular  field  re  242,  1212  and  1450  yards ; 
prove  that  the  area  of  the  field  is  6  acres. 

12.  A  workman  is  told  to  make  a  triangular  enclosure  of  sides  51, 41, 
and  21  yards  respectively ;  having  made  the  first  side  one  yard  too  long, 
what  length  must  he  make  the  other  two  sides  in  order  to  enclose  the 
prescribed  area  with  the  prescribed  length  of  fencing  ? 

13.  Find,  correct  to  '0001  of  an  inch,  the  length  of  one  of  the  equal 
sides  of  an  isosceles  triangle  on  a  base  of  14  inches  having  the  same  area 
as  a  triangle  whose  sides  are  13*6, 15,  and  15*4  inches. 

14.  Prove  that  the  area  of  a  triangle  is  ia* , — ^ —  . 

.   "  *        sin -4 

If  one  angle  of  a  triangle  be  60°,  the  area  10^3  square  feet,  and  the 

perimeter  20  feet,  find  the  lengths  of  the  sides. 

3 

15.  The  sides  of  a  triangle  are  in  a.p.  and  its  area  is  ^  ths  of  an 

0 

equal  triangle  of  the  same  perimeter ;  prove  that  its  sides  are  in  the  ratio 
3:5:7,  and  find  the  greatest  angle  of  the  triangle. 

16.  In  a  triangle  the  least  angle  is  45°  and  the  tangents  of  the  angles 
are  in  a.p.  If  its  area  be  3  square  yards,  prove  that  the  lengths  of  the 
«ides  are  3^5,  6^2,  and  9  feet,  and  that  the  tangents  of  the  other  angles 
are  respectively  2  and  3. 

15—2 
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17.  The  lengths  of  two  sides  of  a  triangle  are  one  foot  and  ,J2  feet 
respectively  and  the  angle  opposite  the  shorter  side  is  30° ;  prove  that 
there  are  two  triangles  satisfying  these  conditions,  find  their  angles,  and 
shew  that  their  areas  are  in  the  ratio 

18.  Find  by  the  aid  of  the  tables  the  area  of  the  larger  of  the  two 
triangles  given  by  the  data 

A^^VW,  a  =  5ins.  and  5 =7 ins. 

199.  On  the  circles  connected  with  a  given 
triangle. 

The  circle  which  passes  through  the  angular  points  of 
a  triangle  ABC  is  called  its  circumscribing  circle  or,  more 
briefly,  its  circumcircle.  The  centre  of  this  circle  is 
found  by  the  construction  of  Euc.  iv.  5.  Its  radius  is 
always  called  R, 

The  circle  which  can  be  inscribed  within  the  triangle 
so  as  to  touch  each  of  the  sides  is  called  its  inscribed 
circle  or,  more  briefly,  its  incircle.  The  centre  of  this 
circle  is  found  by  the  construction  of  Euc.  iv.  4.  Its  radius 
will  be  denoted  by  r. 

The  circle  which  touches  the  side  BC  and  the  two 
sides  AB  and  AC  produced  is  called  the  escribed  circle 
opposite  the  angle  A.    Its  radius  will  be  denoted  by  r^. 

Similarly  r^  denotes  the  radius  of  the  circle  which 
touches  the  side  CA  and  the  two  sides  BC  and  BA 
produced.  Also  r^  denotes  the  radius  of  the  circle  touch- 
ing AB  and  the  two  sides  CA  and  CB  produced. 

200.  To  find  the  magnitvde  of  jB,  the  radius  of  the 
circfwnvcirde  of  any  triangle  ABC, 

Bisect  the  two  sides  BC  and  CA  in  D  and  E  respec- 
tively, and  draw  DO  and  EO  perpendicular  to  BC  and  CA. 


\ 
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By  Eua  iv.  5,  0  is  the  centre  of  the  ciicumcircle. 
Join  OB  and  OC. 


FIg.l.  Fig.  2.  Fig.  3. 

The  point  0  may  either  lie  within  the  triangle  as  in 
Fig.  I.,  or  without  it  as  in  Fig,  II.,  or  upon  one  of  the  sides 
as  in  Fig.  IIL 

Taking  the  first  figure,  the  two  triangles  BOD  and 
COD  are  equal  in  all  respects,  so  that 

ZBOD^ZCOD, 

.'.  z.  BOD  =  J  z  BOG = z  BAG    (Euc.  iii.  20), 

BD^BOwiBOD. 


Also 


.'.  -=^B^\iiA. 


If  A  be  obtuse,  as  in  Fig.  II.,  we  have 
z  BOD  =  i  Z  BOG  =  Z  BLC  =  180°  -  ^1  (Euc.  iii.  22), 
so  that,  as  before,  sin  BOD  =  sin  il, 

and  -B  =  tt—' — r  • 

2sinil 

If  -4.  be  a  right  angle,  as  in  Fig.  III.,  we  have 
R^OA^OG^"^ 


a 


2sinil 


,  since  in  this  case  sin A^l, 
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The  relation  found  above  is  therefore  true  for  all 
triangles. 

Hence,  in  all  three  cases,  we  have 

a  be 


R  = 


SsinA     asinB     28inC 


(Art.  163). 


201.     In  Art.  169  we  have  shewn  that 

where  8  is  the  area  of  the  triangle. 

Substituting  this  value  of  siuil  in  (1),  we  have 

abc 


R  = 


48 


giving  the  radius  of  the  circumcircle  in  terms  of  the  sides. 

202.    To  find  ike  value  of  r,  the  radius  of  the  incirde 
of  the  triangle  ABC, 

Bisect  the  two  angles  B  and  C  by  the  two  lines  BI 
and  CI  meeting  in  /. 

By  Euc.  in.  4,  /  is  the 
centre  of  the  incircle.  Join 
lA,  and  draw  ID,  IE  and 
IF  perpendicular  to  the 
three  sides. 

Then  ID=IE:=^  IF ^r. 

We  have 

area  of  A  IBC^\ID.BC^\r,a, 

area  of  A  ICA  =  \IE.  CA  =ir . 6, 

and  areaof  A  J4B  =  4/^^.-45  =  Jr. c 
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Hence,  by  addition,  we  have 

^.a  +  ^.6  +  ^.c=  sum  of  the  areas  of  the  triangles 

IB(7,  ICA,  and  lAB 

ss  area  of  the  A  ABC, 

%.e.  r 5 —  «  o, 

so  that  r.8^8. 

8 
/.  r=-. 

■ 

203.  Since  the  angles  IBD  and  IDB  are  respectively 
equal  to  the  angles  IBF  and  IFB,  the  two  triangles  IDB 
and  IFB  are  equal  in  all  respects. 

Hence        BD  =  BF,  so  that  252)  =  BD  +  BF. 

So  also       ^^  =  AF,  so  that  2il^  =  ^1^ + ^1 JP, 
and  CE  =  CD,  so  that  2CE  ^CE  +  CD. 

Hence,  by  addition,  we  have 
2BD  +  2AE+2CE =(BD  +02))+  ((7^+  ilj&)  +  {AF^t  FB\ 
ie.  2BD  +  2AC-^BC  +  CA  +  AB. 

/.  25D  +  26  =  a  +  6  +  c  =  25. 

Hence  BD^a-h^BF, 

so  CE^8-c^CD, 

and  AF-8  —  a-AE. 

Now  ^^  =  tan  /5Z>  =  tan  ^ . 

.*.  r^ID—  BD  tan  —  =  («  ~  6)  tan  5- . 
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So      r  =  IE=GEtB,nICE  =  (8-c)tsi.n-^, 

and  also  r  =  /F=J?l4  tan/J.^=(«-a)tan  ^. 

A  B 

Hence    r  =  (b  —  a)  tan  ^  =  (b  — b)  tan  —  =  (b  —  c)  tan 


204.    A  third  value  for  r  may  be  found  as  follows : 

we  have    a^BD -\- DG  =  ID  cot  IBD^  ID  cot  ICD 

B  G 

=  r  cot  -^  +  r  cot  -^ 

B  G- 

cos  -^       COS  -^ 


s"»-2     ^"^■2J 


B 


.:  a  sin  -^  sin 


.   c     r .  c 

in^=r|^sin2 


B 

cos   a"  +  COS 


C    .    B~\ 
-2  ^"^  2  J 


=--(l+S=-^h°-^]= 


r  cos  -^ . 


.'.  r  =  o 


.    B  .    G 

sin  ^  sin -g 

COSg 


-4.       A 
Gor.    Since  a  =  2jB  sin  -4  =  4jB  sin  -^  cos  -^ , 


we  have 


.  -n  .    A    *    B   ,    G 

r  =  4ic  sin  -^  sin  -^  sin  — . 


205.     To  find  the  value  of  Vi,  the  radius  of  the  escribed 
circle  opposite  the  angle  A  of  the  triangle  ABG. 


RADII  OF  THE  ESCRIBED  CIRCLES, 
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Produce  AB  and  AC  to  L  and  M, 

Bisect  the  angles  CBL  and 
BCM  by  the  Unes  BI^  and  CI^ 
and  let  these  lines  meet  in  /p 

Draw  /iZ>i,  IiEi,  and  IiFi 
perpendicular  to  the  three  sides 
respectively. 

The  two  triangles  IiD^B  and 
IiFiB  are  equal  in  all  respects,     . . 

so  that  Ti^i  =  /i  A. 

Similarly  I^E,  =  /^ A- 

The     three     perpendiculars 
7iA,  -TiA  and  ZijPi  being  equal,  the  point  /i  is  the  centre 
of  the  required  circle. 

Now  the  area  ABI^C  is  equal  to  the  sum  of  the 
triangles  ABC  and  IiBC\  it  is  abo  equal  to  the  sum  of 
the  triangles  I^BA  and  IiGA. 

Hence 

A^50+  AI^BC^  AI^CA  ^-AI^AB. 
:.  a  +  KiA .  BC=  \I^E, .  CA  +  \IJF^ .  AB, 
i.e.  S  +  ^ri .  a  =  ^ri .  6  -t-  ^1 .  c. 


a         r6  +  c-a"|         [b  +  c  +  a       1         . 


a). 


/.  r,  = 


S 


■  -a 


Similarly  it  can  be  shewn  that 


Fa  = =-  ,  and  Fj  = 


8-b 


s  — c 
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206.  Since  ilJ^i.  and  ii^i  are   tangents,  we  have^ 
as  in  Art.  203,  AE^  =  AF^. 

Similarly    BF^^BDu  s.nd  CE^^CD^, 

/.  2AE^=:^AE^  +  AF^^AB  +  BF^  +  AC  +  CEi 

^AB+BD,  +  AC+CD,^AB  +  BC+CAr.28. 

:.  AE^  =  8  =  AF^. 

Also  BD^::^BFi=:AF^''AB^8-c, 

and  CD^  =  CE,^AE^'-AC^8''K 

:.  I^E^^  AEi  tan  IiAEi, 

ie.  Fi  =  ■  tan  ^ . 

207.  A  third  value  may  be  obtained  for  Vi  in  terms  of 
a  and  the  angles  B  and  C. 

For,  since  IiC  bisects  the  angle  BCEi,  we  have 
.Z/i(7A  =  i(180°-C)  =  90°-~. 

So  Z/i5A  =  90°-|. 

.-.  a=^BC=^BD^-\-D^C  ^ 

=  /lA  cot  /i5A  +  AA  cot  /iG^A 


=  ri  ftan-g 


+  tan 


.    5      ,    C^ 

sm-^     sinj 

cos^     cos-^ 
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B       C        f  .    B       C  B  .    C\ 

.'.  a  COS  -^  cos  -^  =  Vi  f  sin  -^  cos  -^  +  cos  -^  sin  -^  J 

.    /B     G\         .    /^^^     A\  A 

=  nsm  |^-2+-2J=ri8m  (90  -2"  j=^i^^»  "2 ' 

B       C 

cos  "s"  COS  -^ 

A 
cos-^ 

Cor.    Since  a^2RsinA^ 4i2sin -^  cos -^  , 

we  have  Vi  =  4iM  sin  -^  cos  -^  cos  ■=■ . 


EXAMPLES.    ZXXVl. 

1.  In  a  triangle  whose  sides  are  18,  24,  and  80  inches  respeotively, 
prove  that  the  cironmradius,  the  inradius,  and  the  radii  of  the  three 
escribed  circles  are  respectively  16,  6, 12, 18,  and  86  inches. 

2.  The  sides  of  a  triangle  are  13, 14,  and  15  feet ;  prove  that 

(1)  JB=Si  ft.,        (2)  r=4  ft.,        (S)  ri=10J  ft., 
(4)  rj=12ft.,and(6)  r,=  14ft. 

3.  In  a  triangle  ABC  if  a=:  18,  5=4,  and  cos  C=  -  r^ ,  find 

Rf  r,  rj,  ra,  and  rg. 

4.  In  the  ambigaoas  case  of  the  solution  of  triangles  prove  that  the 
circmncircles  of  the  two  triangles  are  equal. 

Prove  that 

5.  ri+r2+r,-r=4JR.  6.    rirj+rjr3+r,ri=»2. 

ABC 
7.    rirjrs=r»oot«jcot»^cot»^.  8.    rr^r^r^z=8*, 

9^    1  +  1  +  1  _i=0.  10.    -Sf=2i22  8inilsinJ5sinC. 

Ti     fj     r,     r 
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11.    4JR 8in ii sin B  sin  C=a cos  A-\-b cos B  +  c cos  C. 


12.    5=412rcos-5^oos  ^-cos-^. 


13.    ^=tan«^. 


r^r^ 


14.  Ti  («  -  a)  =r2  («  -  6) =r8  («  -  c) =r«=S. 

15.  a(»Ti  +  r,rj)=6(rr2+r3ri)=c(rrs+rir2). 


16. 


1       1      a^  +  I^-h<^ 


"*"~.ji"^~a"^-.2~" 


r»     ri 


S^' 


A 


17.    rrj  cot  5^ =<Sf. 


18.    (ri-r)(r2-r)(r8-r)=4i2ra. 


19.    (ri  +  r2)tan^=(r8-r)cot5-=c. 


20.    -r+i:T+— = 


ad     be     ca     2Rr* 


21      !i+!a+Z3_l._l 


22.    r3+ri2+ra«+r3«=16B*-a2-6«-c2. 

208.  Orthocentre    and  pedal    triangle    of   any 
triangle. 

Let  -450  be  any  triangle  and  let  AKy  BL,  and  CM  be 
the  perpendiculars  from  A,  B,  and  G 
upon  the  (Opposite  sides  of  the  tri- 
angle.    It  can  be  easily  shewn,  as 
in  most  editions  of   Euclid,  that 
these  three  perpendiculars  meet  in 
a  common  point  P.     Thi^  point  P 
is  called  the  orthocentre  of  the 
triangle.     The  triangle  KLM,  which  is  formed  by  joining 
the  feet  of   these  perpendiculars,  is  called  the  pedal 
triangle  of  ABC. 

209.  Distances  of  the  orthocentre  from  the  angular 
points  of  the  triangle. 
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We  have  PK^KBtxa  PBK = KB  too.  (90°  -  C) 

=  AB  cos  B  cot  C  =  -; — 79  COS  B  COS  C 

ainC 

=  2RcobB  COS  C  (Art.  200). 

Again       AP^AK^PK^csinB^PK 

=  2i2  sin  (7  sin  5  -  2iJ  COS  5  COS  (7 

=  -2iJcos(J5  +  (7) 

=  2i2  cos  -d  (Art.  72). 

So  BP  =  2i2  cos  B,  and  (7P  =  2R  cos  G. 

The  distances  of  the  orthocentre  from  the  angular 
points  are  therefore  2iJcosil,  212  cos  £  and  2iJcos(7;  its 
distances  from  the  sides  are  2i2  cos  B  cos  C,  222  cos  C  cos  A, 
and  2i2  cos  A  cos  B, 

210.     To  ^nd  the  sides  and  angles  of  the  pedal  triangle. 

Since  the  angles  PKC  and  PLC  are  right  angles,  the 
points  P,  L,  G,  and  K  lie  on  a  circle. 

.-.   z  PEL  =  Z  P(7Z        (Euc.  III.  21) 

=  90°- A 

Similarly  P,  K,  B,  and  ilf  lie  on  a  circle,  and  therefore 

ZPKM=  /iPBM 

=  90" -A 

Hence  Z  MKL  =  180°  -  2^1 

=  the  supplement  of  2A, 

So  ziriJf=180°-2JS, 

and  zXilfZ=180°-2a 
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Again,  from  the  triangle  ALM,  we  have 

LM  _      AL     ^ABcosA 
sin  A  "  sin  AML  ~  cos  PML 

_   ccosA  ^ccobA 
C08  PAL       sinC 


iJf= 


sinil  cos  J. 


sin  C 

=  a  cos  A  (Art.  163). 

So  MK=  b  cos  B,  and  KL  =  c  cos  5. 

The  sides  of  the  pedal  triangle  are  therefore  a  cos -4, 
bcosB,  and  ccosC;  also  its  angles  are  the  supplements 
of  twice  the  angles  of  the  triangle. 

211.  Let  /  be  the  centre  of  the  incircle  and  Ji,  I^  and 
/g  the  centres  of  the  escribed  circles 
which  are  opposite  to  A,  B  and  0 
respectively.  As  in  Arts.  202  and 
205 IC  bisects  the  angle  ACB,  and 
I^C  bisects  the  angle  BCM, 

.-.   ZICI,--^IGB  +  ZI,CB 

=  ^  ^ACB  +  ^ZMCB 

^^[/iACB-^-  /iMGB] 

=  J .  180°  =  a  right  angle. 

Similarly    Z  ICI^  is   a    right 
angle. 

Hence  IiCIz  is  a  straight  line  to  which  IC  is  perpen- 
dicular. 

So  IftAI^  is  a  straight  line  to  which  I  A  is  perpen- 
dicular, and  IJSIi  is  a  straight  line  to  which  IB  is  perpen- 
dicular. 


CEKTBOID  AND  MEDIANS. 
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Also,  since  I  A  and  IiA  both  bisect  the  angle  BAG, 
the  three  points  A,  /,  and  /^  are  in  a  straight  line. 
Similarly  BII^  and  (7/7,  are  straight  lines.  Hence  IilJt 
is  a  triangle  which  is  such  that  A,  B,  and  G  are  the  feet 
of  the  perpendiculars  drawn  from  its  verticed  upon  the 
opposite  sides  and  such  that  /  is  the  intersection  of  these 
perpendiculars,  %.e,  ABG  is  its  pedal  triangle  and  I  ia  its 
orthocentre. 


212.    Centroid  and  Medians  of  any  Triangle. 

If  ABG  be  any  triangle,  and  D,  E^  and  F  respectively 
the  middle  points  of  BC,  GA,  and 
AB,  the  lines  AD,  BE,  and  GF  are 
called  the  medians  of  the  triangle. 

It  is  shewn  in  any  edition  of 
Euclid  that  the  medians  meet  in  a 
common  point  G,  such  that     " 

AO--iAD,  BO  =  lBE, 
and  GO  =  ^GF, 

This  point  0  is  called  the  centroid  of  the  triangle. 


213.     Length  of  the  medians.    We  have,  if  AD 
¥  =  AG'  =  AJ)'-^DG'-2AD.DGcoaADG 


=  x. 


cC' 


=  ar*  +  -r  —  cw?  cos  ADG, 

4 


and 


a^ 


(^=^AB^  =  a!^  +  -r  "oxcos  ADB 

4 


a' 


=  af^  +  -r  +  axcoa  ADG. 
4 
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Hence,  by  addition,  we  have 

6a  +  c»  =  2a;2  + 


a» 


2' 

Hence  also  AD  =  ^  V6»  +  c»  +  26c  cos -4     (Art.  164). 
So  also 


£^=JV2c»  +  2a*-6»,  and  (7^  =  ^  V2a»  +  26^-01 

214.     Angles  that  the  median  AD  makes  tuith  the  sides. 

If  the   Z  5^2)  =  fiy  and  Z  (7^12)  =  7,  we  have 

sin  7  _  DO  _  a^ 
Mna"'ZD"2i* 

a  sin  (7           a  sin  (7 
.'.  sin7=  —5 '=    ,  ,      ^  . 

o,.    .,    1             •    rt           a  sin  5 
Similarly         sm  p  =    ,  ,  . 

Again,  if  the  Z  -4D(7  be  ^,  we  have 

sin  5      AC     b 


.%  sin  5  = 


sin  C     AD     X ' 
b&mC  26  sin  C7 


X 


726>4-2c»-a«' 


The  angles  that  AD  makes  with  the  sides  are  therefore 
found. 

216.     The  centroid  lies  on  the  line  joining  the  circum- 
centre  to  the  orthocentre. 
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Let   0  and  P  be  the  circumcentre  and  orthocentre 
respectively.     Draw    OD   and 
PK  perpendicular  to  BC, 

Let  AD  and  OP  meet  in  G. 

The    triangles    OOD   and 
PGA  are  cleai-ly  equiangular. 

Also,  by  Art.  200, 

OD^Rco^A 

and,  by  Art.  209, 

AP=2Rqo&A, 

Hence,  by  Euc.  vi.  4, 

AG  _AP^ 
GD"  OD^^' 

The  point  G  is  therefore  the  centroid  of  the  triangle. 
Also,  by  the  same  proposition, 

OG^OD^l 
GP     AP  "  2* 

The  centroid  therefore  lies  on  the  line  joining  the 
circumcentre  to  the  orthocentre  and  divides  it  in  the  ratio 
1  :2. 

It  may  be  shewn  by  geometry  that  the  centre  of  the 
nine-point  circle  (which  passes  through  the  feet  of  the 
perpendiculars,  the  middle  points  of  the  sides,  and  the 
middle  points  of  the  lines  joining  the  angular  points 
to  the  orthocentre)  lies  on  OP  and  bisects  it. 

The  circumcentre,  the  centroid,  the  centre  of  the 
nine-point  circle,  and  the  orthocentre  therefore  all  lie  on  a 
straight  line. 

216.  Distance  between  the  circumcentre  and  the  ortho- 
centre. 

L.  T.  16 
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If  OF  be  perpendicular  to  AB,  we  have 

Z  OAF^  90°  -  Z.AOF--  90"  -  C, 
Also        zPilZ  =  90°-a 

.\  ^OAP--A^/.OAF^^PAL 

=  il -2(90"- (7)  =  4  +  2(7- 180' 
=  4  +  2(7-(il+£  +  (7)  =  (7-5. 

Also  Oil  =  Ry  and,  by  Art.  209, 

PA  =  2i2  cos  A. 
/.  0P»  =0il»  +  P4«-20il.Pil  cos 04P 

=  iP  +  4i?  cos«  il  -  4iJ«  cos  il  cos  ((7  -  5) 
=  ii»  +  4^  cos  A  [cos  4  -  cos  ((7  -  £)] 

=  iZ»  -  4i?  cos  il  [cos  (5  +  (7)  +  cos  (C  -  P)] 

(Art.  72), 
=  i?  — S^cosil  cosjBcosC 

.-.  OP  =  -B  Vl  -  8  cos4  cos  jB cos  C. 


*217.     To  find  the  distance  between  the  circumcentre 
and  the  incentre. 

Let  0  be  the  circumcentre  and 
OF  perpendicular  to  AB. 

Let  /  be  the  incentre  and  IE 
perpendicular  to  AC, 

Then,  as  in  the  last  article, 

zOilP=90°-a 

.-.   /iOAI^^zIAF-Z.OAF 

-2  -(90   -(7)--^  +  C7 2 =-2- 
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IE  T  J\         O 

Also  AI= — -  =  —J  =  4B  sin  ^  Bin  1^ (Art.204.  Cor.). 

aiiig-     sing- 
.-.  OP  =0A*^-AP-%0A.AI&»0A1 
=  i?  +  16B»  sin' I  sin' ^  -  8iJ>  sin  ^  sin  ^  cos  ^^ . 

.-.     -^  =  H-168in'2-8in»-2 


„   .     Jo  . 

—  8  sin  -^  sin 


.or     B      C     .   B  .    CI 

in-^  [COB  2  «08  2+ sin -2  sin  ^J 

C/       £       C      .    B  .    C\ 
^  (^cos  g- cos  ^  -  sin  2"  sin  ^  j 


-  ^  .    B  .    C 
=  1  —  8  sm  -^  sin 

-  ^  ,    B   .    G       B  +  C 

=  1  —  8  sm  ^  8in  -^  cos     ^ — 

BOA 
=  l-88in^  sin  g-sin  ^      (Art.  69) (1). 


.-.  01  ^R  a/  1  —  8 sin  -^  sin -^  sin -^ . 

Also  (1)  may  be  written 

OP  =  i2»  -  2iJ  X  4jR  sin  4  sin  ^  sin  J 

2         2        2 

=  jB«  -  2Rr.  (Art.  204  Cor.) 

In  a  similar  manner  it  may  be  shewn  that,  if  I^  be  the 
centre  of  the  escribed  circle  opposite  the  angle  -4,  we  shall 
have 

Oil  =  jB  a/  1  +  8 sin -g  cos -^  cos -^ , 

and  hence  01^^  =  iZ^  +  2Rri.         (Art.  207.  Cor.) 

16—2 
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218.    Bisectors  of  the  angles. 

If  AD  bisect  the  angle  A  and 
divide  the  base  into  portions  x  and 
y,  we  have,  by  Euc.  vi.  3, 

X  ^AB  __  c 

y~AG~b' 

* '  c     b     6  +  c      6  +  c  ^  ^' 

giving  X  and  y. 

Also,  if  B  be  the  length  of  AD  and  0  the  angle  it 
makes  with  BC,  we  have 

AABD-^AACD^AABC, 

5.        be   ainA       2bc         A  .^. 

^  =  ETc-A='b^c'^'-2  (2>- 

sm^. 

Also      ^=l80°-a-^  =  .l+5-^=^^-i^...  (3). 

We  thus  have  the  length   of  the  bisector  and  its 
inclination  to  BG, 

EXAMPLES.    ZXXVn. 

If  I,  Ii,  I^t  and  Ig  be  respectively  the  centres  of  the  incircle  and  the 
three  escribed  circles  of  a  triangle  ABC^  prove  that 

-i  AT  ^ 

1,  ill=r  cosec^. 

A3        C 

2,  lA  ,IB ,  IC^ahc  tan  -^  tan  —  tan  ^ . 

A  «  A 

3,  AIi=ri  cosec  ^  .  4.    IIi=a  sec  -  . 


[EXS.  XXXVIL]   PROPERTIES  OF  TRIANGLES.  246 

5,    I»Is=a  coaeo  ^ .  6.    I^i .  IIj .  II,= 16i2V. 

7.    IjJs»=«(r,+r,).  8.     Zl,lila=^. 

10.    Area  of  Aljjjlg= 8B*  cos  tt  cob  -jr  cos  tt  =  r- . 

A  A  a  at 

Sin  J  Bin  B  Bin  C 

If  I,  Ot  and  P  be  respectively  the  inoentre,  circumcentre,  and  ortho- 
centre,  and  G  the  centroid  of  the  triangle  ABC^  prove  that 

12.  I03=i2« (3 -2 cos ^-2cosB- 2 cos  C). 

13.  Ii»= 2r»-4J2»  cos  4  cos  B  cos  C. 

14.  0G«=-R«-^(a«+6a+c»). 

16.    Area  of  £^IOP=  2i2«  sm  ?-^^  sin  ^^  sin  '^^ . 

z  d  z 

■m  ^  k  t         -r-nry       ^  tm     •      B  —  C     .       C  —  A      ,      A  —  B 

16.  Areaof  AlPG^g  i^'sin  —x —  sm  — y-  sm  . 

17.  Prove  that  the  distance  of  the  centre  of  the  nine-point  circle  from 

R    . 

the  angle  il  is  ^  /^l  -i-8  cos  ^  sin  B  sin  C* 

18.  BEF  is  the  pedal  triangle  of  ABC\  prove  that 

(1)  its  area  is  28  cos  A  cos  B  cos  C, 

(2)  the  radius  of  its  circamcirde  is  -^  , 

and    (3)    the  radius  of  its  incirde  is  2i2  cos  A  cos  B  cos  C. 

19.  O^O^O^  is  the  triangle  formed  by  the  centres  of  the  escribed  circles 
of  the  triangle  ABC\  prove  that 

A  B  G 

(1)  its  sides  are  4B  cos  -5 ,  4R  cos  -^  ,  and  4i2  cos  ^ , 

IT      A      V      B  ,  IT       C 

(2)  its  angles  are  ^  -  ^  ,  ^  -  ^  '  *°"  2  ~  2  ' 
and    (3)    its  area  is  2R8, 
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20.  DEF  is  the  triangle  fonned  by  joining  the  points  of  contact  of 
the  incirde  with  the  sides  of  the  triangle  ABC;  prove  that 

A  B  C 

(1)  itssidesare  2roos^,2r  cos^,  and2rooe-^, 

(2)  its  angles  are  ^  -  g,  I -g,  and  J -^, 

2;$*  1  r 

and  1(3)    its  area  is  -r^ ,  i.e.  jirprS, 
*   '  abcs  2  R 

21.  D,  E,  and  F  are  the  middle  points  of  the  sides  of  the  triangle 
ABC;  prove  that  the  centroid  of  the  triangle  DEF  is  the  same  as  that  of 
ABC  and  that  its  orthocentre  is  the  oircamcentre  of  ABC, 

In  any  triangle  ABC,  prove  that 

22.  The  perpendicular  from  A  divides  BC  into  portions  which  are 
proportional  to  the  cotangent  of  the  adjacent  angles,  and  that  it  divides 
the  angle  A  into  portions  whose  cosines  are  inversely  proportional  to  the 
adjacent  sides. 

23.  The  median  through  A  divides  it  into  angles  whose  cotangents 
are  2  cot  il + cot  C  and  2  cot  il + cot  B,  and  makes  with  the  base  an  angle 

whose  cotangent  is  ^  (cot  C  -  cot  B). 

24.  The  distance  between  the  middle  point  of  BC  and  the  foot  of  the 
perpendicular  from  A  is  — ^ —  . 

25.  0  is  the  orthocentre  of  a  triangle  ABC ;  prove  that  the  radii  of 
the  circles  circumscribing  the  triangles  BOC,  COA,  AOB  and  ABC  are 
all  equal. 

26.  ^Df  BE  and  CF  are  the  perpendiculars  from  the  angular  points 
of  a  triangle  ABC  upon  the  opposite  sides ;  prove  that  the  diameters  of 
the  drcumcircles  of  the  triangles  AEF,  BDF  and  CDE  are  respectively 
a  cot  ^,  6  cot  B,  and  c  cot  C,  and  that  the  perimeters  of  the  triangles  DEF 
and  ABC  are  in  the  ratio  r  :  R. 

27.  Prove  that  the  product  of  the  distances  of  the  incentre  from  the 
angular  points  of  a  triangle  is  4121^. 

28.  The  triangle  DEF  circumscribes  the  three  escribed  circles  of  the 
triangle  ABC ;  prove  that 

EF     _    FD    _    DE 
a  cos  A"  b  cos  B"  c  cos  C  * 
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29.  I^  a  oirde  be  drawn  tOQohing  fhe  inflcribed  and  dronmsoribed 
circles  of  a  triangle  and  the  side  BC  externally,  prove  that  its  radios  is 

a  2 

30.  If  a,  6,  c  be  the  radii  of  three  circles  which  touch  one  another 
externally  and  r^  and  r,  be  the  radii  of  the  two  circles  that  can  be  drawn 
to  touch  these  three,  prove  that 

1        12     2     2 
r^       r^      a     0     c 

31.  If  Aq  be  the  area  of  the  triangle  formed  by  joining  the  points  of 
contact  of  the  inscribed  circle  with  the  sides  of  the  given  triangle,  whose 
area  is  A,  and  A^,  A^,  and  A,  the  corresponding  areas  for  the  escribed 
circles,  prove  that 

Ai  +  Aa+A,-Ao=2A. 

32.  If  the  bisectors  of  the  anglea  of  a  triangle  ABC  meet  the  opposite 
sides  in  A\  B',  and  C,  prove  that  the  ratio  of  the  areas  of  the  triangles 
A'B'C  and  ABC  is 

^  .    A    .    B   ,    C  A-B        B-C        C-A 

2  sm  -^  sm  -  sm  —  :  cos     ^     cos  — 5—  ^^  — s—  • 

33.  Through  the  angular  points  of  a  triangle  are  drawn  straight 
lines  which  make  the  same  angle  a  with  the  opposite  sides  of  the  triangle ; 
prove  that  the  area  of  the  triangle  formed  by  them  is  to  the  area  of  the 
original  triangle  as  4  cos' a  :  1. 

34.  Two  circles,  of  radii  a  and  6,  cut  each  other  at  an  angle  0, 
Prove  that  the  length  of  the  common  chord  is 

2fl6  sin  6 

35.  Three  equal  circles  touch  one  another ;  find  the  radius  of  the 
circle  which  touches  all  three. 

36.  Three  circles  whose  radii  are  a,  b  and  c  touch  one  another  and 
the  tangents  at  their  points  of  contact  meet  in  a  point ;  prove  that  the 
distance  of  this  point  from  either  of  their  points  of  contact  is 


/    ahc    \i 
\a  +  b+cj 
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37.  In  the  Bides  J3C,  CA,  AB  are  taken  three  points  A\  B\  C  sach  that 

BA' :  A'C=rCB* :  B'A^AC  :  CB=m  :  n; 

prove  that  if  AA',  BB\  and  CC  be  joined  they  will  form  by  their  inter- 
sectionB  a  triangle  whose  area  is  to  that  of  the  triangle  ABC  as 

38.  The  circle  inscribed  in  the  triangle  ABC  touches  the  sides  BC^ 
CA,  and  AB  in  the  points  Ai,  B^,  and  C^  respectively;  similarly  the 
circle  inscribed  in  the  triangle  AiBiC^  touches  the  sides  in  A^,  B^,  C^ 
respectively  and  so  on ;  if  A^B^C^^  be  the  nth  triangle  so  formed,  prove 
that  its  angles  are 

'-  +  (-2)-'{a-1).  |  +  (-g)-.(B-|). 

and  |+(_2)-.(c-f). 

Hence  prove  that  the  triangle  so  formed  is  ultimately  equilateral. 

39.  '^I'^i^i  is  the  triangle  formed  by  joining  the  feet  of  the  perpen- 
diculars drawn  from  ABC  upon  the  opposite  sides;  in  like  manner 
A^^C^  is  the  triangle  obtained  by  joining  the  feet  of  the  perpendiculars 
from  A-^,  B^t  and  C^  on  the  opposite  sides  and  so  on.  Find  the  values  of 
the  angles  A^^B^f  and  C^  in  the  nth  of  these  triangles. 


CHAPTER  XVI. 


ON   QUADRILATERALS  AND   REGULAR  POLYGONS. 

219.     To  find  the  area  of  a  qiiadrilateral  which  is 
inscribable  in  a  circle. 

Let  ABCD  be  the  quadrilateral,  the  sides  being  a,  b,  c 
and  d  as  marked  in  the  6gure. 
The  area  of  the  quadrilateral 

=area  of  A-45(7+area  of  A  ADC 

=  iahQiuB+icd  sin  D  (Art.  198.) 

=  i  (ab  +  cd)  sin  B, 

since,  by  Euc.  iii.  22, 

Z5  =  180"-  ZD, 

and  therefore 

sin  5  =  sin  D. 

We  have  to  express  sin  B  in 
terms  of  the  sidea 
We  have 

a>  +  6«-2a6co3J5  =  J.O  =  c»  +  d2-2cdcosD. 

But         cos  D  =  cos  (180°  -  5)  =  -  cos  B. 
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Hence 

a^4-  6^-  2a6  cos 5  =  0*  +  d*  +  2cd  cos  B, 

so  that  cos  B  =  — — -^ =;— . 

'J,  {ah  +  cd) 

Hence 

{2{ab  +  cd)Y 
_^  {2  {ab  +  cd)}«  -  {g*  +  6'  -  c«  -  d«)2 

4  (a6  +  cdy 
^  (2  (a6  +cd)+(a*+fr'-c*-d^)}  {2(a6  +  od)--(a*+6'-c*-d*)} 

4  (ab  +  cdy 
^{(a*+2a64-6*)-(c*-2cd+d*)|{(cH2cd+d*)~(a*+6*-2a6)} 
"  4  (a6  +  cdy 

^  {(g  +  by  -  (c  -  (fy}  {(c + dy  -  (a  -  6y} 

4  (g6  +  cdy 
_  {(g  -♦-  6  +  c  -  d)  (g+fr-c+rf)}  {(c+d  +  g-6)(c+d~g+  b)] 

"  4  (gft  +  cdy 

Let 

g  H-  6  +  c  +  d  =  2s, 
so  that 

g  +  6  +  c-d  =  (g  +  6  +  c  +  d)-2d  =  2(s-d), 

g  +  6  —  cH-d=2(s  —  c), 

g-6  +  c  +  d=2(s-6), 
and    — g  +  6  +  c  +  d=2(«  —  g). 

Hence 
.  3  P  _  2  (g  -  d)  X  2  (g  -  c)  X  2  (g  -  6)  X  2  (g  -  g) 

^^^"  4(g6  +  cd)» 

so  that 

{ab  +  cd) sin 5  ==  2  V(5-g)(s-  6) (« -  c) (s - d). 
Hence  the  area  of  the  quadrilateral 


=  i  (gft  +  cd)  sin  5  =  V(s  -  a)  (b  -  b)  (a  -  c)  (b  -  d). 
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220.  Since   cos B  =     q.  ^  , — :jr— , 

2  (ao  +  ca) 

we  have  A  (7'  =  a«  +  6»  -  2a6  cos  B 

=  a'  +  6^  -  a6 r j — 

ao  +  ca 

"  ab  +  cd 

_  (dc  +  bd)  (ad  +  be) 
"  ab-\-  cd 

Similarly  it  could  be  proved  that 

^iy*  = = j . 

aa  +  6c 
It  follows  by  multiplication  that 

AG^.BD^^  (ac  +  bd)\ 
i.e.  AC.BD^AB.CD  +  BC.  AD. 

This  is  Euc.  vi.  Prop.  D. 

221.  If  we  have  any  quadiilateral,  not  necessarily 
inscribable  in  a  circle,  we  can  express  its  area  in  terms  of 
its  sides  and  the  sum  of  any  two  opposite  angles. 

For  let  the  sum  of  the  two  angles  B  and  D  be  denoted 
by  2a,  and  denote  the  area  of  the 
quadrilateral  by  A. 

Then 


A  =  area  of  ABC  +  area  of  ACD 

=  ^ab  sin  B  +  ^cd  sin  D, 
so  that  "  b 

4A  =  2ab  sin  B  +  2cd  sin  D. .  .(1). 
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Also  a*  -h  6^  -  2ab  cos  5  =  c^  +  d^  -  2cd  cos  D, 
so  that 

a^+¥-c^-d^  =  2ab  cos  B  -  2cd  cos  2) (2). 

Squaring  (1)  and  (2)  and  adding,  we  have 

16A«  4-  (a*  4-  6^  -  c*  -  *)»  =  4}a^b'  +  40^^^ 

—  Sabcd  (cos  £  cos  i)  —  sin  jB  sin  D) 
=  4a«62  +  40*^2  _  8a6cd  cos  (5  +  D) 
=  4a*62  +  4c2d»  -  8a6cd  cos  2a 
=  4a%«  +  4c«d«  -  Sabcd  (2  cos^  a  -  1) 

=  4  (a6  +  cdy  -  ICafccd  cos^  a, 
so  that 

16A2  =  4  (afc  4-  cdy  -  (a*  +  6'  -  c*  -  d^"  -  I6abcd  cos^  a 

(3). 

But,  as  in  Art.  219,  we  have 

4  (ab  +  cdy  -  (a^  +  6^  -  c»  -  d'^y 

=  2  (s  -  a) .  2  («  -  6) .  2  (s  -  c) .  2  («  -  d) 

=  16  («  -  a)  («  -  6)  (8  -  c)  («  -  d). 

Hence  (3)  becomes 

A^  =  (s  —  a)  («  —  6)  («  —  c)  («  —  d)  —  a6cd  cos^  a, 

giving  the  required  area. 

Cor.  1.  If  d  be  zero  the  quadrilateral  becomes  a 
triangle,  and  the  formula  above  becomes  that  of  Art.  198. 

Cor.  2.  If  the  sides  of  the  quadrilateral  be  given  in 
length,  we  know  a,  b,  c,  d  and  therefore  8.  The  area  A  is 
hence  greatest  when  abed  cos*  a  is  least,  that  is  when  cos*  a 
is  zero,  and  then  a  =  90°.  In  this  case  the  sum  of  two 
opposite  angles  of  the  quadrilateral  is  180°  and  the  figure 
inscribable  in  a  circle.     (Euc.  iii.  22.) 
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The  quadrilateral,  whose  sides  are  given,  has  therefore 
the  greatest  area  when  it  can  be  inscribed  in  a  circle. 


Find  the  area  of  a  quadrilateral  which  can  have  a  circle 
inscribed  in  it. 

If  the  quadrilateral  ABCD  can  have  a  circle  inscribed  in  it  so  as  to 
touch  the  sides  AB^  BC,  CD,  and  DA  in  the  points  P,  Q,  12,  and  S,  we 
should  have 

AP=:AS,  BP=BQ,  CQ=CR,  and  DR=DS, 

.-.  AP+BP  +  CR  +  DR^AS  +  BQ  +  CQ-^-DS, 

i.e.  AB  +  CD=BC+DA, 

ue.  a+c  =  b  +  d, 

—  a+b+c+d 

Hence  «= 5 =a-{-c=b-{'d. 

.'.  8''a=Ct  8-b^d,  8-c=a,  and  »-d=6. 
The  formula  of  the  last  article  therefore  gives  in  this  case 

A' = abed  -  abed  cos^  a = abed  sin^  a, 

i.e .  the  area  required  =  ^Jabcd  sin  a. 

If  iu  addition  the  quadrilateral  be  also  inscribable  in  a  circle,  we  have 

2a  =  180°,  so  that  sin  a  =  sin  90° = 1. 

Hence  the  area  of  a  quadrilateral  which  can  be  both  inscribed  in 
a  circle  and  circumscribed  about  another  circle  is  tjabcd, 

EXAMPLES.    XXXVm. 

1.  Find  the  area  of  a  quadrilateral,  which  can  be  inscribed  in  a  circle, 
whose  sides  are 

(1)    3,  5,  7,  and  9  feet ; 

and  (2)    7, 10,  5,  and  2  feet. 

2.  The  sides  of  a  quadrilateral  are  respectively  .8,  4, 5,  and  6  feet,  and 
the  sum  of  a  pair  of  opposite  angles  is  120° ;  prove  that  the  area  of  the 
quadrilateral  is  3  ^30  square  feet. 

3.  The  sides  of  a  quadrilateral  which  can  be  inscribed  in  a  circle  are 
3,  3,  4,  and  4  feet ;  find  the  radii  of  the  incircle  and  circumcircle. 
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4.  Prove  that  the  area  of  any  quadrilateral  is  one-half  the  product  of 
the  two  diagonals  and  the  sine  of  the  angle  between  them. 

5.  If  a  quadrilateral  can  be  inscribed  in  one  circle  and  circumscribed 
about  another  circle,  prove  that  its  area  is  Jahcd  and  that  the  radius  of 
the  latter  circle  is  

2fjahcd 
a  +  h^-c-k-d' 

6.  A  quadrilateral  ABCD  is  described  about  a  circle ;  prove  that 

^-  .    A   ,    B     ^-   .    C  .    D 
AB  sm  -5-  sm  ^=  CD  sin  ^  sin  -^ . 

7.  a,  &,  c,  and  d  are  the  sides  of  a  quadrilateral  taken  in  order,  and  a 
is  the  angle  between  the  diagonals  opposite  to  &  or  d ;  prove  that  the  area 
of  the  quadrilateral  is 

^(a2-6*+c»-<P)tana. 

8.  If  a,  6,  c,  d  be  the  sides  and  x  and  y  the  diagonals  of  a  quadri- 
lateral, prove  that  its  area  is 

9.  If  a  quadrilateral  can  be  inscribed  in  a  circle,  prove  that  the  angle 
between  its  diagonals  is 


sin-»[2^/(«-a)(»-6)  («-c)  (»-d)-T-(ac-j-6d)]. 

If  the  same  quadrilateral  can  also  be  circumscribed  about  a  circle,  prove 

that  this  angle  is  then 

.ac-hd 

ac-^-od 

10.  The  sides  of  a  quadrilateral  are  divided  in  order  in  the  ratio 
m  :  n,  and  a  new  quadrilateral  is  formed  by  joining  the  points  of  division ; 
prove  that  its  area  is  to  the  area  of  the  original  figure  as  vn^->fr^  to 

11.  H  a  quadrilateral  can  be  inscribed  in  a  circle,  prove  that  the 
radius  of  the  circle  is 


1     /(aft-hcd)  (a<?-t-6d)  (od-H&c) 
4V    («-a)(«-6)(«-c)(«-d)  • 
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12.    If  a,  btC,  dhe  the  sides  of  a  quadrilateral,  taken  in  order,  prove 
that 

cP=ia^+l^-^e*  -  2ab  cos  a  -  2&c  cos  j9  -  2ea  cos  7, 

where  a,  /9  and  7  denote  the  angles  between  the  sides  a  and  &,  b  and  e, 
and  e  and  a  respeotlvely. 


223.  Regular  Polygons.  A  regular  polygon  is  a 
polygon  which  has  all  its  sides  equal  and  all  its  angles 
equal. 

If  the  polygon  have  n  angles  we  have,  by  Euc.  i.  32, 
Cor.,  n  times  its  angle  -h  4  right  angles  =  twice  as  many 
right  angles  as  the  figure  has  sides  =  2n  right  angles. 

Hence  each  angle  = right  angles  = x  -x 

radians. 

224.  Badii  of  the  inscribed  and  drcvmscinbing  circles 
of  a  regular  polygon. 

Let  AB,  BC,  and  CD  be  three  successive  sides  of  the 
polygon,  and  let  n  be  the    . 
number  of  its  sides. 

Bisect  the  angles  ABC 
and  BCD  by  the  lines  BO 
and  CO  which  meet  in  0, 
and  draw  OL  perpendicular 

to  5a. 

It  is  easily  seen  that  0  is  the  centre  of  both  the 
incircle  and  the  circumcircle  of  the  polygon  and  that 
BL  equals  LC 

Hence  we  have  OB  =  OC  =  R,  the  radius  of  the  circum- 
circle and  OL  =  r,  the  radius  of  the  incircle.    • 
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The  angle  BOG  is  -th  of  the  sum  of  all  the  angles 
subtended  at  0  by  the  sides, 

^  50(7=  ^  "ghfc  "^^gl^^  =  25  ^.^^^ 

Hence  Z50i  =  iz50(7  =  - . 

If  a  be  a  side  of  the  polygon,  we  have 

a  =  5(7  =  ^BL  =  2i2  sin  BOL  =  2iJ  sin  - . 

n 

.'.    it=  =TrCOsec— (1). 

rt  .    TT     2  n  ^  ^ 

2sin- 
n 

Again, 

a  =  25X  =  20X  tan  £0Z=  2r  tan  -  . 

n 

2  tan  - 
n 

225.    Area  of  a  Reg^ular  Polygon. 

The  area  of  the  polygon  is  n  times  the  area  of  the 
triangle  BOG. 

Hence  the  area  of  the  polygon 

=  n  x^OL.BG  =  n.OL.BL  =  n.BL  cot  LOB.  BL 

a^       IT 
=  n.-T-cot-   (1), 

giving  the  area  in  terms  of  the  side. 
Also  the  area 

^n.OL.BL  =  n.OL.OL  tan  BOL  =  nr^  tan  -  ...(2). 

n     ^  ^ 
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Again,  the  area 

=  n.OL.BL  =  n.OBcoa  LOB .  OB  sin  LOB 

=  ni?  co8^8in^  =  tiP  sin  ?^ (3). 

n       n     z  n 


296.  Bz.  The  length  of  each  iide  of  a  regular  dodecagon  is  20  feet ; 
find  (1)  the  radiiu  of  its  inscribed  circle,  (2)  the  radius  of  its  circumscriMng 
circle,  and  (3)  its  area. 

The  angle  subtended  by  a  side  at  the  centre  of  the  polygon 

— j2— 80°. 

Hence  we  have  10 = r  tan  15° = i2  sin  16°. 

.-.  r =1000116° 

=  10(2+V3)  =  37-32...  feet. 

Also  B=-JL^  =  10x4s^    (Art.  106) 

sin  15°  V^-l 

=  10 .  V2  (v/3 + 1)  =  10  (v/6 + V2) 

=  10  (2-4496... +  l-4142...)=38-637...  feet. 

Again,  the  area  =  12  x  r  x  10  square  feet 

=  1200(2+V3)=4478-46...  square  feet. 


EXAMPLES.    XXXTX, 

1.  Find,  correct  to  *01  of  an  inch,  the  length  of  the  perimeter  of  a 
regular  decagon  which  surrounds  a  circle  of  radius  one  foot. 

2.  Find  to  3  places  of  decimals  the  length  of  the  side  of  a  regular 
polygon  of  12  sides  which  is  circumscribed  to  a  circle  of  unit  radius. 

3.  Find  the  area  of  (1)  a  pentagon,  (2)  a  hexagon,  (3)  an  octagon, 
<4)  a  decagon  and  (5)  a  dodecagon,  each  being  a  regular  figure  of  side 
1  foot. 

4.  Find  the  difference  between  the  areas  of  a  regular  octagon  and  a 
regular  hexagon  if  the  perimeter  of  each  be  24  feet. 

L.  T.  17 
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5.  A  square,  whose  side  is  2  feet,  has  its  comers  out  away  so  as  to 
form  a  regular  octagon ;  find  its  area. 

6.  Compare  the  areas  and  perimeters  of  octagons  which  are  respec- 
tively inscribed  in  and  circomsoribed  to  a  given  circle,  and  shew  that  the 
areas  of  the  inscribed  hexagon  and  octagon  are  nearly  as  iJ21  to  ^^2. 

7.  Prove  that  the  radios  of  the  circle  described  about  a  regular 
pentagon  is  nearly  i^ths  of  the  side  of  the  pentagon. 

8.  If  an  equilateral  triangle  and  a  regular  hexagon  have  the  same 
perimeter,  prove  that  their  areas  are  as  2 : 3. 

9.  If  a  regular  pentagon  and  a  regular  decagon  have  the  same 
perimeter,  prove  that  their  areas  are  as  2 :  ,J6, 

10.  Prove  that  the  sum  of  the  radii  of  the  circles,  which  are  respec- 
tively inscribed  in  and  circumscribed  about  a  regular  polygon  of  n  sides,  is 

a     ^  X 

where  a  is  a  side  of  the  polygon. 

11.  Of  two  regular  polygons  of  n  sides,  one  circumscribes  and  the 
other  is  inscribed  in  a  given  circle.  Prove  that  the  three  perimeters  are  in 
the  ratio 

T     T  T     - 

sec  - :  -  cosec  - :  1, 
n   n  n 

If 
and  that  the  areas  of  the  polygons  are  in  the  ratio  cos'  -  :  1. 

12.  Given  that  the  area  of  a  polygon  of  n  sides  circumscribed  about 
a  circle  is  to  the  area  of  the  circumscribed  polygon  of  2n  sides  as  3  :  2, 
findn. 

13.  Prove  that  the  area  of  a  regular  polygon  of  2n  sides  inscribed  in  a 
circle  is  a  mean  proportional  between  the  areas  of  the  regular  inscribed 
and  circumscribed  polygons  of  n  sides. 

14.  The  area  of  a  regular  polygon  of  n  sides  inscribed  in  a  circle  is  to 
that  of  the  same  number  of  sides  circumscribing  the  same  circle  as  3  is  to 
4.    Find  the  value  of  n. 

15.  The  interior  angles  of  a  polygon  are  in  a. p.;  the  least  angle 
is  120°  and  the  common  difference  is  6° ;  find  the  number  of  sides. 


:♦:♦:«  t: 
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16.  There  are  two  regular  polygons  the  namber  of  sides  in  one  being 
double  the  number  in  the  other,  and  an  angle  of  one  polygon  is  to  an  angle 
of  the  other  as  9  to  8 ;  find  the  number  of  sides  of  each  polygon. 

17.  Show  that  there  are  eleven  pairs  of  regular  polygons  such  that 
the  number  of  degrees  in  the  angle  of  one  is  to  the  namber  in  the  angle  of 
the  other  as  10 : 9.    Find  the  number  of  sides  in  each. 

18.  The  side  of  a  base  of  a  square  pyramid  is  a  feet  and  its  vertex  is 
at  a  height  of  h  feet  above  the  centre  of  the  base  ;  if  0  and  0  be  respec- 
tively the  inclinations  of  any  face  to  the  base,  and  of  any  two  faces  to  one 
another,  prove  that 

tan  $= —  and  tan  -  =  ^  /  1  +  —  . 
•lux  IT     ^   »uu  w*ii  2     \/      ^  2fc« 

19.  A  pyramid  stands  on  a  regular  hexagon  as  base.  The  perpendi- 
cular from  tha  vertex  of  the  pyramid  on  the  base  passes  through  the 
centre  of  the  hexagon  and  its  length  is  equal  to  that  of  a  side  of  the  base. 
Find  the  tangent  of  the  angle  between  the  base  and  any  face  of  the 
pyramid  and  also  of  half  the  angle  between  any  two  side  faces. 

20.  A  regular  pyramid  has  for  its  base  a  polygon  of  n  sides,  each  of 
length  a,  and  the  length  of  each  slant  side  is  I ;  prove  that  the  cosine  of 
the  angle  between  two  adjacent  lateral  faces  is 

42^  cos  —  -f-a' 
n 
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CHAPTER  XVII. 

TRIGONOMETRICAL  RATIOS  OF  SMALL  ANGLES.       AREA  OF 
A  CIRCLE.      DIP  OF  THE  HORIZON. 

227.  If  6  he  the  nvmber  of  radiana  in  any  angle, 
which  is  less  than  a  right  angle,  then  sin  0,  0  and  tan  0  are 
in  ascending  order  of  magnitude. 

Let  TOP  be  any  angle  which  is  less  than  a  right 
angle. 

With  centre  0  and  any  radius  OP  ^^\ 

describe  an  arc  PAP'  meeting   OT  \  P 

in  A.  y^ 

Draw  PN  perpendicular  to  OA      y^ 
and  produce  it  to  meet  the  arc  of  the    ^\        \ 
circle  in  P'.  \. 

Draw   the  tangent  PT  at  P  to  S^/ 

meet  OA  in  T  and  join  TF.  ^^ 

The  triangles  PON  and  P'ON  are 
^qual  in  all  respects,  so  that  PiV=  NF  and 

arc  PA  =  arc  AP. 

Also  the  triangles  TOP  and  TOP'  are  equal  in  all 

respects,  so  that 

TP^TF. 
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The  straight  line  PP'  is  less  than  the  arc  PAP',  so 
that  NP  is  <  arc  PA. 

We  shall  aaswme  that  the  arc  PAP'  is  less  than  the 
sum  of  PT  and  TF,  so  that  arc  Pil  <  PT, 

Hence  NP,  the  arc  AP,  and  PT  are  in  ascending 

order  of  magnitude. 

r^      ^       NP    sia  AP        .  PT  .  ,. 

Therefore   ^yp,  — jrp —  and  jrp  are  m  ascendmg 

order  of  magnitude. 

NP 
But  jrp  =  sin  AOP  =  sin  ^, 

^p     =  number  of  radians  in  Z  ^OP  =  5  (Art.  21), 

PT 
and  ^  =  **^"  POr  =  tan  AOP  =  tan  ft 

Hence  sin  0,  0,  and  tan  0  are  in  ascending  order  of 
magnitude,  provided  that 

228.  Since  sin  ^  <  d  <  tan  0,  we  have,  by  dividing 
each  by  the  positive  quantity  sin  0, 

l<-r-^< 


sin  0     cos  0 ' 
^  1 

Hence  -: — 7;  always  lies  between  1  and ^ . 

sm  0         "^  cos  ^ 

This  holds  however  small  0  may  be. 

Now  when  0  is  very  small  cos  ^  is  very  nearly  unity, 

and  the  smaller  0  becomes,  the  more  nearly  does  cosd 

become  unity,  and  hence   the  more  nearly  does   tj 

•^  cos  {J 

become  unity. 
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0 

Hence  when  0  is  very  small  the  quantity  -: — ^  lies 

between  1  and  a  quantity  which  differs  from  unity  by  an 
indefinitely  small  quantity. 

In  other  words,  when  0  is  made  indefinitely  small  the 

quantity  -=— ^  >  *"^^  therefore  — g-  ,  is  ultimately  equal  to 

unity,  i.e.  the  smaller  an  angle  becomes  the  more  nearly 
is  its  sine  equal  to  the  number  of  radians  in  it. 
This  is  often  shortly  expressed  thus ; 

sin  0^0,  when  0  is  very  small. 
So  also  tfim  0^0,  when  0  is  very  small. 

Cor.     Putting  5  =  - ,  it  follows  that,  when  0  is  indefi- 

n 

nitely  small,  n  is  indefinitely  great. 

.    a 

sin- 

Hence  — ^  is  unity,  when  n  is  indefinitely  great. 

n 
So  n  sin  -  =  a,  when  n  is  indefinitely  great. 

229.  In  the  preceding  article  it  must  be  particularly 
noticed  that  0  is  the  number  of  radians  in  the  angle 
considered. 

The  value  of  sin  a°,  when  a  is  small,  may  be  found. 
For,  since  tt*  =  180°,  we  have 


...( 


"^  180/  ■ 


by  the  result  of  the  last  article. 
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230.  From  the  tables  it  will  be  seen  that  the  sine  of 
an  angle  and  its  circular  measure  agree  to  7  places  of 
decimals  so  long  as  the  angle  is  not  greater  than  18^ 
They  agree  to  the  5th  place  of  decimals  so  long  as  the 
angle  is  less  than  about  2"". 

231.  If  $  be  the  number  of  raMan$  in  an  angle,  which  it  leu  than  a 

M  AS 

right  angle,  then  nn  ^  is  > tf  -  .  and  co«  ^  m>  1  -  5- . 

By  Art.  227  we  have 

*     ^     ^ 

,66        6 
••   «"»2='2'^*2- 

6        6 
Hence,  since  sin 0=2sin^ cos x , 

wehaye  sin^>tfcos'5,  i.«. >^f  l-sin'^  j  . 

But  since,  by  Art.  227, 

.    6     6 

«^°2^2' 
therefore  l-Bin''5>l-(  5  J  ,  i.e.  >l--j. 

(^\  6^ 

1  -  J- J,  i.e.  >tf- J-. 

Again,  oos^=l-2  8in3^; 

therefore,  since  sin'  s  ""^  I  s )  » 

wehave  l-2sin«^>l-2  f|Y,  i.e.  >1-  ^. 

It  will  be  found  in  a  later  chapter  that 

sm^>^-g-,  and  cos^<l  -^  +24* 

232.  Bz- 1-    Find  the  values  of  sin  Kf  and  cos  IC. 

1«  IT® 

Since  10'=^  = 


6  ""180x6' 
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we  haye  sin  10'=8m  (j^-^J  =  jg^ 

=?i^^=KK)29089  nearly. 

Also  COS  10'  =  Vl  -  8in«  IC 

=[1- •000008468...]* 
=l-i  [-000008468...], 

approximately  by  the  Binomial  Theorem, 

=  1- -000004234... 
=  -9999968.... 

Bz.  2.    Solve  ajpproatimately  the  equation 

nn0=-52. 

Since  sin  ^  is  very  nearly  equal  to  ^ ,  ^  must  be  nearly  equal  to  ^ . 

Let  then  B  =  7+a;,  where  x  is  small. 
o 

.*.  '52=sm(  g  +  o;  I=smg0osa;+cosgsinx 

Since  x  is  veiy  small,  we  have 

cos  2;= 1  and  sin  x =a;  nearly. 

.•.  «='02x-T5  radians  =  ^  =1'82°  nearly. 
Hence  9= 8P  19^  nearly. 


EXAMPLES.    XL. 

Taking  r  equal  to  3-14159265,  find  to  5  places  of  decimals  the 
value  of 

1.    sin  7'.  2.    sin  16".  3.    Binl'. 

4.    cos  16'.  5.    coseo8".  6.    sec  5'. 
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Solve  approximately  the  equations 

7.    Bin  ^=-01.  8.    Bin  ^=-48. 


g  +  »)  =  -49. 


9.    COB  ( ^  +  tf  j  = -49.  10.    cos  ^=-999. 

11.  Find  approximately  the  distance  at  which  a  halfpenny,  which  is 
an  inch  in  diameter,  must  be  placed  so  as  to  just  hide  the  moon,  the 
angular  diameter  of  the  moon,  that  is  the  angle  its  diameter  subtends  at 
the  observer's  eye,  being  taken  to  be  30'. 

12.  A  person  walks  in  a  straight  line  toward  a  very  distant  object  and 
observes  that  at  three  points  A,  B,  and  C  the  angles  of  elevation  of  the 
top  of  the  object  are  a,  2a,  and  3a  respectively ;  prove  that 

^B  =  3BC7  nearly. 

13.  If  0  be  the  number  of  radians  in  an  angle  which  is  less  than 
a  right  angle,  prove  that 

cos  ^  IS  <l"2"  +  ifi- 

14.  Prove  the  theorem  of  Euler,  viz.  that 


[ 


0          0            0 
sin  ^=^ .  cos  jr .  cos  ^  .  cos  =j ad.  inf. 

2  2'  2* 

We  have  sin  ^ = 2  sin  ^  cos  s = 2*  sin  ^  cos  ^i  cos  ^ 

=  2«8m^,cos2-3COS2-jCOSg= 

c^  .     0  0         0  0  0 

=  2*8m^xcos^.ooB^.cos2-,......cos2jj. 

Make  n  indefinitely  great  so  that,  by  Art.  228  Cor., 

2"8in^=^. 
2" 

0          0         0  1 

Hence  sin  ^= ^ .  cos  ^ .  cos  ^^  cos  ^ ad  inf. 

15.    Prove  that 

(l  -  tan'l)  (l  -  tan' J)  (l  -  tan>|-,) ad  inf. 

=*.cot9. 
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233.  Area  of  a  circle. 

By  Art.  225  the  area  of  a  regular  polygon  of  n  sides, 

which  is  inscribed  in  a  circle  of  radius  i2,  is 

w  T^  .    27r 
^  it^  sin  —  . 
2  n 

Let  now  the  number  of  sides  of  this  polygon  be  inde- 
finitely increased,  the  polygon  always  remaining  regular. 

It  is  clear  that  the  perimeter  of  the  polygon  must  more 
and  more  approximate  to  the  circumference  of  the  circle. 

Hence,  when  the  number  of  sides  of  the  polygon  is 

infinitely  great,  the  area  of  the  circle  must  be  the  same  as 

that  of  the  polygon. 

.    27r  .    27r 

^  rt       sm  —  sm  — 

2  n      2  n         ZTT  zir 

n  n 

=  irB?,—jr-y  where  ^  =  —  . 
0  n 

When  n  is  made  infinitely  great  the  value  of  0  becomes 

iufinitely  small  and  then,  by  Art.  228,  — ^  is  unity. 

The  area  of  the  circle  therefore  =  ttR*  =  ir  times  the 
square  of  its  radius. 

234.  Area  of  the  sector  of  a  circle. 

Let  0  be  the  centre  of  a  circle,  AB  the  bounding  arc 
of  the  sector,  and  let  /.AOB  =  a  radians. 

By  Euc.  VI.  33,  since  sectors  are  to  one  another  as  the 
arcs  on  which  they  stand,  we  have 

area  of  sector  AOB  _       arc  AB 
area  of  whole  circle     circumference 
_  Ra  _  a 
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.  area  of  sector  AOB  =  s-  x  area  of  whole  circle 

Ztt 


EXAMPLES.    XLI. 

1.  Find  the  area  of  a  circle  whose  ciroamference  is  74  feci 

2.  The  diameter  of  a  circle  is  10  feet ;  find  the  area  of  a  sector  whose 
arc  is  22^°. 

3.  The  area  of  a  certain  sector  of  a  circle  is  10  square  feet ;  if  the 
radius  of  the  circle  be  3  feet,  find  the  angle  of  the  sector. 

4.  The  perimeter  of  a  certain  sector  of  a  circle  is  10  feet;  if  the 
radius  of  the  circle  be  8  feet,  find  the  area  of  the  sector. 

5.  A  strip  of  paper  two  miles  long  and  '003  of  an  inch  thick  is  rolled 
np  into  a  solid  cylinder ;  find  approximately  the  radius  of  the  circular  ends 
of  the  cylinder. 

6.  A  strip  of  paper,  one  mile  long,  is  rolled  tightly  up  into  a  solid 
cylinder,  the  diameter  of  whose  circular  ends  is  6  inches ;  find  the  thick- 
ness of  the  paper. 

7.  Given  two  concentric  circles  of  radii  r  and  2r;  two  parallel 
tangents  to  the  inner  circle  cut  off  an  arc  from  the  outer  circle ;  find  its 
length. 

8.  The  circumference  of  a  semicircle  is  divided  into  two  arcs  such 
that  the  chord  of  one  is  double  that  of  the  other.  Prove  that  the  sum  of 
the  areas  of  the  two  segments  cut  off  by  these  chords  is  to  the  area  of  the 
semicircle  as  27  is  to  55. 


[•-?■] 


9.    If  each  of  3  circles,  of  radius  a,  touch  the  other  two,  prove  that 

4 
the  area  included  between  them  is  nearly  equal  to  ^  a'. 
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[Exs.  XLI.] 


10.  Six  eqnal  oiroles,  each  of  radius  a,  are  placed  so  that  each 
touoheB  two  others,  their  centres  being  all  on  the  drcaznference  of 
another  drole ;  prove  that  the  area  which  they  enclose  is 

2a«(8V8-ir). 

11.  From  the  vertex  il  of  a  triangle  a  straight  line  AD  is  drawn 
making  an  angle  0  with  the  base  and  meeting  it  at  D.  Prove  that  the 
area  common  to  the  circumscribing  circles  of  the  triangles  ABD  and 
ACDiB 

7  (6*7 + cV  -  26c  sin  ii)  cosec' ^, 

where  fi  and  y  are  the  number  of  radians  in  the  angles  B  and  C  respec- 
tively. 

236.    Dip  of  the  Horizon. 

Let  0  be  a  point  at  a  distance  h  above  the  earth's 
surface.  Draw  tangents,  such  as  OT 
and  OT',  to  the  surface  of  the  earth. 
The  ends  of  all  these  tangents  all 
clearly  lie  on  a  circle.  This  circle  is 
called  the  Offing  or  Visible  Horizon. 
The  angle  that  each  of  these  tangents 
OT  makes  with  a  horizontal  plane  POQ 
is  called  the  Dip  of  the  Horizon. 

Let  r  be  the  radius  of  the  earth 
and  let  B  be  the  other  end  of  the  diameter  through  A, 

We  then  have,  by  Euc.  IIL  36, 

so  that  OT  =  VA  (2r  +  h). 

This  gives  an  accurate  value  for  OT. 

In  all  practical  cases,  however,  h  is  very  small  com- 
pared with  r, 

[r  =  4000  miles  nearly  and  h  is  never  greater,  and 
generally  is  very  considerably  less,  than  5  miles.] 
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Hence  h^  is  very  small  compared  with  hr. 
As  a  close  approximation  we  have  then 

Or=V2AF. 
The  dip  =zrOQ 

=  90°-zOOr=zO(7r. 


Also         ta.0OT  =  2J=^^*^ 


/2A 


CT        r 
so  that,  very  approximately,  we  have  the  angle 

OCT  =  a/  —  radians 
=  /"    /2fe  180\°  _  ri80  X  60  X  60     Ml" 

236.  B3C  Taking  the  radius  of  the  earth  as  4000  miles,  find  the  dip 
at  the  top  of  a  lighthouse  which  is  264  feet  above  the  sea  and  the  distance 
of  the  offing. 

Here  r=4000  miles,  and  h=2U  feet  =^  mile. 
Hence  h  is  very  small  compared  with  r,  so  that 

0T=  ^i  X  4000=  V400=20  miles. 

Also  the  dip  =  a  / —  radians  =  ^r;rp.  radian 

*^  \    r  200 

EXAMPLES.    XLn. 

1.  Find  in  degrees,  minutes,  and  seconds  the  dip  of  the  horizon  from 
the  top  of  a  mountain  4400  feet  high,  the  earth's  radius  being  21  x  W 
feet. 

2.  The  lamp  of  a  lighthouse  is  196  feet  high  ;  how  far  off  can  it  be 
seen? 
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3.  If  the  radius  of  the  earth  be  4000  miles,  find  the  height  of  a 
balloon  when  the  dip  is  1°. 

Find  also  the  dip  when  the  balloon  is  2  miles  high. 

4.  Prove  that,  if  the  height  of  the  place  of  observation  be  n  feet,  the 
distance  that  the  observer  can  see  is  a/ -^  miles  nearly. 

5.  There  are  10  million  metres  in  a  quadrant  of  the  earth's  circum- 
ference. Find  approximately  the  distance  at  which  the  top  of  the  Eiffel 
tower  should  be  visible,  its  height  being  300  metres. 

6.  Three  vertical  posts  are  placed  at  intervals  of  a  mile  along  a  straight 
canal  each  rising  to  the  same  height  above  the  surface  of  the  water.  The 
visual  line  joining  the  tops  of  the  two  extreme  posts  cuts  the  middle  post 
at  a  point  8  inches  below  its  top.  Find  the  radius  of  the  earth  to  the 
nearest  mile. 


CHAPTER  XVIIL 

INVERSE  CIRCULAR  FUNCTIONS. 

237.  If  sin  5  =  a,  where  a  is  a  known  quantity,  we 
know  from  Art.  82,  that  6  is  not  definitely  known.  We 
only  know  that  6  is  some  one  of  a  definite  series  of 
angles. 

The  symbol  "sin~^a"  is  used  to  denote  the  smallest 
angle,  whether  positive  or  negative,  that  has  a  for  its  sine. 

The  sjnnbol  "  sin~^  a  "  is  read  in  words  as  "  sine  minus 

1 

one  a,"  and   must  be  carefully  distinguished   from  -; 

which  would  be  written,  if  so  desired,  in  the  form  (sin  a)~\ 

It  will  therefore  be  carefully  noted  that  "sin"^  a ''  is  an 
angle  and  denotes  the  Bmallest  numerical  angle  whose 
sine  is  a. 

So  "cos-^a"  means  the  smallest  numerical  angle 
whose  cosine  is  a.  Similarly  "tan^^a,"  **cot~^a,"  "co- 
sec"^  a,"  "sec""^  a,"  "  vers~^  a,"  and  "covers"^  a,"  are  defined. 

Hence  sin"^  a  and  tan"^  a  (and  therefore  cosec"^  a  and 
cot~^  a)  always  lie  between  —  90*"  and  +  90°. 

But  cos""^  a  (and  therefore  sec"^  a)  always  lies  between 
0°  and  180". 
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238.  The  quantities  sin"^  a,  cos"^  a,  taii~^a, ...  are 
called  Inverse  Circular  Functions. 

The  symbol  sin~^a  is  often,  especially  in  foreign 
mathematical  books,  written  as  ''arc  sin  a";  similarly 
cos~^  a  is  written  "  arc  cos  a,"  and  so  for  the  other  inverse 
ratios. 

239.  When  a  is  positive,  sin"^  a  clearly  lies  between 
0°  and  90** ;  when  a  is  negative  it  lies  between  —  90°  and 
0°. 


Bin-i^=30»;  Bin-i-|^= 


-60°. 


When  a  is  positive,  there  are  two  angles,  one  lying 
between  0°  and  90°  and  the  other  lying  between  —90° 
and  0°,  each  of  which  has  its  cosine  equal  to  a.  [For 
example  both  30°  and  —30°  have  their  cosine  equal  to 

^ .]    In  this  case  we  take  the  smallest  positive  angle. 

Hence  cos"^  a,  when  a  is  positive,  lies  between  0°  and  90°. 
So  cos~^  a,  when  a  is  negative,  lies  between  90°  and 
180°. 


ooB-i  "72  =  ^^'^ »  ^^'^  (  "  ^)  ^  ^^' 


When  a  is  positive,  the  angle  tan~^  a  lies  between  0° 
and  90° ;  when  a  is  negative,  it  lies  between  —  90°  and  0°. 

tan-i  V3 = 60° ;  tan-i  ( - 1)  =  -  46°. 


3  12  16 

240.    Bx- 1-    Prove  that  sinr^  -=  -  cos-^  j^ = sifT^  ^ . 

3  3 

Let  sin~^7=a,  so  that  8ma=7, 

o  5 

/        9^     4 
and  therefore  cos  a=  a/  ^  -  Sc  =  c  • 
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Let  oo8~1yq=/S,  so  that  oosj8=Y^, 


/        144      5 
and  therefore  sin j8= a/  1  -  tsq  =  Ta • 

Let  sin"!  af =7>  so  ^lat  sin  7  =  «g . 

We  have  then  to  prove  that 

a -^=7, 

i,  e,  to  shew  that  sin  (a  -  )3)  =  sin  7. 

Now  sin  (a  - /3) = sin  a  cos  j3- COS  a  sin /3 

3    12     4    5  _36-20_16_  . 
"6*13     6  "13"     66     "'66~^'^' 

Hence  the  relation  is  proved. 

Bz.  2.    Prove  that         2  tanr^  -  +  tanr^  7  ~  1  • 
Let  tan-^ » = aj  so  that  tan  a  =  ^ , 

and. let  tan->i=A  so  that  t»n/S  =  l. 

We  have  then  to  shew  that 

2  tan  a 
Now  tan  2a = 


l-tan^a 
2 

3         63 
8"4- 


^-9 


^      /ft      «x     tan2a+tanj8 
Also  tan  (2a + /3) = -— r — ^    .    ^- 

^        '^'     1  -  tan  2a  tan  /3 

3     1 

4"^7        21  +  4     25     ,     ^      T 
=  rr-=l=tan-: . 


3    1     28-3     26  — 4 

^     4*7 

/.  2a  +  j8=^. 
L.  T.  18 
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Bz.  8.    Prove  that 

COS  ^^=+2tan-'^-==8tnr^-= 
65  5  5 


Let  008^  ^v= a,  80  that  cosa  =  ;r^, 

DO  DO 

,^,       .  .  7^;      632     ^662-632     16 


Let  tan-i  ? = i3«  so  that  tan  /3  =  ? » 

and  therefore  (as  in  Art.  32), 

1         ,  6 

sin /3= -75^  and  cos /3  = 


3  3 

Also  let  sin""^  S"*^'  ^  *^*  sin 7=^ . 

We  have  then  to  prove  that 

a+2/S=7. 

Now  8in  (a +2/3)= sin  a  cos  2/3 +008  a  sin  2j3 

=  =|x(co8»/3-sin'/3)  +  ggX2sin/3cosi8 

26-l\      63     2x1x5 
+  7rr  X 


_16      /25-l\ 
~65  ^  V    26  j 


65  26 


16 X 24+63 X 10 _   1014   _3x338_3xl3  _3_  . 
"        65x^6         ~65x26"65x26~    65        5  '^' 

Hence  a +2/3 =7,  so  that  the  relation  is  proved. 

Sx.  4.    Prove  that 

4ton-ig-ton-i2-3^  =  ^. 

Let  tan~^  v= a,  so  that  tan  a=-=. 

o  o 

2 

^  ^      ^         2tana  5  5 


10 

*      A  12  120 

and  tan4a=_-5^=j-jg, 

144 

IT 

80  that  tan  4a  is  nearly  unity  and  4a  therefore  nearly  r- . 
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Let  4o = -T + tan"^  x, 

/.  J-g=  tang  +  tan-la:)  =^    (Art.  100). 

__  r 

Henoe  4tan-ii-tan-ii5  =  ^. 

Bz.  4.    Prove  that 

tanr^  a + tan"^  b = tan"^  ■= r . 

l-a6 

Let  tan'^asa,  so  that  tana=a. 

Let  tan~i&=/3,  bo  that  tan/3=&. 

Also  let  tan"*  ( s— — t)=7,  80  that  tan7=^ -. 

We  have  then  to  prove  that 

o+/3=7. 

„  X     /       «v      tana+tan/5       a  +  6     ^ 

Now  *»°(»-'-P)  =  i_tanaW=rrri=*^^- 

SO  that  the  relation  is  proved. 

The  above  relation  is  merely  the  formula 

.      .        ,      tana;+tani^ 

tan(«+y)  =  :i — r 1— ^» 

^      *"     1 -tan  2;  tan  y 

expressed  in  inverse  notation. 

For  put  tan  a; = a,  so  that  a;=tan~~ia, 

and  tan^=&,  so  that  y=tan~*&. 

Then  **°(*+y)=rr^- 

t.  e.  tan-i  a + tan""*  b = tan-*  ^ ^ . 

1  — ao 

18—2 
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In  the  above  we  have  tacitly  assumed  that  ab  <  1,  so  that  r: r  is  posi- 

tive,  and  therefore  tan"^  ^ =-  lies  between  0°  and  90°. 

1-ab 

If  however  a5  be  >1,  then  -i ^and  therefore  according  to  our  defini- 

l  —  ao 

tion  tan~^  = is  a  negative  angle.    Here  y  is  therefore  a  negative  angle 

X  "~  QrO 

and}  since  tan  (ir+7)=tan7,  the  formula  should  be 

tan-ia+tan-i6=ir+tan-ir; =-. 

1-ao 


6.    Solve  the  equation 

x  +  1 

X-l  X 


tan'^  — i  +  tan"^ =  tan~^  ( -  7). 


Here  we  have 

o+i8=7. 

where  o = tan-^ 5  and  hence  tan  a= r , 

x~l  x-l 

JJ  —   1  iU  —  1 

/3=tan~i and  hence  tan/3= , 

X  X 

and  7 = tan"^  ( —  7)  and  hence  tan  7  =  -  7. 

Since  tan  (a + /3) = tan  7, 

tana+taniS 

^— -^  —  7 

1 -tan  a  tan /3  * 

x+1     x-l 

4 

x-l        X 

-        X+1 X-l  ' 

x-l     X 

t.e.  l-a;     -     ^' 

80  that  x=2. 

This  value  makes  the  left-hand  side  of  the  given  equation  positive,  so 
that  there  is  no  value  of  x  strictly  satisfying  the  given  equation. 
The  value  x=2  is  a  solution  of  the  equation 

tan-i^— ^+  tan-i  ^^^=ir+tan-i  ( -  7). 
X  ^  1.  X 
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EXAMPLES.    XLm. 

Prove  that 

1.    Bm-ig  +  Bm-^j^=smigg. 

.     ,  6  .    .     ,  7  ,/     263\ 

,4  ,3     .       ,27  ^  ,4  ,12  ,33 

3,    ooB-i|+tan-ig=tan-ijj.        4.    co8"^5+<^s-i jg=oos-igg. 

5.    ooB-ia:=2Bm-i^i^=2oos-^Ay^. 

«     «        ,3  X  1 16     1        ,7 

^-    2coB-i-j^+oot-ig3  +  2C08i^=T. 

7.  tan-i|+tan-M|=sin-iJg  +  cot-i3=45°. 

1  12  2      1  12 

8.  tan-i;^+tan-ij^=tan-ig.         9.    tan-ig  =  2tan-i-g-. 

1  2     1  3 

10.  tan-ij+tan-ig  =  2  00B-ig. 

11.  2tan-i|  +  tan-ii+2tan-ii  =  ^. 

12.  tan-ij+tan-ig-tan-ij^  =  j. 

13.  tan-i^+tan-ig+tan-i^  +  tan-ig  =  |. 

14.  3tan-xi+tan-il  =  J-tan-i3lg. 

16.    4tan-ii-tan:il+tan-il  =  |. 

,120     «   .     ,  6  ,„      .       iWi     .       .m-n     r 

16.    tan-ij^  =  2Bm-ij3.         17.    tan-i  -  -  tan-i  ^^  =  ^ . 

18.    tan-i  ( + tan-i  j— ^^ = tan-iy-gp , 

1       ;i  X       i3«-t»    ..  ,      1 

If  «<-^and=T+tan-i  j-3-^,  if  «>-^. 
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19.    tan-i  ^  ^(^+|±i+  t«i->^  *M6±£) 


+tan-x^£j>±*±£)=,. 


■      20.    oot-»^  +  oot-i^+oot-i*^l=0. 
«-o  0-c  c-a 

21.  tan-i  n + cot-i  (n + 1) = tan-i  (n^ + n + 1). 

22.  coB^2tan-li^=sin^4tan-liy 

23.  2  tan-i  Ftan  (46«  -  o)  tan  fl = oos-i  rj?l?f±^?^l 

24.  tan-i  a: = 2  tan-^  [ooseo  tan"-^  a?  -  tan  oot~i  a?]. 

25.  2tan-l^tan^tanfJ-f^"l=tan-l-?^?^^^2?^ 

L       2        \4t     2)A    "^    Bin /3+ COS  a" 

26.  Shew  that 

coB-VH=Bin-^=eot-^yg| 


2  ""  a-6 


27.  If  cos-i  ^  +  cos-i  I = o,  prove  that 

^     2a!y  «2 

-a--^008a+p=Bin«a. 

Solve 

28.  tan-^5^Z^,^. 

29.  tan-i2a;+tan-i3a?  =  ^.        30.    tan^i  ^::1  +  tan-i  ?±i  -  ^ 

31.  tan-i  {x  +  l)  +  oot-i  (a?  - 1)  =  sin-i  i  +  oos-i  ? . 

o  6 

32.  tan-i  x + tan-^  (a?  - 1) = tan-i  — . 

'  31 

33.  2  tan-i  (cob  x) = tan-i  (2  ooseo  x) . 
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2  1 

34.    tan"ia:  +  2cot"i«  =  5T.  35.    tanoo3"ia:=Bincot~^;r. 

O  a 

36.    cot-ia:-oot-M«  +  2)  =  16«. 
A»  ,a;'-l  .  .       ,    2a:        2t 

38,  eot-ia;+oot-i(n»-aj  +  l)=oot-i(n-l). 

39.  8iii-ia?+8m-i2«=5.  40.    sin-l  ? -»■  flin-i  ~  =  J . 

41.  tan-i-+tan-i-  +  tan~^-  +  tan"i-  =  ^. 

%  X  X  X       z 

X  X 

42.  Bec"^  —  seo'^  ^ = seo"^  b  -  aeo"^  a, 

a  0 

43.  ooaeo"^  x = ooseo"^  a + coBeo"^  6. 

44.  2  tan-i  05=008-1  j^,-oo8ri^-^. 


CHAPTER  XIX. 

ON  SOME  SIMPLE  TBIQONOMETRICAL  SEBIES. 

241.     To  find  the  sum  of  the  sines  of  a  series  of  angles, 
the  angles  being  in  arithmetical  progression. 

Let  the  angles  be 

a,  a  +  A  a  +  2^, {a  +  (n-l)^}. 

Let 

flf=sina  +  8in(aH-)8)  +  sin(a  +  2)8)...+sin{a  +  (n-l)i8}. 
By  Art.  97  we  have 

o   •        •    iS  f       1^  f       ^\ 

2  sin  a  sin  ^  =  cos  ( a  —  ^  1  —  cos  ( a  +  ^  1 , 

2  sin  (a  + /8)  sin  ^  =  cos  fa  4-^j-cosra  +  -^)> 

2sin(a  +  2^)sin|  =  cos^a+-^j-cos^a  +  -^j, 

2sin{a+(w-2))8}sin|=cos{a+(n-|)/8}-co8{a+(w-f))8}, 

and 

28in{a+(7i-l))8}sin|=cos{a+(n-f))8}-cos{a+(ti-i)/8}. 

By  adding  together  these  n  lines,  we  have 

2  sin  5  .  S  =  cos  (a  —  5  )  —  cos  {a  +  (w  —  J)  /3}, 
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the  other  terms  on  the  right-hand  sides  cancelling  one 
another. 

Hence,  by  Art.  94,  we  have 

le.  S= N  6       ^• 

■     2 

Bz.    By  putting  /9=2a,  we  have 

Bin  a  +  Bin  3a+Bin  5a+ ... +8m  (2n- 1)  a 

__  sin  {a  +  (n  - 1)  a}  sin  na  _  sin*  wa 
sin  a  sin  a 

242.     To  find  the  sum  of  the  cosines  of  a  series  of 
angles,  the  angles  being  in  arithmetical  progression. 

Let  the  angles  be 

a,  a+)8,  a  +  2)8,  ...a  +  (n-l))8. 
Let 

S=  cosa  +  cos  (a+/8)  +  cos(a+2/8)  +  . . .  +  cosfa  +  (n  - 1)/8}. 

By  Art.  97,  we  have 

2cosa8in^  =  sin(a  +^J  —  sinfa  —  ^j, 

2  cos  (a  +  /8)  sin  ^  =  sin  f  a  +  -^j  -  sin  («  +  f )  > 
2cos(a  +  2/8)sin|  =  sin(a  +  ^)-8in(a+^), 

2cos{a-h(w-2)/8}sin|=sin{a+(ii-f)/3}-sin{a+(n-f)/3}, 
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and 

2cos{a+(w-l))8}sin|=sin{a+(n-i)^}-8in{a+(n-f))8}. 

By  adding  together  these  n  lines,  we  have 

28  X  sin^  =  sin  {a  +  (n  — J) ;8}  —  sin  a  — gk 

the  other  terms  on  the  right-hand  sides  cancelling  one 
another. 

Hence,  by  Art.  94,  we  have 

2/Sx8in^  =  2cosla+"'~ 


»— 1  J    .    nyS 
-g- /9J  sin -g  , 


2     -—  ["  •      2 

COT  |a  +  ^^  M  "in  ^ 

i.e.  8  =         'i  A  I*  . 

sing 

243.  Both  the  expressions  for  8  in  Arts.  241  and  242 
vanish  when  sin-^  is  zero,  i,e,  when  -^  is  equal  to  any 
multiple  of  tt, 

i.e.  when  -w—P'"'> 

where  p  is  any  integer, 

i.e.when  fi  =  p.-. 

^    n 

Hence  the  sum  of  the  sines  (or  cosines)  of  n  angles, 

which  are  in   arithmetical  progression,  vanishes  when 

the  common  difference  of  the  angles  is  any  multiple 

-27r 
of  —  . 
n 

Bzs.        coBa+0O8(a+ — j+cosf  o+ — j  +  ...  to  «  terms =0, 
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and  sino  +  Bin  (  o+ — j  +  sinf  o+ — )  +  ...  ton  terms^O. 

244.    Bx. 


az.  1.    Find  the  sum  of 

«na-«n(o+/9)+«in(o+2/3)- ...  to  n  terms. 
We  have,  by  Art.  73, 

Bin(o+/3+ir)=-Bin(o+i8), 

sin  (a + 2jS  +  2ir)  =  sin  (a + 2/3), 
sin  (o+3j8  +  3t)=  -sin  (a+3/3), 

Hence  the  series 

=  sina  +  sin(a+j8  +  ir)  +  Bin{a  +  2(/3  +  ir)} 
+  Bin{a  +  3(/3  +  ir)}  +  ... 


sin 


a+-s-03+ir) 


.    nOS  +  ir) 
V  sin— 5^-:r — - 


sin 


/3  +  T 


,  by  Art.  241, 


sin  .a+-j-()8+ir)V 


.    n{p+v) 


cos  I 

Bz.  2.    Find  the  sum  of  the  series 

cos^a+cos^2a  +  co8^Sa+ ton  terms. 

By  Art.  107,  we  have 

COB  Ba= 4  cos'  a  -  3  cos  a, 

so  that  4  cos'  a=3  cos  a+cos  3a. 

So  4  cos'  2a = 3  cos  2a + cos  6a, 

4  cos' 3a = 3  cos  3a + cos  9a, 


Hence,  if  iS  be  the  given  series,  we  have 
45= (3  cos  a+cos  3a)  +  (3  cos  2a+cos  6a)  +  (3  cos  3a+ cos  9a)  + ... 
=3(cosa+coB2a+cos3a  +  ...)  +  (cos3a  +  cos6a+cos9a+...) 

3a 


COB 


=3 


.  n-1     ]     ,    na  L    .  n-1    _  )     .    w.  I 

a-\ — g— •**fS"^"o"     cos -^3a  +  — ^.SaJ-  sin  — ^ 


Bin 


3a 

sm-^ 


n+1      .    na  3(n+l)      .    3na 

COB— 5-  a  sin -jr-      cos  — ^r —  a sm  -jr- 

^  0  a  a  d 

=8  + 


.    a 


.    8a 
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In  a  similar  manner  we  can  obtain  the  sum  of  the  cubes  of  the  sines 
of  a  series  of  angles  in  a.  p. 


r.    Since 

2sin^a=l-cos2a,  and  2cos'a=l  +  cos2a, 

we  can  obtain  the  sum  of  the  squares. 

Since  again  8  sin^  a = 2  [1  -  cos  2af 

=  2  -  4  cos  2a  +  2  cos^  2a= 3  -  4  cos  2a  +  cos  4ai 

we  can  obtain  the  sum  of  the  4th  powers  of  the  sines.    Similarly  for  the 
cosines. 

Bz.  8.    Sum  to  n  terms  the  aeries 

C08a8inp+C08Sa8in2p+c08  5a8inSp+...  to  n  terms. 
Let  S  denote  the  series. 
Then 

2iSf={sin(a+/3)-sin(a-/9)}  +  {sin(da  +  2/3)-sin(8a-2^)} 

+  {sin  (5a+3i3)  -  sin  (6a -3/3)}  + .. 
=  {sin(a+/S)  +  sin(3o  +  2/3)  +  sin(6a  +  3/3)  +  ...} 
-{sin(o-/3)  +  sin(3o-2/3)  +  sin(6a-3/3)  +  ...} 


sm  ' 


(a+/3)+^(2a  +  /3) 


smn 


2a+/3 


sin  — 7^ 


sm 


,..,,--ii,.-.i^. 


2a-/3 
2 


.    2a-i3 
sm  ~-^~- 


,  by  Art.  241, 


sm  -(noH — q- P\  sm 


w  +  1    )     .    n(2a+/3) 


.    2a  +  i3 


sm 


2 


sin  <na- 


n+lJ 


.    n(2a-j8) 
sm       ^  ^^ 


.    2a-i8 
sm — ~- 
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4.  AiA^. .  .A^  U  a  regular  polygon  of  n  tides  inscribed  in  a  circle^ 
whose  centre  is  0,  and  P  is  any  point  on  the  arc  A^A^  such  that  the  angle 
POAi  is  0;  find  the  sum  of  the  lengths  of  the  lines  joining  P  to  the  angular 
points  of  the  polygon. 

Each  of  the  angles  A^OA^f  AfiA^.^.A^OA-^  is  —  ,  so  that  the  angles 

POA-^t  POA^f,..  are  respectively 

-      ^     2ir       ^     4ir 
n  n 

Hence,  if  r  be  the  radias  of  the  circlCi  we  have 

P^i=2rsin^i=2rsin5, 


P^,=2r  Bin  -2-»=2r  nn  (g  +  -  j 


PA^=2rsm  -g-- 


Hence  the  required  sum 

=2r[em|+sm(J  +  ^)+sin^|  +  ^)  + toBtenns] 

.    rO     n  - 1  ir"|   .    n    X 
sin    jr  +  — j5 sin  5 .  - 

=2rcosec2^.smL2+2-2;,J 
=  2rcosec^cos(|-^). 

EXAMPLES.    XUV. 

Sum  the  series : 

1.  cos ^+ cos 3^  + cos 5^+...  ton  terms. 

2,  cos -^  +COS  2i<  +  cos  -5-  + ...  to  » terms. 

3sina  +  sin2a  +  sin3a+...+sin7ia     .      n+1 
=:tan a. 
cos  a +  008  2a +...+ cos  na                    2 
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.      8ina+8m8a+8in5a+...+Bin(2n--l)a     . 
0O8a  +  0Os8a+0O8  5a+...+coB(2n~l)a 

5.  ooBjr— — -  +COS  Q    .  .,  +0OS  5— pr  + ...  to  n  terms. 

2n+l  2n  +  l  2n+l 

6.  008  a  -  008  (a+/3) +008  (a+ 2/3)  -  ...  to  2n  tenxiB. 
8ina-8in(a+/3)  +  8m(a+2/9)  +  ...  to  n  term8 


7. 


co8a-oos(o+j8)  +  co8(a+2/3)  +  ...  to  n  terms 

=tan|a+^(T+j8)|. 


n  —  4t  71  ~*  6 

8.  sin^+sin — jitf  +  sin — s^"t-"«  *o  w  terms. 

n— 2  n— « 

9,  0O8a;+sin8a;+0OB5a;+Bin7x+...  +  8in(4n-l)a;. 

10.  sin  a  sin  2a + sin  2a  sin  da + sin  8a  sin  4a +...  to  n  terms. 

11.  cos  a  sin  2a  +  sin  2a  cos  Sa + cos  8a  sin  4a 

+  sin4acos5a+...  to  2n  terms. 

12.  sin  a  sin  8a + sin  2a  sin  4a + sin  8a  sin  5a +...  to  n  terms. 

13.  008  acos  j9+oos 8a  cos  2j3+cos 5a cos 8j8...  to  n  terms. 

14.  Bin'  a + sin' 2a + sin' 8a  + ...  to  n  terms. 

16,  sin"^+sin'(^  +  a)  +  sin'(^+2a)  +  ...  to  n  terms. 

16.  sin' a + sin' 2a + sin' 8a +...  ton  terms. 

17.  sin^a+sin^2a+sin^8a+ ...  to  n  terms. 

18.  008* a +008* 2a +008*  8a  + ...  to  n  terms. 

19.  008  d  COS  20  COS  80 + cos  29  00s  89  00s  40  + ...  to  n  terms. 

20.  sin  a  sin  (a + /3)  -  sin  (a +j3)  sin  (a +2/3)  +  ...  to  29i  terms. 

21.  From  the  sum  of  the  series 

sina+8in2a+sin8a+...  ton  terms, 
dednce  (by  making  a  very  small)  the  sum  of  the  series 

1  +  2+8+.. .+n. 

22.  From  the  result  of  the  example  of  Art.  241  deduce  the  sum  of 

1  +  3  +  5...  to  n  terms. 

2ir 

23.  M  *=I7' 

prove  that  2  (oos  a + oos  2a + cos  4a  +  cob  5a) 

and  2  (oos  8a + oos  5a + oos  6a + oos  7a) 

are  the  roots  of  the  equation 

a?'+a;-4=0. 
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24.  ABCD,.,  is  a  regular  polygon  of  n  sides  which  is  inscribed  in  a 
circle,  whose  centre  is  0  and  whose  radius  is  r,  and  P  is  any  point  on  the 
arc  AB  such  that  POA  is  0.    Prove  that 

PA  .  PB  +  PA  .  PC+PA  .  PD+PB  .  PC+.., 


=r»[2cos«g-^)cosec«^-n]. 


25.  Two  regular  polygons,  each  of  n  sides,  are  circumscribed  to  and 
inscribed  in  a  given  circle.  If  an  angular  point  of  one  of  them  be  joined 
to  each  of  the  angular  points  of  the  other  then  the  sum  of  the  squares  of 
the  straight  lines  so  drawn  is  to  the  sum  of  the  areas  of  the  polygons  as 

2  :  sm  — . 
n 

26.  Ai,  A^.-.A^^i  are  the  angular  points  of  a  regular  polygon  in- 
scribed in  a  oirde  and  0  is  any  point  on  the  circumference  between  Ai 
and  ^aM+]  >  pi^ove  that 

OA^  +  OA^-\- ...  +  OA2^i=OA2-¥OA^+ ...  +  OA^. 

27.  ^  perpendiculars  be  drawn  on  the  sides  of  a  regular  polygon  of  n 
sides  from  any  point  on  the  inscribed  circle  whose  radius  is  a,  prove  that 
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ELIMINATION. 


246.  It  sometimes  happens  that  we  have  two  equa- 
tions each  containing  one  unknown  quantity.  In  this 
case  there  must  clearly  be  a  relation  between  the 
constants  of  the  equations  in  order  that  the  same 
value  of  the  unknown  quantity  may  satisfy  both.  For 
example/  suppose  we  knew  that  an  unknown  quantity 
X  satisfied  both  of  the  equations 

ax-\-h  =  0  and  ca^  +  cfo?  +  e  =  0. 
From  the  first  equation  we  have 

h 

x^ , 

a 

and  this  satisfies  the  second  if 

i.e.  if  6*c  -  ohd  +  d^e  =  0. 

This  latter  equation  is  the  result  of  eliminating  x 
between  the  above  two  equations,  and  is  often  called  their 
eliminant. 
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246.  Again,  suppose  we  knew  that  an  angle  6 
satisfied  both  of  the  equations 

sin'^sft,  and  cos*^=c, 

so  that  sin  ^  =  Jr,  and  cos  ^  =  c  . 

Now  we  always  have,  for  all  values  of  0, 

8in"5  +  cos2tf=l, 

so  that  in  this  case         6*  +  c*  =  1. 
This  is  the  result  of  eliminating  0. 

247.  Between  any  two  equations  involving  one 
unknown  quantity  we  can,  in  theory,  always  eliminate 
that  quantity.  In  practice  a  considerable  amount  of 
artifice  and  ingenuity  is  often  required  in  seemingly 
simple  cases. 

So  between  any  three  equations  involving  two  un- 
known quantities  we  can  theoretically  eliminate  both 
of  the  unknown  quantities. 

248.  Some  examples  of  elimination  are  appended. 


1.    Eliminate  d  from  the  eqiuttiofu 

aca8  6+bHn$=c, 

and  bco8  6+ennd=a. 

Solving  for  oos^  and  sin^  by  cross  mnltiplioation,  or  otherwise, 
we  have 

c' -  a6 ""  a*  -  6c  ~  oc  -  6* ' 

/.  I=oo8«^+sin«^=^ (ao-6«)«  > 

ue.  (aa-6c)«+(c»-a6)*=(ft«-ac)>. 

L.  T.  19 
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a.    Eliminate  $  between 


ax 


-^.=o^-V (1). 


COS  0     sin  0 

ax  sin  0     by  cos  d    ^  .«. 

and  Ya-  +     .  a/,  =0 (2). 

cm'  B        sin^  $  ^  ' 

From  (2)  we  have  ax  sin'  Ssi-hy  cos»  6. 

sin  0       008  ^      Jein^  e+co8^0 
-  (fty)*     (aa?)i      J{by)i+(ax)i 

(Hall  and  Knight's  IfipAer  Algebra,  Art.  12) 

1 

^^(&y)♦+(a«)♦ 

1    _     ^/(fty)^+(<M;)* 
«^°^  (6y)*         ' 

1    ^N/(6y)*  +  (aj;)^ 


Hence 


and 

so  that  (1)  becomes 

L       (ax)*         i     (W^-" 

=  "^^C^)  ^ + (a^)*{  {(^)^ + (fty)*} 

».«.  (oar)*  +  (fty  )*  =  (a«  -  6»)*. 

The  student  who  shall  afterwards  become  acquainted  with  Analytical 
Geometry  will  find  that  the  above  is  the  solution  of  an  important  problem 
concerning  normals  to  an  ellipse. 

Bz.  8.    Eliminate  6  from  the  equations 

-  cos  6  -^sine=cos 2$  (1), 

a  0 

and  ^sin0  +  ^cose=2sin2e (2). 

a  b  ^       . 
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Multiplying  (1)  by  oo8  0,  (2)  by  sin  9,  and  adding,  we  have 

-=0OB  0  COB  2^+2  sin  ^  sin  2^ 
a 

=co8^+Bin^Bin20scos9  +  28in3^cos0 (3). 

Multiplying  (2)  by  cos  $,  (1)  by  sin  6j  and  subtraoting,  we  have 

^ = 2  sin  2^  COB  0  -  COS  2^  Bin  9 

ssin  2^008  tf+Bin^=Bin  0+2  sin  ^008*0 (4). 

Adding  (8)  and  (4),  we  have 

-  +  T=(Bin0  +  oo8  0)  [1+2  sin  0  CO8  0] 
a     0 

=:(fUn0  +  QOB6)[faJDfl$  +  CO8*$  +  2wi$OOB$] 

=  (sin  0+008  0)', 

eothat  sin 0  +  008 0=r-  +  |j    (5). 

Subtracting  (4)  from  (8),  we  have 

-  -  |=(ooB 0>8in  0)  (1-2  8in0ooB  0) 
=(coB0-Bin0)«, 

fiothat  oos0-sin0=^--|^    (6). 

Squaring  and  adding  (6)  and  (6),  we  have 

EXAMPLES.    XLV. 

Eliminate  0  from  the  equations 

1.  a  COB  0+6  sin  0=e,  and  &coB0-aBin0=:d. 

2.  a;=aoos(0-a),  and  |^=&  cos  (0-/9). 

3.  a  cos  20=5  sin  0,  and  e  sin  20 =(2  008  0. 

4.  aBina-&oosa=2&8in0,  and  asin2a-&cos20=a. 

.     n  /»       /-o — i        ^  8ina0  .  COB*0  1 

5.  a;sm0-ycos0=V«»+y»,  and-^  +  -^  =  p-j-^,. 

19—2 
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and  xBia$-yQoa$=  Ja^  sin*  tf +6^  cos*  0, 

7.  Bin  0  -  008  0=Pt  and  ooseo  0  -  sin  ^= g. 

8.  If  tfisooseo  ^  -  sin  9,  and  n=sec  0  -  oos  ^, 

prove  that  m » +  n » =  (i»n) "  ». 

9.  Prove  that  the  result  of  eliminating  $  from  the  equations 

a;oos(^+a)+^sin(^+a)=asin2^, 
and  ycos(^+a)-xsm(^+a)=2acos2^, 

is  (a;  oos  a-k-y  sin  a)^  +  (x  sin  a  -  2^  oos  a) « = (2a)T. 

Eliminate  $  and  0  from  the  equations 

10.  aoos*^+&sin>^=c,  &oos'0+aBin'0=d, 
and  a  tan  ^=5  tan  0. 

11.  008^+008  0=0,  oot^+oot0=5,  and  ooseo  ^ + ooseo  0=c. 

12.  a  sin  9= 5  sin  0,  aoos^+&oos0=c,  and  j;=|^tan(^+0). 

13.  -008^+1  sin ^=1,  -oos0+r8in0=l, 
a  0  a  0 

and  a*sins8in^+6'oo8  5  00s|=c* 


PART  n. 


ANALYTICAL  TRIGONOMETRY. 


CHAPTER  XXI. 


EXPONENTIAL  AND  LOGARITHMIC  SERIES. 

249.  In  the  following  chapter  we  are  about  to  obtain 
an  expansion  in  powers  of  x  for  the  expression  a*  where 
both  a  and  x  are  real,  and  also  to  obtain  an  expansion  for 
loge(l+a;),  where  x  is  real  and  less  than  unity,  and  e 
stands  for  a  quantity  to  be  defined. 

260.  To  fimd  the  value  of  the  qua/nJtity  f  1  +  -)  ,  when 
n  becomes  infinitely  great  and  is  real. 

Since  -  <  1,  we  have,  by  the  Binomial  Theorem, 
n 

/"ij-^V     T   ,  „    1     njn-l)  1     n(n-l)in-2)l 


1 


n  .  \      n}\      n)  ,\      nj\      nj\      n) 


=!+!+_+ ^ + g 

H- 

This  series  is  true  for  all  values  of  w,  however  great. 
Make  then  n  infinite  and  the  right-hand  side 

»  1  +  1+12+13  +  14  "*■•••  ^i^^- 
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Hence  the  limiting  value,  when  n  is  infinite,  of  [1  +  - ) 

is  the  sum  of  the  series 

111 

1+1  +  12+  I3"*"l4"*"'"^  ^^' 

The  sum  of  this  series  is  always  denoted  by  the 
quantity  e. 

Hence  ive  have 


Lt 


where  Lt  stands  for  "  the  limit  when  n  =  co" 

n—ao 

Cor.     By  putting  n  =  -— ,  it  follows  (since  m  is  zero 
when  n  is  infinity)  that 


Lt(l  +  m)«  =  Ltfl  +  iy  =  6. 


261.     This  quantity  e  is  finite. 

T?      •  111 

Forsince  J3<2r2"^2^' 

i         ^         i 
(4^2.2.2^2»' 


we  have 

6<l  +  l+^  +  ^,  +  J, ad  inf. 

<1+    ' 


1-4 

<  1  +  2,  i.e.  <  3. 
Also  clearly  e  >  2, 


I" 
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Hence  it  lies  between  2  and  3. 

By  taking  a  sufficient  number  of  terms  in  the  series,  it 
can  be  shewn  that 

e  =  2-7182818285... 

252.    The  quantity  e  is  incommensurdble. 

For,  if  possible,  suppose  it  to  be  equal  to  a  fraction  - ,  where  p  and  q 

are  whole  numbers. 
We  have  then 

g=^+^+[2  +  'j3'*"  ••••■^  g'^]J+l  ■*■  [g+a"^ ^^'' 

Multiply  this  equation  by  [£,  so  that  all  the  terms  of  the  series  (1) 

\q 

become  integers  except  those  commencing  with  i      ^  .    Hence  we  have 

1,  |g-l  =  whole  number +j^  +  ^+|^+... 

i,e,   an  integers— -r+.    ,^..    .  o,  +  .    .^v,    ,  ^m    .nv  + (2). 

^       2+1     te+l)(«  +  2)     (g  +  l)(g+2)(g+3)  '' 

But  the  right-hand  side  of  this  equation  is  >  — r ,  and 

1  1  1 

<g  +  l  +  (g+l)»  +  (g  +  l)>+- 


n<^-m}' 


i.e,  is  < 

.      .  1 

t,e,  18  <  -. 

Hence  the  right-hand  side  of  (2)  lies  between  — =•  [and  ~ ,  and  is  there- 
^^  ^  '  S'  +  l'        q 

fore  a  fhustion  and  so  cannot  be  equal  to  the  left-hand  side. 

Hence  our  supposition  that  e  was  conmiensurable  is  incorrect  and  it 

therefore  must  be  incommensurable. 

253.    Exponential  Series.     When  x  is  real,  to  prove 
that 

e*  =  l  +  a?  +  TgH-j5  +  ...a<Z  in/. 
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and  that 

a*  =  l+ichgeCt'^Ta(logeay  + ...  ad  inf. 

I? 

When  n  is  greater  than  unity,  we  have 


1  + 


krr-i^^i) 


nx 


-  1     nx(nx  — 1)1      nx(nx''l)(nx'-2)l 

n  1.2       w'  1.2.3  n* 

xlx  — )     x(x  — ](x  — ) 
=  l+a?  +  _-_.+ --g +  ... 

In  this  expression  make  n  infinitely  great.     The  left- 
hand  becomes,  as  in  Art.  250,  e'. 
The  right-hand  becomes 

l  +  fl?  +  |2  +  j3+... 
Hence  we  have 

e*=l+x+|^  +  i3  +  ...adinf.    (1). 

Let  a^ef^,  so  that  o  =  log«a. 

If        l£ 
by  substituting  co?  for  x  in  the  series  (1). 

^  z* 

.-.  a«  =  l  +  xlogea+|^(log«a)»-|--|g(logea)»+...adinf. 

"    (2). 

254.  It  can  be  shewn  (as  in  C.  Smith's  Algebra^  Art.  274)  that  the 
series  (1),  and  therefore  (2),  of  the  last  article  is  convergent  for  all  real 
yalues  of  x. 
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265.    ax-  1.    Prove  that  ^(e--\  =  l'^-r^  +  T^  +  ,..adinf, 

By  equation  (1)  of  Art.  258  we  have,  by  patting  x  in  saooession  equal 
to  1  and  - 1, 


and 


It         1.1  1^1  A'    ^ 


Henoe,  by  subtraction, 


i.e. 


|8-|6 
1  /      1\     ,     1      1 


2.    Find  the  sum  of  the  aeries 

,  .1  +  2  .  1  +  2  +  8  .  1  +  2  +  8+4.  ... 

1+-Ts:-  +  — 7^ — + n +  ...  ad  tfrf. 


|8 


\* 


The  nth  term 


l  +  2+8+...+n     2"('*+^) 


(n  ^^ 

_1  n  +  1  _1  r(w~l)  +  2-]     Ir    1  2-1 

2|n-l'"2L    |n-l    J""2  L|n-2  "*■  |n-lj 


provided  that  n  >  2. 
Similarly 


the(«-l)ihterm=i[i^+-A5]. 


Also 


the8rdterm=i[^+|]. 
the  2nd  terms^  M  *^  iT    ' 
and  the  Ist  term=:^  j    • 
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Henoe,  by  addition,  the  whole  series 

+i.2[l+i  +  l  +  i  +  ...adinf.] 

1  36 

=  2-*+^=2' 

266.  Logarithmic  Series.  To  prove  that,  when  y  is 
real  and  numerically  <  1,  then 

ioge(i+y)--y-2^+:^f-j^y'  +  ...adinf. 

In  the  equation  (2)  of  Art.  253,  put 
and  we  have 

(i+yf^i  +  xlog,  (i+y)+^  {loge(i  +y)}»+ ...(1). 

But,  since  y  is  real  and  numerically  <  unity,  we  have 

(2). 

The  series  on  the  right-hand  side  of  (1)  and  (2)  are 
equal  to  one  another  and  both  convergent,  when  y  is 
numerically  <  1.    Hence  we  may  equate  like  powers  of  w. 

Thus  we  have 

+  ...  ad  inf., 
i.e.       log,(l+y)«y-^y»+^y-|y*+ (3). 
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2A7.    If  y =1,  the  series  (8)  of  the  previons  article  is  equal  to 

1  11 

which  is  known  to  be  oonvergent. 

If  y=  - 1,  it  equals  '^'q'o't--*  ^luoh  is  known  to  be  divergent. 

In  addition  therefore  to  being  true  for  all  values  of  y  between  - 1  and 
+ 1,  it  is  true  for  the  value  y  =  1 ;  it  is  not  however  true  for  the  value 
y=-l. 

268.     Calculation  of  logarithms  to  base  e. 

In  the  logarithmic  series,  if  we  put  y  =  1,  we  have 

log,2  =  l-|  +  g-J  + (1). 

If  we  put  y=2' 

we  have 
log,3-log,2  =  log,2=log,(^l+2J 

2  2*2^      3*2»     4'2*     ^"^  ^' 

If  we  put  y^S' 

we  have 
log,4-log.3-log,(l+i)  =  |-i. 1  +  1.1-1.1  + 

(3). 

From  these  equations  we  could,  by  taking  a  sufficient 
number  of  terms,  calculate  loge  2,  log^S,  and  log«4. 

It  would  be  found  that  a  large  number  of  terms  would 
have  to  be  taken  to  give  the  values  of  these  logarithms  to 
the  required  degree  of  accuracy.  We  shall  therefore 
obtain  more  convenient  series. 
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269.    By  Art.  256  we  have 


ioge(i+y)=y-2y'+3y*-4y*+ (1), 

and,  by  changing  the  sign  of  y, 

loga(l-y)=-y-2^"32^""42'*+---(2)- 

In  both  these  series  y  must  be  numerically  less  than 
unity. 

By  subtraction,  we  have 

loge(l  +  y)-loge(l-y)=log.^  =  2[^y  +  iy»+iy»+...J 

(3). 

T   ^  ra  —n 

m  +  n 

where  m  and  n  are  positive  integers  and  m  >  n,  so  that 

1+y  _m 
l-y""w  • 

The  equation  (3)  becomes 

Put  m  =  2,  n  =  1  in  (4)  and  we  get  log^  2. 

Put.  m  =  3,  n  =  2  and  we  get  log«  3  —  lege  2,  and  there- 
fore loge  3. 

By  proceeding  in  this  way  we  get  the  value  of  the 
logarithm  of  any  number  to  base  e. 

260.  IiOgarithms  to  base  lO.  The  logarithms  of 
the  previous  article,  to  base  e,  are  called  Napierian  or 
natural  logarithms. 
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We  can  convert  these  logarithms  into  logarithms  to 
base  10. 

For,  by  Art.  147,  we  have,  if  N  be  any  number, 

loge  If  =  logio  iV  X  loge  10. 

.-.  iogioJV^=ioge-arxj^^. 

Now  loge  10  can  be  found  as  in  the  last  article  and 

then  , TT.  is  found  to  be  -4342944819... 

loge  10 

Hence       logw  N  =  loge  ^  x  -43429448 . . . , 

so  that  the  logarithm  of  any  number  to  base  10  is  found 
by  multipljdng  its  logarithm  to  base  e  by  the  quantity 
'43429448....    This  quantity  is  called  the  Modulus. 


EXAMPLES.    XLVI. 


Prove  that 


1.    -(e+«-i)  =  l  +  ^+g  +  ^  +  ... 

(1  1  1  \2  /  1  1  \a 

±     1.2      3      4         _«  K      2      4      6 

l£    If    I!   ^"~^'  fa  ■*■  (6  ■*■  ]?■*■•••" 

1     i     i 

*•  TTTT^. — ^- 

If     1^ 

2»     S»     4* 

7-     ^+[2+J5+|i+"  =  ^'- 
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Find  the  sum  of  the  series 
111 

11    1^     1    1     1    i 
Prove  that 

10'  -^+2V-ir) +gV"^■j•*••••=^^«•^■^^«•^• 
12.    log.^;=2Q+^+l5+...),if«>l. 

13.  loge(l+3a;+2a?)=Sx-^'+^-^  +  ... 

2*+l 

^  n 

proyided  that  2a;  be  not  >  1. 

14.  21ogeac-log,(a;+l)-log,(«-l)=j3  +  g^  +  g^+...,  if  ir>l. 

15.  log.2=^  +  J-^+gA_+.... 

lO      1       o     1_         1  1  1 

16.  io«-2-2-j--^-^  +  ^-^-g  +  g-g-^+ 

11  1      °°^(^~x) 

17.  tang+3tan8g+gtanPg+..7=^log       \        {,ite<^. 

oosf^+^j 

18.  If  ^^  be  >^  and  <t,  prove  that 

(1)    sin^+Q8inS^+7  8in<'^  +  ...  adinf. 
o  o 

=2root^  +  gcot»-  +  gcot»g+...  ad  inf.J, 

and  (2)    2  8in2^+jsin*d+gSin«d+...  ad  inf. 

=2rtana~  +  |tan«|  +  itanw|+...  ad  inf."! 
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19.  If  tan' ^<l,  prove  that 

taii2tf-^tan*^+|tan«^-...  ad  inf. 

=sin2  ^+2  Bin*^ +  g  sin*  ^+ ...  ad  inf. 

20.  Prove  that,  if  20  be  not  a  multiple  of  w, 

log  cot  0  s=  <»9  20 + 5  008*  20  +  g  oo8»  20 + . . .  ad  inf  . 

21.  Prove  that  the  coefficient  of  x*  in  the  expansion  of 

{log.(l+»)}« 

2(-i)*r,    11        ,r\ 

22.  Use  the  methods  of  Arts.  259  and  260  to  prove  that 

logio2=-80108... 
and  logjo8=  •47712.... 

23.  Draw  the  carve  y  s  log«  x, 

[If  X  be  negative,  y  is  imaginary ;  when  x  is  zero,  y  equals  -  oo ;  when 
X  is  unity,  y  is  nothing ;  when  x  is  positive  and  >  1, 2^  is  always  positive ; 
when  X  is  infinity,  y  is  infinity  also.] 

24.  Draw  the  curve  ysilogi^x  and  state  the  geometrical  relation 
between  it  and  the  curve  of  the  last  example. 

[Use  Art.  147.] 

25.  Draw  the  curve  y = a'. 

261.  The  two  following  limits  will  be  required  in  the 
next  chapter  but  one. 

262.  To  prove  that  the  vcdtie  of  f  cos  -  j  ,  when  n  is 

infinite^  is  unity. 

We  have  cos  -  =  ( 1  —  sin'- )  . 

n     \  nj 


^  n  .  ,a 

8        n 


•••H3"-('--"'-:)'"-[('-''-s)"1 

L.  T.  20 
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Now,  by  putting 


we  have 

1 


—  sin'-  =m, 
n 


1 


Lt  |l-sin»-l  "^"»=Lt{l  +  mf  =  6.      (Art.  250,  Cor.) 
Ako,  by  Art.  228, 


n  .  „  a 


2        n 


.    a^* 


sin-  ,         . 


n 


when  n  is  infinite. 

Hence,  when  n  is  infinite. 


cos  -     =  ^  =  1. 


Aliter.       This  limit  may  also  be  found  by  using  the 
logarithmic  series. 

For,  putting  (cos  -j  =u,  we  have 


a     n 


logeW  =  wlogeCOS-=^logaCOS»- 

=|log,(l-sin»^) 

w/  .  ,  a  .  1   .   .a     1   .  .a         \ 
=  - ^   8in» -  +  ^ sm*-  +  ^sm«-  +  ...    . 
z\       n     2        n     3       n         I 

(Art.  256.) 
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The  series  inside  the  bracket  lies  between  sin'-  and 


n 


the  series 


sin'  -  +  sin*  -  +  sin*  -  + ...  ad  inf., 
n  n  n 


i.e.  lies  between 

sin'- 

sin'-  and  , 

1  — sin'- 
n 


i.e.  lies  between         sin'-   and  tan'-. 

n  n 

Hence  —  log  u  lies  between 


ssm'-  and  stan'- (1). 

2       n  2        n 


But 

(sin  -\        , 
— 2      x|-  =  lxO  =  0.  (Art.  228.) 

And 


.    a\'  ^ 

Lt^tan'-=Lt  \[  — —      x -x^ 

n=ao2  W       »:.cel\       «        /        cos'-        ^ 

w    /  n 


=  1  X  1x0=0. 


(Art.  228.) 

Hence  in  the  limit  both  quantities  (1)  become  0,  so 
that  log  u  becomes  zero  also,  and  therefore,  in  the  limit, 

M  =  1. 

20—2 
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Sin- 
263.     To  prove  that  the  limiting  value  of  ^ 

n 
when  n  is  infinite,  is  unity. 

We  have  shewn,  in  Art.  227,  that  sin  0,  0  and  tan  0  are 
in  ascending  order  of  magnitude. 

Hence  sin^,??,  and  tan? 

n  n  n 

are  in  ascending  order. 

a 

Hence  1,  — ^,  and  ^— ^ 

.a'  a 

sm  -  cos  - 

n  n 

are  in  ascending  order. 

'n\' 

Therefore  I  ^-^  ]    lies  between  1  and 

sin  -  /  V  cos  - 

n/  \       n 


so 


fljx  n 


sm- 


that  I  —   I    lies  between  1  and  (cos-)  . 

But,  by  the  last  article,  the  value  of  [cos- j  is  unity, 

when  n  is  infinite. 

(.    a^  *^ 
sm- 
n 
^— 

is  unity. 


CHAPTER  XXII. 

COMPLEX  QUANTITIES.      D£  MOIVRE'S  THEOREM. 

264.  Complex  quantitieB.  The  quantity  os  +  y^—l, 
where  x  and  y  are  both  real,  is  called  a  complex  quantity. 
A  complex  quantity  consists  therefore  of  the  sum  of  two 
quantities,  one  of  which  is  wholly  real  and  the  other  of 
which  is  wholly  imaginary. 

266.    A  complex  quantity  can  always  be  put  into  the 

form  r  (cos  ^  +  V  —  1  sin  0),  where  r  and  0  are  both  real. 
For  assume  that 

a?  +  y  V  ^  =  r  (cos  0  +  ^  —  lsm0) 

=  r  cos  ^  4-  V  —  1 .  r  sin  ft 

Equating  the  real  and  imaginary  parts  on  the  two 
sides  of  this  equation,  we  have 

rcos0  =  x (1), 

and  rsin0=:y (2). 

Hence,  by  squaring  and  adding,  we  have  r"  =  a?"  +  y^ 

so  that  r  =  Va;"  +  y». 
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It  is  customary  to  take  the  positive  square  root  of 
ic*  +  y^  and  hence  r  is  known. 

From  (1)  and  (2)  we  then  have 

cos  0  =   ,  and  sin  5  =  ,  ^       . 

Whatever  be  the  values  of  x  and  y,  there  is  one  value 
of  0,  and  only  one  value,  lying  between  —  tt  radians  and 
+  TT  radians  which  satisfies  these  two  equations. 

The  quantity  a?  +  y  V  —  I   cau  therefore  always    be 

expressed  in  the  form  r  (cos  ^  +  V  ~  1  sin  ^). 

Def.  The  quantity  +  Ja^-¥y^  is  called  the  Modulus 
of  the  complex  quantity,  and  that  value  of  0  (lying 
between  —  tt  and  +  tt)  which  satisfies  the  relations 

^ ^«,-^/i_      y 


cos  0  =  — ,  and  sin  0  = 


+  Va^  +  y*  +  Vic*  +  y^ 

is  called  the  principal  value  of  the  Amplitude  of 

a?  +  y  V-1. 

266.    "BoL,  1.    Express  in  the  above  form  the  quantity  1  +  a/^. 

Here  1  +  ^~^=r  (cos  0+J~^  an  $), 

80  that  r  cos  9=1, 

and  r  sin  9=1. 

We  therefore  have       r=  +  /yr+i=  4-^2, 

and  then  cos  9  =  -Tg  and  sin 0  =-#0 , 

so  that  9=T. 

4 

Hence  1+  ^^ = V2  [cos  ^  +  J'-i  sin  ^l , 

so  that  »J2  is  the  modulus  and  ^  is  the  principal  value  of  the  amplitude 
of  the  given  expression. 
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Bz.a. 

Quantity  - 1  +  ^  -  S. 

Here 

-l+^-lVS=r(ooB^+^-lBin^), 

80  that 

roo8^=-l,  and  r  sin  0=^/8. 

/.    r=  +  Vl+8=+2, 

and  then 

1                     iJS 
ooaSrs^-  and  sin^s^, 

80  that 

*=l'. 

3 


.-.    -l4-V-3-2[oo8~+V-lsinyJ. 

Bx.  8.     Quantity  - 1  -  ^  1%, 

Here  r  cos ^=  - 1,  and  r  sin  ^=:  - j^S, 

r=4-Vl  +  3=+2,  008^=-^  and  8in^=-~-. 


80  that 


2""'"  ~  2 


Henoe  (since  we  choose  for  $  that  valne  which  lies  between  -  9  and 
+  t)  we  have  ^=s  -  — . 

9 
/.    -1  -  V^=2  [cos  (-y)+tsin  (--)]. 

267.     In  Art.  265  the  equations 


cos  tf  =  — .  and  sin  d  = 


are  satisfied  by  more  than  one  value  of  0.  For  the  cosine 
and  sine  of  an  angle  repeat  the  same  values  when  the 
angle  is  increased. by  any  multiple  of  27r  radians,  so  that, 
if  0  denote  the  value  between  —  ir  and  +  ir  satisfying  the 
above  relations,  the  general  solution  is 

27wr  +  ^, 
where  n  is  any  integer. 

This  is  expressed  by  saying  that  the  amplitude  of  a 
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complex  quantity  is  many-valued.  The  principal  value 
is  that  particular  value  of  the  amplitude  that  lies  between 
—  TT  and  +  TT. 

If  to  the  principal  value  of  6  we  add  any  multiple  of 
27r  we  obtain  one  of  its  many  values. 

To  sum  up;  If  ^  be  that  value,  lying  between  —  tt 
and  +  TT,  which  satisfies  the  equations 

COS  ^  =  -p  and  sin  ff  ==  ,    ^       (1), 

V  «>  +  y*  V  «^  +  y« 

then 

a?  +  y  V^  =  V^+y  [cos  (2?i7r  +  0)  +  ^  "^  sin  (2n7r  +  0)]. 

The  quantity  2n7r  +  0  is  called  the  amplitude  and  0  is 
called  its  principal  value. 

For  brevity  we  often  write  equations  (1)  in  the  form 

tan^  =  ^,  i.e,  ^  =  tan"^^, 

X  X 

but  it  must  be  understood  that  here  the  angle  denoted  is 
the  one  that  satisfies  the  conditions  (1). 

268.  De  Moivre's  Theorem.  Whatever  may  be 
the  valve  of  n,  positive  or  negative,  integral  or  fractionaly 
ihe  value,  or  one  of  the  values,  of 

{cos0'\-J  —\sin0Y  is  cosn0'^J  —  lsinn0. 

Case  J.    Let  n  be  a  positive  integer. 
By  simple  multiplication  we  have 

[cosa  + V  — 1  sina]  [cos)9  +  V  — lsin/8] 
=  cos  a  cos  )8  —  sin  a  sin  /8  +  V  —  1  [sin  a  cos  )8  +  cos  a  sin  ff] 
=  cos  (a  +  )8)  +  V"^  sin  (a  +  fi). 
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So 
[cos  a  +  V^^  sin  a]  [cos  /3  +  V^  sinyS]  [cos  7  +  V  —  1  sin  7] 
=  [cos  (a  +  )8)  +  V^  sin  (a  +  fi)]  [cos  7  +  >/"^  sin  7] 
=  [cos  (a  +  0)  cos  7  —  sin  (a  + 13)  sin  7] 

4-  v''^  [sin  (a  +  ^8)  cos  7  +  cos  (a  +  /9)  sin  7] 

=  cos  (a  +  /8  -f-  7)  +  V  —  1  sin  (a  +  /8  +  7). 

This  process  may  evidently  be  continued  indefinitely, 
so  that 

[cos  a  +  V  —  1  sin  a]  [cos  /8  +  V  —  1  sin  )8]  [cos  7  +  V  —  1  sin  7] 

to  n  factors 

=  cos(a  +  )8  +  7+  ...  towterm8)  + V— 1  8in[a  +  /8  +  7+... 

to  n  terms]. 
In  this  expression  put 

ot^p=7^ ^  ^9 

so  that  we  have 

[cos  ^  +  V  —  1  sin  5]**  =  cos  w5  +  ^/  —  1  sin  nft 

Case  II.    Let  n  be  a  negative  integer  and  equal  to 
—  w. 

We  have,  by  the  ordinary  law  of  indices, 

(cos  0  +  V^  sin  ey  =  (cos  0  +  V^  sin  0)-^ 

^_ 1 ^ 1 

(cos  ^  +  V  —  1  sin  0)^     cos  m^  +  V  —  1  sin  md ' 

by  Case  I, 
cos  m0  —  V  —  1  sin  m0 

(cos  w^  +  V  —  1  sin  m0)  (cos  m0  -  V  —  1  sin  m0) 

cos  m0  —  V  —  1  sin  m0  >,       / — =-   .       ^ 

= — ;; r-r — ^—  =  COS  m0  —  V  —  1  sm  mO 

cos^  m0  +  sin^  m0 

=  cos  (—  m)  ^  +  V  —  1  sin  (—m)0 

=  cos  nd  +  V  —  1  sin  n0. 
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Case  III,    Let  n  be  fractional  and  equal  to  - ,  where 

g  is  a  positive  integer  and  p  is  an  integer,  positive  or 
negative. 

By  the  previous  cases,  we  have 

[cos^  +  V3l8in^J'  =  cos(?.^)  +  V^sin(j.^ 

=  cos  5  +  V^  sin  0. 

Q  Q 

Therefore  cos  -  +  V-  1  sin  -  is  such  that  when  multi- 

?  ?  

plied  by  itself  q  tiines  it  gives  cos  ^  +V  —  1  sin  0, 

Hence  cos  -  +  V  —  1  sin  -  is  one  of  the  (/th  roots  of 
q  q  ^ 

cos5  + V-1  sin^, 

•  0    .       I T    •      0 

%,e,  cos  -  +  V  —  1  sin  - 

9  9 

is  one  of  the  values  of 

1^ 

(cos  0  +  ^/^=l  sin  0f  . 

Raise  each  of  these  quantities  to  the  pth  power. 
We  then  have  that  one  of  the  values  of 

[cos  0  +  V  — 1  sin  0y  is  (cos  -  +  V^^  sin  -  j  , 

.       .  p0    .      / :r     .     p0 

^.6.  IS  cos-^—  +  V  —  1  sm-^— . 

9  9 

269.    The  quantity  %  is  always  used  to  denote  V  —  1 
and  will  be  often  so  used  hereafter.    The    expression 

cos  ^  +  i  sin  ^  therefore  means  cos  0  +  V  — 1  sin  0. 
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Bx.  1.    Simplify 

{C08  ZB + i  sin  3g)»  (cos  6  -  i  tin  6)* 
{cos 5e  +  i sin 66 f  (cos 2$ -inn 20)^  ' 

We  have  cos  3^  +  i  sin  3^  =  (cos  ^ + i  sin  tf )»,     . 

co8^-i8in^=co8(-^)  +  isin(-^)  =  (oos^+iBind)-S 
COS  66 +i  sin  59= (cos  ^  +  i  sin  9)^ 
and      COB  26 -i  sin  29=oo8  ( - 29)4-t  sin  ( - 29)=(cos  9  +  i  sin  B)'^, 

The  given  expression  therefore 

(cos  9 + 1  sin  $y^  (cos  9  +  *  sin  g)-» 
"  (cos  9  +  i  sin  6)^  (cos  9  +  i  sin  6)-^^ 

=  (cos  9  +  i  sin  9)-^'= cos  139  -  i  sin  139. 

Bz.  2.    If  2cos6=x+-and2cos^^y  +  -, 

X  y 

prove  that  2  cos  (TO9+n0)  =a;^"+^^^ . 

We  have  a;^ -  2ar  cos  9=  - 1. 

/.    («  -  cos  9)»=  - 1  +  cos*  9  =  -  sin*  9. 
.-.    a;=cos9  +  isin9, 
so  that  .  a:^ = cos  m9 + i  sin  m0, 

and  -=:  =  cos  ib9  -  i  sin  m6. 

Similarly  y=cos0  +  isin0, 

so  that  y* = cos  n0 + i  sin  n^, 

and  — -=cosn0-tsin7i0. 


a^*+ 


1 


=  (cos  ind + i  sin  md)  (cos  n^ + 1  sin  n0) 
+  (cos  wi9  -  i  sin  md)  (cos  n0  - 1  sin  n^) 
= cos  (m9 + n^)  +  i  sin  (mQ  +  n0) 
+  cos  (m^ + n0)  - 1  sin  (m9 + n0) 
=  2cos(iii9  +  n0). 
Similarly  it  could  be  shewn  that 


rgm      yn 

yn  3J»l 


+  =^= 2  cos  (m6  -  n^). 
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B.    If     «intt+«in/3+«in7=co«a+c<w/3+co«7=0, 

yrofoe  that  cos  Sa+cos  3/3+co«  87=8  cos  {a+fi+y), 

and  8inSa+8inSp+8inBy=S8in{a+p+y). 

This  is  an  example  of  the  many  trigonometrical  identities  which  are 
derived  from  algebraical  identities. 

For  we  know  that  if  a  +  &+c=0, 

then  a'+68+c»=3aJc. 

Let       a=oosa+t8ina,  &=oo8/3+tsin/3,  andc=cos7+t  siny, 

so  that  we  have  a+&+c=0. 

.*.    (cos  a + i  sin  o)'  +  (cos  j8 + i  sin  /3)» + (cos  7 + 1  sin  7)' 

=  3  (oosa+i  sin  a)  (cos  /3+t  sin  /3)  (cos  7+1  sin  7), 

so  that,  by  De  Moivre's  Theorem, 

(cos  8a + cos  8/3 + cos  87) + i  (sin  da + sin  3/3 + sin  87) 

=8  cos  (0+/3+7) +  8t  sin  (a+/3+7). 

Hence,  by  equating  real  and  imaginary  parts,  we  have  the  required 
results. 


EXAMPLES.    XLVU 

Put  into  the  form  r  (cos  ^ + 1  sin  $)  the  quantities 

1.    1+i.  2.     -1-t.  3.     -V3+t. 

4.    8+4i.  5.    1+V2+*.  6.    2-V3+t. 

Simplify 

(cos  B-iBm  $)^^  (cos  a  + 1  sin  a)  (cos  /3+t  sin  /3) 

(cos  a  +  i  sin  aP*  (cos7+isin7)(cosd+tsind)  * 

(cos  2^  -  i  sin  2ey  (cos  8^ + i  sin  8g)"B 
^'    (cos  4^+1  sin4^)ia(oos  5$  -  isin  BB)"^ ' 

(cosj-tsm  J )  *  .         .  .  •     M 

_^      \      6  6/  (oosa-Htsma)* 

(      'T^.  .    ir\J  •  •^^'    (sin/3+icos/3)»* 

[  coSg+tsmg  j'*  ^      '^  '^' 

12.    {(oosd-cos0)+t(sind-sin0)}*^+{cos^-oos0-i(sin9-8in0)}'* 
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13.  Prove  that 

(sinx+ioos  a;)**=0O8n  (^-aj  j+isinnf  ^-xj , 

and  that  ( .  .    .   ^ — ; ^)  =sco8  ( -jr--H0  |+iBm( -jr- -n^  ). 

If  X,  y,  2  and  u  stand  respeotiyely  for 
oosa+isina,    cos/S  +  isin/S,    C087+t8in7,  and  oosd+isind, 
prove  that 

14.  («+y)  («+tt)=  4  008  ^^^  008  ^^^  fc 


a-/3        7-«r      a+/3  +  7  +  « 


+<Bln^±^>+ 


,-11           0-/3           7-«r       a+^+7+5 
15.      7 TT r=  -tOOWO -^7^00800-^5-      008         "^      ' 


D 


(x-y)(»-M)        4  2  2     L  a 

17.  From  the  identity 

(a«-6>)(c«-d»)=(c«-6«)(aa-(P)  +  (a>-c«)(6a-d«) 

prove,  by  patting  a=oo8a+t8ina  and  similar  ezpreesionB  for  the  other 
letters,  the  identity 

sin  (a  - /3)  sin  (7  -  «) = sin  (o  -  8)  sin  (7  - /3)  +  sin  (o  -  7)  sin  (/3  -  3). 

18.  From  the  identity 

(gg - 6)  (g - c)     {sii-c)(x-c^     (x-a)(g-&)     .. 
(a-6)(o-c)'*'(&-c)(6-o)"*"(c-o)(c-6)~ 

deduoe,  by  assmning  d;=cos  2^+i  sin  29  and  oorresponding  quantities  for 
a,  &,  and  c,  that 

sin  (9  -  /3)  sin  (9  -  7)  .    -  ,_      ...        ...  .  _ 

-r— 7 — 1  ,    ) -{ sm  2  (9  -  o) + two  smiilar  expressions = 0. 

8m(a-/3)sm(a-7)  ^        '  ^ 

Similarly,  deduoe  identities  from  the  identity 

111 


(x  -  a)  («  -  b)     (a  -b){X"  a)     {a  -  6)  (a?  -  6) ' 
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19.    Prove  that 

(a + W)»  +  (a  -  6i)*  =  2  (a« + 6»)»i  cos  (^tan-i  ^  ]  . 

1 

20.  ^  2COB0=X+-, 

X 

proYe  that  2  cos  r^=a;»'4.  — , 

21,  If  2coBd=a:+-,  2co8  0  =  ^+-, 

X  y 

prove  that  2coB(9+0+...)=^«.-.-t 


xyz,.. 


22.  If  Xy=oos~  +  V-l8m^, 

prove  that  Xj . x, .  x, . ...  ad  inf. =cos  r. 

23.  Using  De  Moivre's  Theorem  solve  the  equation 

x*-x*+x*-x  +  l=0. 

270.     In  Art.  269  we  have  only  shewn  that 

cos  -  +  w  —  1  sin  - 
?  ? 

is  one  of  the  values  of 

1 

(co8^+V^Tsin^)«. 
The  other  values  may  be  easily  obtained.     For 


(cos  e+V- 1  sin  0)^  =  [cos  {2nir  +  e)  +  ^  - 1  sin  {2mr-k-  0)Y , 
where  n  is  any  integer,  and  one  of  the  values  of  the  latter 
quantity  is 

2mr+0       I — -    .     2n7r  +  0 
cos h  ^/  —  1  sm . 

By  giving  n  the  successive  values  0,  1,  2,  3, ...  (j—  1), 
we  see  that  each  of  the  quantities 

0      ,—    .    0 
cos--f  V  —  1  sm-, 

3  ? 
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27r-f  ^    .      /— ::      .      2Tr  +  d 
COS h  J  —  1  8111 I 

4i7r  +  0       , — --   .    47r4-^ 
cos h  v  —  1  sin , 

?  q 

cos h  V  — 1  sin (1), 


is  equal  to  one  of  the  values  of 

1 

(costf+7^risin^)'. 

The  highest  value  that  we  need  assign  to  n  is  g'  —  1 ; 
for  the  values  q,  q+1,  q+2,.,.  will  be  found  to  give  the 
same  result  as  the  values  0,  1,  2,.... 

Also  no  two  of  the  quantities  (1)  will  be  the  same. 
For  all  the  angles  involved  therein  differ  from  one  another 
by  less  than  27r  and  no  two  angles,  differing  by  less  than 
27r,  have  their  cosines  the  same  and  also  their  sines  the 
same. 

To  sum  up;  By  giving  to  n  the  successive  values 
0, 1,  2,  ...J  —  1  in  the  expression 

2mr  +  0       I — -    .    2n7r  +  0 
cos h  n/  —  1  sm 

?  ? 

we  obtain  q,  and  only  q,  different  values  for 

1 
(coa0-\'J^lAn0y, 

271.  By  the  use  of  the  last  article  we  can  now  obtain 
trigonometrical  expressions  for  any  root  of  a  quantity  of 
the  form  a?  +  yi. 
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For  we  proved  in  Art.  267  that 
x  +  yi^p  [cos (2w7r  +  tf)  +  ^/  —  1  sin (2nw  +  ^)], 


where  p  =  +  J  of  +  y^ 

and  6  is  such  that 

cos 5  =- and  8iii^  =  -. 

Hence 

(a?  +  yi)^  =  p*  I  cos h  V  -  1  sin . 

By  giving  n  in  succession  the  values  0, 1,  2, ...  g  —  1, 
we  obtain  the  q  required  roots. 

272.    Bz- 1-    ^nd  the  values  of 

We  have 

^008 1  +  V^a sin  g)*  =  [cos  Unir +^\  +  J~l sin  Unr + g ^1* , 
where  n  is  any  integer, 

Giving  n  in  snooession  the  values  0, 1,  2,  and  8  we  .have  as  our  answers 
the  quantities 

0OSj2+V-l8inj2,coSj2  +  V-lnnj2, 

The  student  wiU  note  that  the  value  fis4  will  not  give  us  an  additional 
value.    For  it  gives 


COS 


(2,+JL)  +  V-lrin(2T+^), 
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whioh  is  the  same  as       0O8Y^+v~^BinY^, 

and  this  is  the  first  of  the  quantities  ahready  found.  Similarly  the  values 
n=6,  nsG,  n=7  would  only  give  vespectively  the  remaining  three  quan> 
titles,  and  so  on. 

Hz.  a.    Find  dU  the  values  of(  - 1)^. 

Since  oosirs  -1,  and  sinirsO, 

we  have  ( -  !)■= (cos r  +  J'^ sinir)' 

=[oos  (2»ir  +  ir)  +  V^  Bin  (3»ir +  ir)]* 

=008  — g — +  V  -  Iflin  — 3 — • 
Giving  n  the  values  0, 1,  and  2,  the  required  values  are 

qosg  +  V-^8"^ff»®osT+<y^sinT,  and  oo8-g-+ V-lsi^^y » 
t.e.  — I f  -  If  and ^ . 


EXAMPLES.    ZLVm. 

Find  all  the  values  of 

1.    1*.  2.  (-1)*.  3.    (-»•)*. 

4,    (-l)A.  6.  (l  +  ^/'=^)*.  6.    (H-^/=T)'^. 

7.    (1-Vr3)i.      8.  (^8+V^)i         9.    (V8-V^)* 

10.    16*.  11.  82*.  12.  (1+V^)"+(1-V~8)w 

13,  Simplify  f  cos  y + i  sm  -~  j* 

and  express  the  results  in  a  form  free  from  trigonometrical  expressions. 

14,  Find  the  continued  product  of  the  four  values  of 

(IT     .   .    ir\| 
coSg+tsm-  j*. 

15,  Prove  that  the  roots  of  the  equation  x^^ + llo:^  - 1 = 0  are 

^6-lr      2nr        .    2rr"l 


^[cosY=*=i8m--l^J. 


16.    Solve  the  equation  a;^^- 1=0  and  find  which  of  its  roots  satisfy 
the  equation  iB^+a^+l=0. 

L.  T.  21 
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17.  Prove  that  J^a^-\- ^^fcT-bi 
has  n  real  valnes  and  find  those  of 

y  1+V^ + -^1  -  V^- 

18.  Prove  that  the  n  nth  roots  of  unity  form  a  series  in  o.  p. 

19.  Find  the  seven  7th  roots  of  nnity  and  prove  that  the  sum  of  their 
nth  powers  always  vanishes  unless  n  be  a  multiple  of  7,  n  being  an  integer, 
and  that  then  the  sum  is  7. 

273.    Binomial  Theorem  for  Complex  QuantitieB. 

It  is  known  that  for  any  real  values  of  n  and  Zy  provided 
that  z  be  less  than  unity,  we  have 

/-I  .    \«     -I             ^  (^  —  1)   •      w  (w  —  1)  (^  —  2)    ,  . 
(1+^)^  =  1+7^2:+     "^.^    g   ^^+     ^     ^    ^^g ^-8:»+  ... 

_     '    *    (1). 

When  z  is  complex  (=  aj+  y  V  —  1)  and  n  is  a  positive 
integer,  the  ordinary  proof  applies  and  the  theorem  (1)  is 
still  true. 

When  z  is  complex,  and  n  is  a  fraction  or  negative,  it 

can  be  shewn  that 

-  .  n  (ti  —  1)  .  ,-.v 

'^■^     iT"      "^ ^^ 

is  one  of  the  values  of  (1  +  zY,  provided  that  the  modulus 

oi Zy  i.e.  Ja^-¥y\  is  less  than  unity.*  When  this  modulus 
is  equal  to  unity,  the  theorem  is  only  true  (1)  when  n  is 
positive,  and  (2)  when  n  is  a  negative  fraction  and  z  is  not 
equal  to  —  1. 

The  proof  is  difficult  and  beyond  the  range  of  the 
present  book.  We  shall  therefore  assume  the  result. 
The  student  may  hereafter  refer  to  Hobson's  Trigo- 
nometry, Arts.  211  and  212. 


CHAPTER  XXm. 

EXPANSIONS   OF  sin  710  AND  COS  nO.      SERIES  FOR  sin  0 

AND  COS^  IN  POWERS   OF   0. 

274.  By  the  use  of  De  Moivre's  Theorem  we  can 
obtain  the  expansion  of  cos  n0  and  sin  n0  in  terms  of  the 
trigonometrical  functions  of  0. 

For  we  have 

cos  n0  +  i  sin  n0  =  (cos  0+i  sin  0)\ 

Since  n  is  a  positive  integer,  the  Binomial  Theorem 
holds  for  (cos  0  +  i  sin  0y. 

Hence,  by  expanding,  we  have 

cos  n0  +  i  sin  n0  =  cos**^  +  n  cos*^^  ^ .  t  sin  ^ 

4-  -V-o"  ^^s      ^-  *  ^3^^  ^^        12  3 — ■  cos**-»5.t*sm»^. . . 

Hence,  since 

i«  =  -l,    i»  =  -.t,    i*=l,    i'^^H,... 
we  have 

cos  710  +  i  sin  7i0 = cos**  d \    a     cos**^  ^  sin^  0 

JL  •  iu 

w(n-l)(n-2)(n-3)      ^^  .  ,^ 
+  -^^ /^^   o   :i  ^cos'*-*^sm*^+... 

21—2 
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By  equating  real  and  imaginary  parts,  we  have 

cos  n0  =  co8«  0  -^V""^^  eo8»»-«^  sin«tf  + (1), 

J.  •  ^ 

and 
sin w^  =  n eos**-^ ^ sin  tf ^        ^^  ^ cos'»-» ^ sin» ^ 

w(n-l)(n-2)(ti-3)(n-4)      ^_,^  .  ,^  .„, 

+  -^^ 1    o   Q   A    K     ^  cos»»-*^  sin» ^  - (2). 

The  terms  in  each  of  these  series  are  alternately 
positive  and  negative.  Also  each  series  continues  till  one 
of  the  factors  in  the  numerator  is  zero  and  then  ceases. 

276.  From  equations  (1)  and  (2)  of  the  last  article 
we  have,  by  division, 

sinn^ 


tan  n0  = 


cosn^ 


n  oos»»-^  <?  sin  g  -  "  ^^,  ^l  ^^    ^^  cos**-'  6  sinS  $  + 

COS* 0  — ;    -  '  co8*-2 0  Bin« $  +  -^ — ^\      '] .' cos*-* 6 Bm*d 

1.2  1 . 2 . o . 4 

Divide  the  numerator  and  denominator  of  the  right- 
hand  member  of  this  equation  by  cos^  0,  and  we  have 

tan  n0  = 

,     ^    w(n-l)(n-2),     ,.    n(w-l)(n-2)(n-3)(ti-4y     ,^ 
ntan^-      i-oo — ^tan«^+-^^ ^ ^ ^^ ^tan»^ 


1  -»4^)tan«g+"<"-^><V^)<"-^)tan^^ 

1.2  4 


276.    The  valnes  for  cos  ne  and  sin  n$  in  Art.  274  may  also  be 
obtained,  by  Indnotion,  without  the  use  of  imaginary  quantities. 

For  assume  (1)  and  (2)  to  be  true  for  any  value  of  n.    Then,  since 
cos  (n+ 1)  ^=cos  n^  cos  9  -  sin  nO  sin  d^ 
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we  obtain  the  value  of  oos  (n+ 1)  0$  which,  after  rearrangement^  is  found 
to  be  obtained  from  (1)  by  changing  n  into  (n+1). 

Similarly  for  sin  (n + 1)  $* 

Hence,  if  the  formulie  (1)  and  (2)  are  true  for  one  value  of  n,  they  are 
true  for  the  next  greater  value. 

But  it  is  easy  to  shew  that  they  are  true  for  the  values  n=2  and  n=8. 
Hence,  by  Induction,  they  can  be  proved  to  be  true  for  all  values  of  n. 

277.  From  De  Moivre's  Theorem  may  be  deduced 
expressions  for  the  sine,  cosine  and  tangent  of  the  sum  of 
any  number  of  unequal  angles  in  terms  of  the  tangents  of 
these  angles. 

For  we  have 

cos(a  +  )8  +  7+  ...)  +  isin(a  +  )8  +  7+  ...) 
=  (cos  a  + 1  sin  a)  (cos  13 +  i sin 0)  (cos  y+i  sin  7). . .(1). 

Now        cos  a  +  i  sin  a  =  cos  a  [1  +  i  tan  a], 
cos  fi+i  sin  0  =  cos  I3(l+i  tan  0), 


Hence  (1)  may  be  written 

C08(a+^  +  74-  ...)  +  isin(a  +  )8  +  7+  ...) 
=  cosaco8^cos7...(l  +itana)(l  4-itan/8)(l  +itan7)... 
=  cosacos/8cos7...[l  +i(tana  + tanj9  +  tan7  + ...) 

+  i*  (tan  a  tan  13  +  tan  /3  tan  7  + . . .) 
+i'(tanatany8tan7+tan^tan7tanS...) 

+ ] (2). 

Using  the  notation  of  Art.  125,  this  equation  may  be 
written 

cos(a  +  /8  +  7+  ...)  +  isin(a  +  y8+7+ ...) 

=  cos  a  cos  ^  cos  7  ...  [1  +  iSi  — 5a  — W8+«4  + Ws— «6"  1 
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Hence  equating  real  and  imaginary  parts,  we  have 
sin(a4-y9+7 . .  .)=cos  a  cos)8cos  7 . . .  [«i  —  »8+ 55— «7 . . .] . .  .(3), 
and 
eos(a+)8+7...)=cosacos)9cos7...(l  —  5j4-«4  — 58...)...(4). 

Hence,  by  division. 

tan(a  +  /8  +  7  +  ...)=i"^tr""r"  -^^^' 

*  —  B3  "t"  B4  ""  Be . . . 

The  signs  in  the  expressions  on  the  right  hand  of  (3) 
and  (4)  are  alternately  positive  and  negative. 

The  relation  (6)  was  shewn,  by  Induction,  to  be  true 
in  Art.  125. 

278.    B3C    Prove  that  the  equation 

a^tO8*e  +  b^8in^0+2gaco8e+2fb8in$-{-c=O 

has  4  roots,  and  that  the  sum  of  the  values  of  0  which  satisfy  it  is  an  even 
multiple  of  r  radians. 

Let  t  =  tan  ^ . 

2tan|  l-tan«| 

Then  sinoe  (Art.  109),  8ing=  and  oo8^  = 

l  +  tan»|  l  +  tan«? 

the  equation  above  becomes 

or,  on  reduction  and  simplification, 

«*(o»-2pa+c)  +  4/6t»+tM46a-2a«+2c)  +  4/6«+aa+2^a  +  c=0 (1). 

This  is  an  equation  having  4  roots. 

Also  «is:sum  of  the  roots  =  — 5 — ^ , 

^  a^-2ga+c 

«• = sum  taken  two  at  a  tune  «=  — = — s » 

'  a*-2ga+c 

«.=sum  taken  three  at  a  time=  -  -5 — ^ , 

and  «A s sum  taken  four  at  a  times -= — -? . 
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Since  «i=«s,  it  follows,  by  the  last  article,  that 

*•"  (    \     ) = i^^r"^*"'*'- 

[The  denominator  1— «3+«4  does  not  vanish  unless  a' =5*.] 
.*.  0j  +  ^s+^s+04=2.nxradians 

=an  even  multiple  of  t  radians. 

EXAMPLES.    XT.TX. 

Prove  that 

1.  cos4^=oo8*^-6oo8'^8in»^  +  sin*tf. 

2.  sin6^=6oo8"  $  sin  9 -20 cos' 0  sin' ^  +  6  cos  ^siu^  B, 

3.  sin  7^=7  co8>^  sin  0- 85  cos^9  sin*  0+21  cos>0  sin^  $  -  sin^  0. 

4.  cos  90=co8^  0-36  cos'  $  sin'  0  + 126  cos'  B  sin«  0 

-  84  cos' 0  sin' 0  +  9  COS  0  sin' 0. 

5.  cos80=cos'  6  -  28  cos'  6  sin'  0  +  70  cos«  $  sin'  6 

-  28  cos' 0  sin' 0  +  sin' 0. 

Write  down,  in  terms  of  tan  0,  the  values  of 

6.  tan  50.  7.    tan  70.  8.    tan  90. 

9.  Prove  that  the  last  terms  in  the  expressions  for  cos  110  and 

sin  110  are 

- 11  cos  0  sin^o  0  and  -  sin^  0. 

10.  Prove  that  the  last  terms  in  the  expressions  for  sin  80  and  sin  90 
are  -  8  cos  0  sin'  0  and  sin'  0  respectively. 

11.  When  n  is  odd,  prove  that  the  last  terms  in  the  expansions  of 
sin  n0  and  cos  nd  are  respectively 

n-l  n-l 

(-1)  '  sin'»0  and  n(-l)  *  co80sin«-i0. 

12.  When  n  is  even,  prove  that  the  last  terms  in  the  expansion  of 
sin  n0  and  cos  nO  are  respectively 

n(-l)  '  oos0sin*-i0  and  (-l)"sin*0. 

13.  If  a,  /3,  and  y  be  the  roots  of  the  equation 

at' +|>x' + ga:  +  J) = 0, 
prove  that  tan'^  a + tan"i  /9 + tan-^  7 = nir  radians, 

except  in  one  particular  case. 


Id-') 


cos  a  =  cos**  6  -  o      cos*^^  ^sin*  0 


^— —  cos"^  o  Bin*  u  —  ... 


1.2.3.4 


H-  ^(g^^y  ly  -  «^)  cos^  0  (gy y- (1). 


I 
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14.  Prove  that  the  equation  ' 

Bin30=asin^+&coB0+c  I 

has  six  roots  and  that  the  som  of  the  six  values  of  0,  which  satisfy  it,  is 

Iff 
equal  to  an  even  multiple  of  -^  radians.  I 

^  I 

15.  Prove  that  the  equation  j 

a/iseod-5ftooseo^=a'~5'  i 

has  four  roots,  and  that  the  sum  of  the  four  values  of  9,  which  satisfy  it, 
is  equal  to  an  odd  multiple  of  r  radians. 

16.  If  a,  /3,  7,...  be  the  roots  of  the  equation 

sin  mx  -  rue  cos  md; = 0, 

XX  X 

prove  that  tan-^  - + tan"^-^ + ... +tan"i  .-gQ. 


EXPANSIONS  OF  THE  SINE  AND  COSINE  OF  AN  ANGLE  IN 
SERIES  OF  ASCENDING  POWERS  OF  THE  ANGLE. 

279.    As  in  Art.  274  we  have 
cos  n0  «  cos«  e  ^^(^•"^)  cos**-«  0  sin*  0 

n(n-l)(n-2)(w-3)      ,^^  .  ^^ 

-{-— /^a  ^  \^ ^cos»-*^sin*^-.... 

1.2.3.4 

Put  n0  =  a,  and  we  have 
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In  equation  (1)  make  6  indefinitely  small,  a  remaining 
constant  and  therefore  n  becoming  indefinitely  great. 

Then  — g-  is,  in  the  limit,  equal  to  unity  and  so  is 

every  power  of  [—g- ) .    (Art.  263.) 

Also  cos  6  is,  in  the  limit,  equal  to  unity  and  so  also  is 
every  power  of  cos  0.    (Art.  262.) 
Hence  (1)  becomes 

£|3         £^4         £|6 

coBa=  ^  —jq"^  li"  IS  '••  *^  "^^ 

280.     To  expand  sin  a  in  terms  of  a. 
As  in  Art.  274,  we  have 

sinng  =  ncos^^gsing-^^^7^2^o""^^CQS'^'^sin»g  +  ... 

As  before  put  nO  =  a,  and  we  have 

sina  =  ^cos*»-^^smtf-  too  cos*^»  0  sm»  0 

+  -     a    ^     .     ^  cos**   "^  SL 


=  a  cos"^^ 


1.2.3.4.5      : -'^■''■■■ 


As  in  the  last  article  make  0  indefinitely  small,  keeping 
a  finite,  and  we  have 


a*     a*     a? 


Blna  =  a  — TJ5  +  7=-  —  •-=■+ ...  ad  inf. 

3      5       7 
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281.  There  is  no  series,  proceediDg  according  to  a 
simple  law,  for  the  expansion  of  tand  in  terms  of  0, 
similar  to  those  of  Arts.  279  and  280. 

We  shall  find  the  series  for  tand  as  far  as  the  term 
involving  ^. 


^  "  12  ■*"  14 


=  r  ~  6+120"  •••JLl2"24  +  ->/ 

+  \,2     24-7*"'J' 
by  the  Binomial  Theorem, 

~V        6  "^120     "VL        2~24'""^4""J' 
neglecting  d*  and  higher  powers  of  6, 

=  (^~6  +  120"-)(^+l"*"24^-) 

on  reduction  and  neglecting  powers  of  0  above  ^. 

A  similar  method  would  give  the  series  for  tan  0  to 
as  many  terms  as  we  please.  The  method  however  soon 
becomes  very  cumbrous  and  troublesome. 

282.  In  Arts.  279  and  280  we  tacitly  assumed  that 
a  was  equal  to  the  number  of  radians  in  the  angle  con- 
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sidered.    For,  unless  this  be  the  case,  the  limit  of  —^  is 

not  unity  when  0  is  made  indefinitely  small. 

When  the  angle  is  expressed  in  degrees  we  proceed  as 
follows. 

Let  a°  =  x  radians,  so  that 


a       X 

180  "tt' 

and  hence 

IT 
X  ^  'OL 

180      ^ 

Then 

cos  a°  =  cos  of 

m 

0^ 

a^     afi 

=  1- 

2 

■*"  4      6'^'" 

^ 

1 

7r«a»      1  TT^a*      1  7r«a« 

=  1  - 

2  180>  '   4  180*      6  ISO* 

+  .... 

So  also 

sin  a  =smaj°  =  a?  —  7^  +  7^ 

3      [5  ••• 


180 


_  J:  /_w;aY      1  /Tray 


283.    Sines  and  cosineB  of  small  angles.     The 

series  of  Arts.  279  and  280  may  be  used  to  find  the  sines 
and  cosines  of  small  anglea 

For  example,  let  us  find  the  values  of  sin  10"  and 
cos  10". 


^^«"         l^"=(6ir60''l^)™'*^ 


(,64800J ' 
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we  have 

^  64800     |3  164800/  "^  |6  U4800J      "• 

and  co8lO"  =  l-l(g-^)V|(^J-..., 


Now  ^^—  =  -000048481368. . ., 


(: 


q^qqJ=  -0000000023504.,., 


and  (^||^Y= -000000000000113928.... 

Hence,  to  twelve  places  of  decimals,  we  have 

sin  10"  =  -000048481868, 

,                          ,A«     ,      0000000023504 
and  cos  10  =  1 s 

=  1 --000000001175 
=  -999999998825. 

284.  Approximate  value  of  the  root  of  an 
equation.  The  series  of  Art.  280  may  also  be  used  to 
find  an  approximate  value  of  the  root  of  an  equation. 
The  method  will  be  best  shewn  by  examples. 

Bz.  1.    If  —^  ~iftRo  *  P^^^  ^^^  ^^  angle  0  is  very  nearly  eqwU  to 
^h  radian, 

10 

We  know  that,  the  smaller  $  is,  the  more  nearly  is  —r—  equal  to 

V 

nnity.    Conyersely  in  onr  case  we  see  that  $  is  small. 


SINES  AND  COSINES  OF  SMALL  ANGLES.  333 

In  the  series  for  sin  6  (Art  280)  let  us  omit  the  powers  of  B  above  the 
third,  and  we  have 

Ij      1849    .     _1 
"3*     1850""       1350' 


1860  ■"  226  • 
Henoe  B=^^^w)  that  the  angle  is  r^  of  a  radian  nearly. 

XO  15 

If  we  desire  a  nearer  approximation,  we  take  the  series  for  sin  $  and 
omit  powers  above  the  6th.    We  then  have 

8       i6  1 


This  gives  ^-20fl«=- 

Henoe,  by  solving, 


e        "      I860' 

120  _      20 
1850""  "  225 • 


ff»=lQ±  >/g2480  -,  ^gQ •-  H9'988812...  _  ' 


066688 


15  15  15 

1-00082 


16* 


^    1-00016      ,, 
$ss — ^ —  radian. 


This  differs  from  the  first  approximation  by  about  ^/w^^th  part. 

Bz.  a.    Solve  approximately  the  equation 

coaf  ^  +  ^J=-49. 

1  IT 

Since  *49  is  very  nearly  equal  to  jr ,  which  is  the  value  of  cos  ^  ,  it 

follows  that  0  must  be  small. 
The  equation  may  be  written 

1  cos  O-f  .in  *= -49=1-^5 (1). 

For  a  first  approximation  omit  squares  and  higher  powers  of  0,    By 
Art.  280  this  equation  then  becomes 

1    1    V3    .1       1 
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80  that 

^      2         1       2^8     3-4641...      „,-._  ,. 

For  a  still  nearer  approximation,  omit  cubes  and  higher  powers  of  $. 
The  equation  (1)  then  becomes 


2  \       2/       2         2     100' 


.-.    e=-^S  +  ^^=  -0115086...  radian. 

The  first  approximation  is  therefore  correct  to  4  places  of  decimals. 

The  angle  6  is  therefore  very  nearly  equal  to  -0115  radian^  i.e.  to 
about  40'. 

The  accurate  answer  is  found,  from  the  tables,  to  be  *0115075... 
radian. 

285.  Evaluation  of  quantities  apparently  inde- 
terminate. We  often  have  to  obtain  the  value  of  quan- 
tities which  are  apparently  indeterminate. 

Suppose  we  required  the  value  of  the  expression 

3  sing -sin  3g 

0  (cos  0  -  cos  S0) ' 
when  0  is  zero. 

If  we  substitute  the  value  0  for  0,  we  have 

0x0' 

which  is  apparently  indeterminate. 

The  expression  however,  for  all  values  of  0^ 

3sing-(38ing-4  8in»g)  4  sin'g 

-  0  {cos  5  -  (4  cos'g  -  3  cos  0)}     g  {4  cos  g  -  4  cos'tf} 

sin'g  sin  g  1        sin  0 

X 


0coB0aiD!'0     0gob0     cos  ^        0    ' 
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Now,  the  smaller  0  is,  the  more  nearly  do  both 

1  J  sin^ 

and 


cos^  0 

approach  to  unity.    Hence,  when  0  is  actually  zero,  the 
given  expression  =  1x1  =  1. 

Such  an  expression  as  the  one  we  have  discussed  is 
said  to  be  indeterminate.  We  should  more  properly  say 
that  the  expression  is  "at  first  sight"  indeterminate. 

286.  In  many  cases  the  real  value  is  very  easily 
found  by  using  the  series  for  sin  0  and  cos  0,  The  method 
is  shewn  in  the  following  examples,  of  the  first  of  which 
the  example  in  the  preceding  article  is  a  particular  case. 

Bx.  1.    Find  the  value  of 

n  sin  0  -  sin  n$ 

0  {cos  0-cos  n0)  * 
The  expression 

— tq-  0^ j^^+ higher  powers  of  0 


Fn^—  1        n*— 1  n 

0       |Q     0^ j7—  ^+ higher  powers  of  0 

^+ higher  powers 


3  [5 

n»-l     n*-l 


|2  |4 

When  0  is  zero,  this  expression 


^+ higher  powers 
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Bz.  2.    Find  the  value,  when  x  is  zero,  of  the  expression 

cosx  -  logejl  +x)  +  sinx  - 1 
e^-{i+x) 

Since  log,{l+x)=x-^z^+-x^--x*,.., 

j^ksS  JkftaB  ^ttS^B 

and  e«=i+a;+_  +  _.  +  _. ...  (Arts.  253  and  266), 

this  expression 

(^-§+|-)-(''-5^-^5^-)  +  (^-|-^g-)-^ 

-  -j^ + higher  powers  of  a?       "  To  +  powers  of  a; 


sr 


T 


1^  +  higher  powers  of  as  -i^ + powers  of  x 

When  X  is  zero,  this  latter  expression 

Bz.  8.    2^71(2  the  value,  when  x  is  zero^  of 

(tanx\zs 
^  ■ 

When  X  is  zero,  this  expression  is  of  the  form  f  ^  ]    . 

1 

But  it  also  =  I  — — — y      (Art.  281). 

Now,  by  Art.  250,  the  value  of 

8 


is  e,  when  x  is  zero. 


X 


Hence  the  expression  =£S=«o=l. 

The  value  of  the  expression  may  be  also  found  by  finding  the  value  of 
its  logarithm. 
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1.    If 


EXAMPLES.    L. 

sin  e     1013 


e      1014 ' 

prove  that  0  is  the  number  of  radians  in  4°  24'  nearly. 
'        „  sin  ^_  863 

prove  that  0  is  equal  to  4°  47'  nearly. 

«     „  ratt^_6046 

^-  ^    ~6046' 

prove  that  the  angle  0  is  V  58'  nearly. 

A     If  sin  g  _  2165 

*'  ^    "2166* 

prove  that  0  is  equal  to  3^  1'  nearly. 

_     -.  sin  g  _  19493 

^-  e    "19494' 

prove  that  6  is  equal  to  V  nearly. 

6.    If  tan^=^, 

find  an  approximate  value  for  0, 

Find  the  value,  when  x  is  zero,  of  the  expressions 

_     g-sino;  o^  sinoa: 

«'      *  '    l-cosnue*  smfti* 

1  n     tan  a;  -  sin  a;  '   _  _      tan  2a;  -  2  sin  x  .^     versin  ax 

^"'  Bin**     •  ^^'  «»  '  ^^'     versin  hx  * 

g      msinx-sinmx  g^  sin  ox  -  &»  sin  fex 

'     m(cosd;-oosmd;)  &^tanaa;-a*tan&a;* 

__      d^sin'ajj-a^sin^ftaj  -^     a;  log,  (1+ a?) 

^^"     6atan2aaj-a«tana6aj'  ^°'        l-oosa?     ' 

_        e*-l+logj(l-a;)  _        g+ 2  sin  a? -sin  3a? 

sin*  a?  '  a? + tan  a; -tan  2a;  * 

sma;+sin6a;-7a;  8m«fia;-sin«pa; 

^"-  a;»  •  -^"-         l-cosi>x      * 

L.  T.  22 
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^_       1^  rsin $     e  -e      _  Jl  ^^^     sin' ,Jrtm g - sinmg sin nd 

^^'     ^L~^         2d  J*  (1  -  COB  fiid)(l- COS  ndj 


23. 


(1  -  COB  md)  (1  -  008  ndj 
3  sin  2- sin  So; 


d;-Bmd; 


24. 


25. 


fsin«-28inH)  +(l-008x)* 

8inxBin2d;-8coBXBin^^  -«.^  sin^a; 

J 
a*- 6*  ^^      /tanjj\«* 


m 


»•  (^7 


«„      /       a?       .    3a;\* 
27.     (ooB— +Bm  —  I   . 
\       m  mj 


.  Find  the  value,  when  :e  equals  7  y  of 

rt^      (cob  g + sin  2jg + cob  8g)' 
^'     (sinx + 2  COB  2x  -  sin  3a?)» ' 

29.    (Bind)**"*.  30.    sec* -tan OB. 

Find  the  value,  when  n  is  infinite,  of 

^^'    {^^tf'  32.    (coB^y«.  33.    (co8^)"'- 

1 

34.  If  n  be  >1  and  d=-  nearly,  prove  that  (sind)     iB  very  nearly 

equal  to   ~ 

(n-l)  +  (n+l)Bind 

(n+l)  +  (n-l)Bind' 

35.  In  the  limit,  when  /3=  a,  prove  that 

a8inj9-)3sina 


a  cos  /3  -  /3  COB  a 
36.    Prove  that 


=tan(a-tan~^a). 


1     «•  1 

4tan~^ =tan~^  — 

6     4  239 

and  deduce  that  in  a  triangle  ABC^  in  which  C  Ib  a  right  angle  and  CA  is 
five  times  CP,  the  angle  A  exceeds  the  eighth  part  of  a  right  angle  by 
3' 36",  correct  to  the  nearest  second. 


and  that 
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37.  ^^d  a  and  b  so  that  the  expression  asmx+bain  2x  may  be  as 
close  ah  approximation  as  possible  to  the  nnmber  of  radians  in  the  angle 
X,  when  x  is  small. 

38.  If  y =0;  -  6  sin  j;,  where  e  is  very  small,  prove  that 

tan|=tan|  (l-e+«*sin>|  j, 

tan|  =  tan|ri  +  e  +  e2cos»|y 

where  powers  of  e  above  the  second  are  neglected. 

39.  If  hi  the  equation  sin  (w-  ^)=sin  (^  cos  oe,  ^  be  very  small,  prove 
that  its  approximate  valne  is 

2  tan  w  sin  I  f  1  >  tan^  ~  sin^  |  j  . 

40.  If  '</>  he  known  by  means  of  sin  0  to  be  an  angle  not  >  15\  prove 
that  its  value  differs  from  the  fraction 

28  sin  20  + sin  4^ 
12(S  +  2eoe2<>) 

by  less  than  the  number  of  radians  in  1'. 


22—2 


CHAPTER  XXIV. 

EXPANSIONS  OF  SINES  AND  COSINES  OF  MULTIPLE  ANGLES, 
AND  OF  POWERS  OF  SINES  AND  COSINES. 

[On  a  first  reading  of  the  subject  the  student  is  recommended 
to  omit  firom  the  beginning  of  Art.  293  to  the  end  of  the  chapter.] 

287.  In  this  chapter  we  shall  shew  how  to  expand 
powers  of  cosines  and  sines  of  an  angle  in  terms  of  cosines 
and  sines  of  multiples  of  that  angle,  and  also  how  to 
express  cosines  and  sines  of  multiple  angles  in  terms  of 
powers  of  cosines  and  sines. 


288.    Let  x  =  cos0  +  i  sin  0,  so  that 
1  1  cos  5  —  i  sin  0 


a     cos^  +  isin^      cos'^  +  sin^^ 
Hence  a?  +  -  =  2  cos  ^, 

X 

and  X  —  =  2i  sin  0, 

X 

Also,  by  De  Moivre's  Theorem,  we  have 

a^  =  cos  n0  +  i  sin  n0, 


=  cos  5  —  i  sin  0, 
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and  --  =  cos  n^  —  i  sin  nd, 

OCr* 

80  that  a?**  +  -—  =  2  cos  wd, 

and  a?*  — -  =  2i  sin  n0. 

289.    To  eospand  co^  Bin  a  series  of  cosines  of  multiples 
of  0,  n  being  a  positive  integer. 

From  the  previous  article  we  have 

1\« 


(2  cos  0)-  =  (a;  +  -"j 


^^1   1     w  (n  —  1)  ,„_,   1 
X         1.2  a;* 

JL  .  ^ 

n  (n  —  1)    1  1         1  ,-  V 

1.2      aj"^  aS"^     aS^  ^  ^. 

Taking  together  the  first  and  last  of  these,  terms^  the 
second  and  next  to  last,  and  so  on,  we  have 


(2  cos  0Y  =  (^  +  ^)  +  ^(' 


^+^) 


n  (n  -  1)  /  ,^        1  ^ 

■^  1.2   r   "^^  ■*■••"• 


But  by  the  last  article  we  have 
1      ..         ..      .  .       1 


a?'*  +  — =2coswd,    a?'»-2  +  -^  =  2cos(n-2)^,.... 
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Hence 
2«  co8»  tf  =  2  cos  w5  +  w .  2  cos  (n  -  2)  ^ 

**"     1  2     '^<^Qs(n-4)g+ , 

t>.     2"-^cos'*^  =  cosw^  +  ncos(w-2)d 

+  ^^^^^^cos(ri-4)g+ (2). 

If  n  be  odd,  there  are  an  even  number  of  terms  on  the 
right-hand  side  of  (1),  so  that  the  terms  take  together  in 
pairs  and  the  last  term  contains  cos  0, 

If  n  be  even,  there  are  an  odd  number  of  terms  on  the 
right-hand  side  of  (1),  so  that  after  all  the  possible  pairs 
have  been  taken  there  is  a  term  left  not  containing  x. 
This  term  will,  when  divided  by  2,  form  the  last  term  on 
the  right-hand  of  (2). 

290.    Use  1.    Expand  eotfi  0  in  a  series  of  cosines  of  multiples  of  $. 
We  have  (2  cob  ^)8  =(«+-]  . 

=««+8a;»+28«*+66a^+70+66 .  i +28  .^+8.  K-¥^ 

X  Xi  Xi         Xi 

=2 . OOB 8^+8 .  2ooB  6^+28.  2  cos 4^+56 . 2 oob  2^  +  70, 
.-.     27  008^^=0088^+8008  6^+28oob4^+56  OOB  2^+35. 

Bac  S.    Expand  cos'  0  in  a  series  of  cosines  of  multiples  of  0, 

We  have  (2  oos  ey=  (x  +  -  j 

=a;7+7.«»+21a;»+86a)+35.-  +  21.1+7.1  +  i 

X  afi         sfi     x' 

=2 .  008 1$+  7 .  2  008  6^+21 .  2  GOB  8^+86 . 2  oos  $, 
•*•     2^  cob'^  0=008  79  +  7  oos  5^  +  21  oob  80  +  85  oos  $, 
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291.     To  tODfjpTe»B  8in^  0%na  series  of  cosines  or  sines  of 
mvltiples  of  6  (according  as  n  is  an  even  or' odd  integer. 

By  Art.  288  we  have 

1 


2t  sin  ^  =  a?  — 


sothat  2'*i«8in»e  =  ^a?--V (1).  " 

Case  I.    Let  n  be  eveA^  so  that  the  last  term  in  the 
expansion  is 

+  ^,    and    i«  =  (-l)l  . 

The  equation  ^1)  is  therefore 

2«(-l)»sin»^  =  fl?«-rl^-^i  +  ^?^^^^a?»-«.4^ 

^      ^  a         1.2  a^ 

n(n--J^  _^^  . 

1.2  af*^  od^^     a^  ^  ^ 

=  2 .  cos  wd  -  n .  2  cos  (w  -  2 )  ^  +  ^V^T^^ .  2  cos  (ri  -  4)  ^ 
as  in  Art.  289. 


n 


I  (  •  » 


.-.  2»-»  (- 1)«  sin"  ^  =  cos  n^  -  n  cos  (ra  -  2)  d 

+  "^"q^^co8(w-4)g- (3). 

Since  n  is  even;  there  are  an  odd  number  of  terms  in 
(2),  80  that  there  will  be  a  middle  term  which  does  not 
contain  a.  This  term,  on  being  divided  by  2,  will  be  the 
last  term  in  equation  (3). 
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Case  II.    Let  n  be  odd^  so  that  the  last  term  in  the 
expansion  (1)  will  be 

1  ^^ 

-  — ,  and  i^  =  i.i^^  —  i(—l)  ^  . 

The  equation  (1)  then  becomes 

2«.^^(-l)~.sin«^  =  a:«-w^-^i  +  ^^J!^^a^ 

^       ^  X         1,2  ir* 


1.2  'af*^  '  aP^^     of 

(4). 

Now,  by  Art.  288, 


af^—  --  =  2isinn^, 
^~"-i  =  2isin(n-2)^, 


Hence  (4)  becomes 

2«.i.(-l)  2  sin»^  =  2f8inn^-n.2isin(w-2)^ 

+  !il^LZi).2isin(n-4)5-..., 

H-l 

so  that                       2«-^  (- 1)  2  8in«  6 
=  siniid  — nsin(n—  2)dH — ^p- ^— ^ sin  (n  —  4)  ^— 

(6). 

Since  n  is  in  this  case  odd,  there  are  an  even  number 
of  terms  in  (4),  so  that  (4)  can  be  divided  into  pairs  of 
terms,  and  there  is  no  middle  term.  The  last  term  in  (5) 
therefore  contains  sin  0. 
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292.    Bz-  !•    Expand  sinfi  6  in  a  aeries  of  cosines  of  multiples  of  0, 
We  hare  2fii^Bm^e=fx--\ 

=a*-6aj*+16a:«-20+16.i-6.~+^, 

BO  that        -2«8in«d=(a:«+i^-6r«*+^^  +16^aj8+^V20 

=2  008  6^- 6. 2  COS  4^+15. 2co8  2^ -20. 
-  2^  Bin^  ^ = 008  6^  -  6  cos  4^  + 15  oob  2$  - 10. 

Bz.  2.    Expand  sin^  6  in  a  series  of  sines  of  multiples  of  6, 

We  have  2' {r Bin' 0=z(x- -\ 

=a:7- 7«»+21x«-36a;+ 35 . --21 . 4 +7 .  ~  -  4 

-("'-.^)-'(--i)-"(-4)-»('-i)- 

-27.i.8in7  0=2isin70-7.2iBin5^+21.2iBin8^-35.2i8in^. 
.-.      -2«sin7d=Bin7^-7sin5^+2lBm3d-35Bin^. 

Bz.  8.    Expand  co^  6  sivP  0  in  a  series  of  sines  of  nmUiples  of  6. 
We  have 

2«oos5^=(a:  +  M\  undi  Vi?  msx^  e=i(x -^ . 
Hence  2i3 .  {7 .  oo8»  e  Bin'  ^  =  Ta?*  -  -gV  («  -  -)^ 

Hence,  aB  before,  we  have 

-2"coB<»^8in'9=sinl2^-2sinl0d-48in89  +  10  8in6^  +  58in4^ 

-20  sin  2^. 
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EXAMPLES.    U. 

Prove  that 

1.  sin"  ^=^  [Bin  6«- 6  sin  8^+ 10  Bin  ^]. 

2.  OOB*  ^ = 256  ^^^^  ^^"^^  ^^  ^^ '^  ^^  ^^  ^^  "^^  ^^^  ^^  "^  ^^  ^^^  ^^' 

3.  OOBl«^te 

^  [ODB 10^ + 10  00b  8^ + 45  008  69 + 120  oos  49  +  210  oos  29 + 126]. 

4.  Bin89=£^[oo8 89 - 8 cos 69 +28 oos 49 - 66 008  29  +  86], 

6.    Bin*  9=2gg  [sin  99  -  9  Bin  79  +  36  sin  59  -  84  sin  89+126  sin  9]. 

##293.     To  express  —r—g  in  a  series  of  descending 

powers  of  cos  0. 

If  a?  be  <  1,  we  have 

- — 3 L  =  sin  ^  +  a?  sin  2^  +  «*  sin  3d  +  . . . 

l-2a?cosd+a^ 

+  af^^8mn0+  ...  ad  inf. ....(1). 

This  may  be  shewn  by  multiplying  each  side  by 

l-2a?cosd  +  a:*, 
when  it  will  be  found  that  the  right-hand  member  will 
reduce  to  sin  6. 

Another  proof  will  be  found  in  Art.  358. 
Equating  coeflBcients  ot'af*"^  in  (1),  we  have 

-; — jr  =  coefficient  of  ai^~^  in  [1  —  2a?  cos  0  +  a^]~^ 
&m0  "■  ■' 

=  coefficient  of  a?**~^  in  [1  —  a?  (2  cos  d  —  a?)]~^ 
=  coefficient  of  a?**"^  in 

H-a?(2cosd-a?)  +  aj»(2co8d-a?)»+ 

+  aJ»-»  (2  cos  tf  -  a?)«^»  +  a?»-^  (2  008  d  -  a:)**-« 

+  a?**-^  (2  cos  0-xY-^  +  a?**  (2  cos  d  -  a?)»  + (2). 
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BIN  Q 

Now  coefficient  of 

a^^  in  a:»-i  (2  cos  5  -  a?)*^^  =  (2  cos  d)*-S 

coefficient  of  a?**-^  in      a?**"*  (2  cos  5  —  a;)'*-^ 

=  coefficient  of  a?  in  (2  cos  6  —  a?)**"* 

=  -  (n  -  2)  (2  cos  d)«^, 

coefficient  of  a^*~^  in      a?^^  (2  cos  ^  —  a?)"""* 

=  coefficient  of  aj*  in  (2  cos  ^ — a?)'*"' 

(n  —  3)  (n  —  4)  ,^        ^v,,. 
=  ^^ T^-^^ -■  (2  cos  ^)**^, 

and  so  on. 

Hence,  from  (2)  picking  out  in  this  manner  all  the 
coefficients  of  a;»*~\  we  have 

®^^  =  (2co8^)^^-(7i-.2)(2co8e)^» 

V 


sm 


(w  —  3)  (n  —  4)  .„        ^..^^ 

+  ^^ — ^\ — -  (2  cos  ey^ 

_(n-4)^»-62(n-6)^2co8d)»-  + 


If  n  be  odd,  the  last  term  ooold  be  proved  to  be  ( - 1)  '  ;  if  n  be  even, 


^-1 


it  could  be  shewn  to  be  ( - 1) '    (n  cos  B), 

##294.     To  express  cosnO  in  a  series  of  descending 
powers  of  cos  0. 

Hop  be  <  1,  we  have 

- — ^ ^ 1  =  1  +  2a?cos^  +  2a^cos  2^  +  2a^cos  3^  + ... 

1  —  2a;  cos  ^  4- a;^ 

...  +  2a?'*cosn^  +  ...  ad  inf. (1). 

This  may  be  shewn  by  multiplying  both  sides  by 

l-2a?cos^  +  a;», 
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when  it  will  be  found  that  all  the  terms  on  the  right-hand 
side  will  reduce  to  1  —  a;*. 

Another  proof  will  be  found  in  Art.  358. 

Equating  coeflScients  of  aS^  on  the  two  sides  of  (1),  we 
have 

2  cos  nd  =  coeflScient  of  aS^  in  (1  —  a^)  [1  —  2a?  cos  0 + a?\'^ 

=  coefficient  of  a?**  —  coefficient  of  a?**^  in 

[1  -  a?  (2  cos  e  -  a?)]-i 

=  coefficient  of  a^  —  coefficient  of  a?**~*  in 

1 +aj(2  cos  d-a:) +  a;»(2 cos  ^ -a?)«+ ... 
...  4- otT^ (2 cos  ^  - «)»-«  + a;«-i (2 cos  ^- a?)"-^ 

+  a?»  (2 cos  ^  -  a?)«  +  a;»+i  (2 cos  ^-a?)«+*  + ... . 

Picking  out  the  required  coefficients  as  in  the  last 
article,  starting  with  the  term 

a^  (2  cos  Q  —  xf, 
we  have    2  cos  nO 

=  (2  cos  ey  -  (ri « 1)  (2  cos  6)^  +  (^^^^--3)  ^^^^  ^^ 

^(^^3)(n-4)(n-5)  

1.2.3  K^^^^^J 

-  r(2  cos  0y^  -  (n  -  3)  (2  cos  d)**-* 

.  (w  — 4)(n  — 5),^        ^.,_.  "I 

+  ^ ^-^ -^  (2  cos  5)*»^  - 

=(2cosg)^-n(2cosg)»-»+P'^"^^^^"^V(n-3)1(2cosgy 
_  r(.-3)(n-4)(.-5)  ^ (^-y(;-^)1(2cosg)^-|. . 


kfl— 4 
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SO  that,  finally, 

2  cos nd  =  (2  cos  ^)»  -  n (2 cos d)*"*  +  "^"~^^ (2 cos  5)»-* 

_!i(!LZ^|^)(2cos^)-+ (2). 

The  last  term  could  be  shewn  to  be 

n-l  n 

(-1)  *  .n.(2oos^)  or  (-1)^2, 
according  as  n  is  odd  or  even. 

##296.     To  eospand      .   ^    in  a  series  of  ascending 

sin  C7 

powers  of  cos  0. 

As  in  Art.  293,  we  have 

—, — TT  =  coeiSScient  of  x'^-^  in  [1  -  2x  cos  O  +  af^]-^ 
sin  a  ^  •• 

=  coefficient  of  x^^  in  [1  +  a?  (a?  —  2  cos  0)]"^ 
=  coefficient  of  a;**~^  in 

1  -a?  (a?  -  2  cos  5)  +  a?*  (a?  -  2  cos  ^)'  - 

+(-l)''af(a?-2cose)'"  + (1). 

Ca4ie  I.    Let  n  be  odd^  so  that  (ti  —  1)  is  even. 
The  lowest  term  in  (1)  which  gives  any  coefficient  of 
af*-^  is  then  that  for  which 

n-l 
^  =  -2-- 
Hence,  in  this  case, 

—, — jr  =  coefficient  of  a^"^  in  1  —  a?  (a?  —  2  cos  ^)  +  . . . 

n-l     «-l  n-l  n+1     n+1  n+l 

+(-1)  2  X  a   (a?-2cos^)  2  +(-1)  2  a?  2   (a? -2  cos  5)  « 

n+8    n+8  n+3 

+  (-1)  2  a?  2  (a?- 2 COS ^)  2   + 

+  (-  l)»-iaJ^^(a?-2cosd)'*-i+ 
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Picking  out  the  required  coefficients  as  in  Art.  293,  we 
have 


smnO 
sin  0 


n-l 

1)*  +( 


11+1 


-n  2 


1) 


n  +  1  n  — 1 


1.2 


(-  2  cos  ey 


n  +  3  n  +  1  n  — 1  n  — 3 

+(-1)'  .-^ — ecro4 — ^(-2cos^y-h... 


1.2.3.4 


Hence,  finally,  when  n  is  odd^  we  have 


+  (2  cos  5)'*-\ 


n-l 


(-1)*  -^ 


sinnd 


and 


=  1  -    ,    ^   cos' g  + fr ^^cos*^ 


1.2 


[! 


-|6 

w-l 

+  (-!)«  (2co8d)»->, 


(2). 


Case  II.     Let  n  be  even^  so  thatn  --  1  is  odd. 

The  lowest  term  in  (1)  which  gives  any  coefficient  of 
a?**"*  is  then  that  for  which 


n 


Hence,  in  this  case, 
sinn^ 


sind 


=  coefficient  of  a^^  in  1  —  a?  (a?  —  2 cos  d)  + ... 


n    n 


1+1    z+l 


+  (- ly  x\x- 2  coady +{-!)*     a^     (a)-2co8ey 

+  (_  i)»-i  a*-i  (a!  -  2  cos  0)^-^  + 


%i 
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Picking  out  the  required  coefficients,  we  have 

+ +(2cose)*»-\ 

Hence,  finally,  when  n  is  even^  we  have 

,    -.^isinn^      . 
/    ^        sine 

^  n  cos  e ^-^r^ ^cos»  Q-\--^ r^^^- — -^  cos'^ 

•I?  1^ 


.?+i 


+  (- 1)8^^(2  cos  e)'*-V... (3). 


N.B.  It  will  be  noted  that  equations  (2)  and  (8)  of  this  artiole  are 
simply  the  series  of  Art.  293  written  backwards.  This  is  olear  from  the 
method  of  proof,  or  the  statement  could  be  easily  verified  independently. 

##296.     To  ecspand  eosnO  in  a  series  of  ascending 
powers  of  cos  6. 

As  in  Art.  294,  we  have 

2  cos  nd  =  coeflficient  of  a^  —  coeflScient  of  af*^  in 

(1  -  2x  cos  e  +  af)-^ 

=  coeflScient  of  x^  —  coeflBcient  of  x^"^  in 
l-x{X'-%QOQ6)  +  a^{x-'2co^0y-' 

+  (- l)*"  af  (a?  -  2  cos  e)*"  + (1), 

as  in  Art.  295. 
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Case  I.     Let  n  be  odd^  so  that  n  —  1  is  even. 
The  lowest  term  in  (1)  which  will  give  any  of  the 
coefficients  we  want  is  that  for  which 

n-1 


r  = 


Hence  2  cos  n0  =  coefficient  of  a?*  —  coefficient  of  a?' 


n—2 


m 


n-l     »-l 


n-1 


l-a?(a?-2cosd)  +  ...+(-l)  2   a?  ^   (a.-2cos^)2 

n+l     n+1  «+l  n+8    n+8  n+8 

+(-1)  *   a?  2  (a?-2cos^)  «  +(-1)  ^  a?  «  (a?-2cose)  « 
+ +(-l)«a?»(aj-2costf)« 

n-l 


=  (-1)'  [-V^(-2co8tf)] 


n+l 

+  (-!)« 


w+1   w— 1   n  — 3 
"+  \- 2 cos ^)-    ^    \ll   ^    i-2cosey 


1.2.3 


*±? 
+  (-!)« 


n  +  S  n  +  l   w  — 1 

~2~'"1^'"~2^ 

1.2.3 


(-  2  cos  ^)« 


n  +  3ri+lw  — In  — 8w  — 5 


1.2.3.4.5 (-2008^ 

+ +  (2costf)« 

w-l 
.'.     (-1)  *    .2cOS7ltf 

=cosg[(n-l)+(n+l)]-^^"^Vo^^"•^^co8»g[(r^-3)+(n+3)] 

(n  +  3)(w+l)(w-l)(w-3)         .>,r/  rx   .   /  rxi 

+  15 ^ C08»  ^  [(n  -  5)  +  (rt  +  5)]  +  .... 

+  (-1)  «  (2cos^)« 
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Hence,  finally,  when  n  is  odd, 

w-l 

(  — 1)  *  cosnd 


=  71  cos 


g-"<";-^'>co8«<>-h»(»'-y-^'>cos'<? 

lo  10 


n-1 


(-1)  «    .2«-iC08«^ (2). 


Case  II.     Let  n  be  even. 

The  lowest  term  in  (1)  which  will  give  any  of  the 
required  coefficients  is  that  for  which 

w-2 


r=3 


Hence  we  have 
2  cos  nd  =  coefficient  of  af^  —  coefficient  of  af*^  in 


»-2    n-a 


n-a 


l-a?(a?-2cos^)  +  ...+(-l)  *  a?  ^  (aj-2costf)  « 

«»  n+2    n+2  n-i-2 


«    » 


+  ( 


l)>««(a?-2cos^)»  +  ( 
+  (- 1)«  a?*»  (a? 


(-l)^Vl]+(-l)^ 


1)  2  a?  «   (a?-2cos^)  ^ 
2cos^)«  + 

n  n  — 2 

1-^— 4-(-2costf)« 


1.2 


«+2 


+  (-!)« 


n  +  2  71 

^-y^(-2C08^)« 


w  +  2  n  »  — 2  n  — 4 
~2~2~2~'  ^ 


1.2.3.4 


t.  T. 


(-2cosd)« 


23 
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n+4 


+  (-1)* 


n  +  4  n+  2  n  h  — 2 
~2~~2~2"~2~ 


(-2C06^)* 


1.2.3.4 
n  +  4  n  +  2  n  n  — 2  n  — 4  n  — 6 


2    •    2 


2    •     2    ■     2 


+ +(2C08^». 


I 


(-2cos^)« 


.-.    (-lV.2cosn5 
=  [l  +  l]-^-^[n(n-2)  +  (n  +  2).n] 


C08*d 


l^ 


I! 

[(w  +  2).n.(n-2)(n-4)4-(w+4)(n+2).n.(n-2)] 


n 


+ +  (- 1)*  .  (2  COS  ^)^ 

Hence,  finally,  when  n  is  even^ 


+  (-l)»2*^^cos*»^ (3). 

N.B.    As  before,  the  equations  (2)  and  (3)  of  this  article  are  only  the 
series  (2)  of  Art.  294  written  backwards. 

**297.     From  equation  (2)  of  Art.  295  and  equa- 
tion (2)  of  Art.  296  we  have,  if  n  be  odd, 

,,*fl8inn^     -      n»-P      ./,  .  (n'- P)(yi'-3')      .. 

(-1)2        .     ^  =1 |o C08*^  +  ^ Q ^COS*^ 


(n«-l»)(w«-3*)(n«-5^)      ,.^ 

—  ^ ^ — j^ ui COS'  r  + 

n-1  *-■ 


|6 


+  (-1)  «  (2cosd)»-'  + (1), 
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and  (—  1)  *  cos nfl  =  71  cos  0 ^^-r^ — ^ cos* 0 

^Mn--i;)(n'-3'),,^g^ +(-l)'^2-co8»^ 

(2). 

In  these  equations  change  0  into  -s  —  ^,  and  therefore 

cos  0  into  sin  ft 

Then  sin  n0  will  become 

/W7r         \     .  **~^ 

sinf-^— n^j,  i.e.  (—1)  *   cosn^, 

and  cos  nd  will  become 

cos  (-^  —  710],  i.e.  (—1)  *  sinnft 

On  making  these  substitutions  we  shall  have,  if  n  be 
odd^ 

cosn^  =  cos^U r^r—  sin^^+  77 ^sm*^-... 

(  |2  ^- 

-  n-l  ^     ) 

+  (-l)«   .  2'»-i sin~-i ^1 (3), 

and 

sin  w^  =  n  sin  5 ^^-r^r — ^  sin*  ^  +  -^^ r^^^ ^  sin»  0 

»-i 
+  ......+(-1)2   2*^isin"^ (4). 

##298.     Again  from  equation  (3)  of  Art.  295  and 
equation  (3)  of  Art.  296  we  have,  if  n  be  even, 

,     ,  5+i8innd  .     ii(n2-23)      ,^ 

(- 1)2    —z—^  =nco6  0 ^s — ^cos»  ^ 

^      ^       sm^  3 


+  -^^ r^ ^cos»^+ +  (-1)^     (2  cos  ^)~-' 

(1). 

23—2 
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and 

(-lfcoan0  =  l-^cos*0  +  '^^^^rP^co8'd- 

If  11      . 

n 

+  (-  1)«  2^>(cos»5) (2). 

In  these  equations  change  0  into  -  ~  ^>  ^i^d  therefore 

COS  6  into  sin  0. 

Then  sin  nO  will  become 

-^  —  nO\ ,  i.e.  (—  1)*     sin nQ, 
and  cos  nd  will  become 

cos  [^  —  nQ\ ,  i.e.  (-  l)*cosnft 

On  making  these  substitutions  we  have,  if  n  be  even, 

cosp  13  -        5 

+  (-l)^"*'\28in^)'^-i (3), 

and 

cos  n^  =  1  -  7g  sm»^  +     ^  .^ ^sm*  d 

+ (-l)^2«^isin«^ (4). 

##299.  Equations  (1)  and  (2)  of  Art.  297  and  equa- 
tions (1)  and  (2)  of  Art.  298  give  the  expansions  of  sin  n^ 
and  cos  nO  in  ascending  powers  of  cos  0  for  the  cases  when  n 
is  even  or  odd.  Equations  (3)  and  (4)  of  the  same  two 
articles  give  the  expansions  of  the  same  two  quantities  in 
terms  of  sin  ^. 
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EXAMPLES.    Ln. 

1.    Bin7^=7Bin^-668in»^  +  112sin»^-648in'^. 

2.      COB  7^  =  64  COB^^~  112  008'^^  + 56 0081^0-7008  0. 

3.  Bin  80= sin  0  [128  cob^  0  - 192  oos^  0  +  80  oob*  0  -  8  cos  0]. 

4.  co880=l-828in>0+16O8in«0-2568in«0+1288in80. 

5.  Bin  90 = sin  0  [256  008^  0  -  448  008^^0  + 240  oob«  0-40  008^0  +  1]. 

6.  ExpreBB  cos  60  in  terms  of  cob  0  only  and  verify  for  the  cases 

'=8'    '=2 
respectively. 

7.  Prove  the  algebraic  identity 

Deduce  that 

2cos  n0=(2  COS  0)»-n  (2008  0)*-a+^^[^\2  cos  0)»-*-.... 

#  #  300.    B3C    Prove  that  the  roots  of  the  equation 

8a:«-4j;»-4aj  +  l  =  0 

T  3w        ,        5ir 

are  cos ■= ,  cos—  ana  cos -=■ , 

,  ,         ^,   ^  T         3t         5t     1 

and  hence  that  cos-=-\'COs -if^^^-if^ai 

IT        Sir  3ir        6ir  5ir        ir         1 

cos-fjcos -=--^-cos-=- eos-=^-{-eos-^  COS -=^ --^f 

,  T        3ir        5ir        1 

ana  cos  -m  cos -=■  cos -=■  =  -  ?,, 

On  pntting  7z=7  in  equation  (2)  of  Art.  294,  we  have 

2  cos  70 = (2  cos  0)7  -  7  (2  cos  0)» + ^^  (2  cos  0)>  -  ^-^^4^  (2  cos  ^ » 

i.e,f  on  redaction, 

cos  70=64  008^0- 112  COS*  0  +  56  oo8«0-7cos0 (1). 

Now  pat  cos  70=  - 1,  so  that 

-     T  3ir  5ir 

6=- ,  or  -^  ,  or  -=- 

7  7  '         7 
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Equation  (1)  then  beoomes 

64ooB'^-112oofl»^+66oo8»^-7oos^+l=0 (2), 

and  its  roots  are 

X  3x  6x  7x  9x  llx       .         13»- 

008-= ,  008  -=r %  008 -=- ,  COS -=- ,  008  -=- ,  008 -=-  and  cob  -=-. 
7'         7  7  7  7  7  7 

Now 

7x        -  18x  X  llx  8x        ,        9x  6x 

C08-=-=-l,     COB -7?-=  008-=,    C08  -=-  =  C08 -=-,  and  C0B-=-=C08-=- . 

7  7  7'  7  7  7  7 

The  roots  of  (2)  are  therefore  - 1,  and  cos  •= ,  cos  -=- ,  and  cos  -=- ,  the 

latter  three  roots  being  twice  repeated. 

Writing  c,  for  shortness,  for  cos  d^  the  equation  (2)  may  be  written 

(c  + 1)  (8c»  -  4c2  -  4c  + 1)«=0. 
Hence  cos  •= ,  cos  •=- ,  and  cos  •=-  are  the  roots  of  the  equation 

8c»-4c«-4c  +  l=0 (3). 

We  therefore  haye 

X  8x         5x     4     1 

C0Sy  +  C0S-^  +  C08y  =  g=:^, 

X       8x  3x       6x  6x       X      -4        1 

COS^COS  Y  +  COS  yCOSy +  C08y  008-^=  — =  -^, 

,  X       3x        6x      -1        1 

and  cos7r008-=-co8  -=-  =  -77-= -s. 

7        7  7        8         8 

In  equation  (8),  putting  -s=ar,  and  therefore  c=-7-  ,  it  follows  that  the 

c*  njx 

quantities  sec'  •= ,  sec'  •=- ,  and  sec'  •=-  are  the  roots  of  the  equation 

14      4 
8.-=^ — *-   *  +1=0, 

X^X       X       j^X 

or,  on  rationalizing, 

a»-24a«+80a?-64=0 (4). 

Again,  putting  a; si +y,  then,  since  sec'^sl  +  tan'^,  it  follows  that 

tan'-= ,  tan*  -=- ,  and  tan*  -=- 
7'  7  7 

are  the  roots  of  the  equation 

(H-y)»-24(l+y)«+80(l+y)-64«0, 

ue.  of  ^•-21y»+85y-7=0. 
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A]it«r.  Without  assuming  the  series  of  Art.  294,  whioh  is  diffioolt  to 
remember,  the  equation  (2)  may  be  dedaoed  directly  from  De  Moiyre's 
Theorem. 

For  the  equation  (cos  9+ 1  sin  9)'=  -1 (5), 

i,e.  oos79+isin7^= -1, 

is  dearly  satisfied  when  9  has  either  of  the  values 

X     Sir     6t     7t     9ir     llx       -  13x  ,^^ 

7'  y  7"'  T'  T*  -ff^^-f- W* 

Writing  c  for  cos  $  and  $  for  sin  0,  the  equation  (5)  on  being  expanded 
by  the  Binomial  Theorem  becomes 

c' + 7tc«  «  -  21c»»»  -  36ic*«» + 86c»«* + 21ic««»  -  7cf«  -  m'^  =  - 1. 

Equating  the  real  parts  on  each  side,  we  have 

<j^  -  21c«»«+ 86cM  -  7c«»+ laO. 

Putting  <>= 1  -  c',  we  see  that  the  cosine  of  each  of  the  angles  (6)  satiafles 

the  equation 

«4c'-112c»  +  56«»-7c  +  l=0. 

But  this  is  equation  (2).     ' 

#  #  301.    Bx-    Find  the  value  of 

S+secld-i — \+8ee  ($•{ )  +  ...  to  n  temUf 

««c"^+»«c*(^  +  — j+wc"(^+— )  +  ...  ton  terms. 
From  equations  (2)  and  (8)  of  Art.  296,  we  know  that 


8ec 


n(n«-l')  .    n(n«-ia)(n«-8«) 


n-l 


If  !f 

=  (-1)  ^  Gosne ,, (1), 

when  n  is  odd, 
and  that 


l-^c«+^i5j^^c*+...  +  (-l)"2«-i^ 


(2). 


when  n  is 

where  in  each  series  e  stands  for  cos  0. 


360  TRIGONOMETRY. 

If  006  ne  be  now  given,  the  equations  (1)  and  (2)  give  oos  0, 
But  since  oos  n$ = oos  {nO  +  2ir) = oos  (n0  +  4ir) 


these  equations  would  also  give 

Henoe,  in  eaoh  case,  the  roots  are 

cos^,  cos^d+-^j,  Qosfe+^Y ton  terms. 

In  (1)  and  (2)  put  c=-  and  multiply  by  y\ 

If 

We  have  then  the  equations 

(-1)'  oosn^xy»-n.y*-i+?i5^)y«^8_...=o (3), 

when  n  is  odd, 

[(-!)*  COS»^-lJy«+-y«-2-...  =  0 

when  n  is  •▼«n. 

The  roots  of  these  equations  are  respectively 


and 


sec 


..s«.(.+^).Bec(.  +  ^^) 


(4), 


Call  these  y„  y„  ...,  y^. 

Then 

yi + V2 + •  •  •  +  yn= siini  of  the  roots 

n  — ^ 
S^i = ( - 1)  '  w  sec  »*^»  when  n  is  odd, 

(-1)  *  cosn^ 

ftnd  =0,  when  n  is  •▼«&. 

Also 

n^ 
=  — -2-i=n2sec2n^,  when  n  is  odd, 
cos^na  ' 

and  =  -2 .  ^  -  ^'  1  when  n  is  even. 


-l|*cosn^-l     l-(-l) 


s 
cosn^ 
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EXAMPLES.    Un. 

1,  Prove  that 

f  a?-2co8-^)  f  a;-2co8-^  j  f  a; -2 cos -^  J  fx-2ooa-^  j 

2,  Prove  that  the  roots  of  the  equation 

Sa^-^-^a^ - 4a? - lasO  are  cos  -=- ,  cos ^  i  ^^^  cos -=- . 

2ir  4t  8r 

3,  Prove  that  sin  -=- ,  sin ^  and  sin  -=-  are  the  roots  of  the  equation 

Prove  that 


2ir      -  „4ir      .  *6ir 

-=-     4  -  sec'  -=-     4  -  sec'  -=- 
7  7  7 


5.      CO8*^+0O8*^+0OS*-^  +  0OS*-^=j^. 

6.    sec*  ^  + sec* -^  +  800*-^  + sec* -^  =  1120. 

IT  3t  6ir  7ir  9t      1 

7.      cos  JJ+  00833;+  008  Jj+  cos  j^+  OOSj^  =  g. 

8.  Form  the  equation  whose  roots  are 

tan'— ,  tan'  1^ ,  tan'  ?j ,  tan'  ^  and  tan'  ^ . 
[Commence  with  equation  (3)  of  Art,  277.] 

9.  cot'^+cot'|j+cot'?^+cot'^  +  cot«jj=16. 

■  -     •  •  • 

.  ^  o  IT  o  2t  o  3ir  „  4ir  «  6t     -^ 

10.  sec'  jT  +  sec'  ^  +  sec'  jr  +  sec'  jj  +  sec'  jj = 60. 

Prove  that 

2v  6ir  18ir     V13-1 

11.      COSj3  +  COSj3  +  C08^  =  ^^-^p-. 
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lOr.         14ir  22ir      -^13-1 

w  Iv  llir  13ir         1 

13.       0O8jg+OO8~+0O83^+CO9— =.^. 

14.    Prove  that  sin  tt  is  a  root  of  the  equation 

64a^-80a;*+24ar«-l:?:0. 
Find  the  value  of 

15.     008^008  (d  +  ~j  008  f^  +  —j 008  -{d  +  (n-l)~l  . 

16.  Bind  Bin  ^^+^^8in(^  +  ^^ sin  |^+(n-l)^l  . 

17.  C08eo*^+oo8eo*f  d+—j +00800*  (^  +  —  j ton  terms. 

18.  tan«  ^+tan«  ($+  ^\  +  tan»  (^+^) to  « ternw. 

[For  the  following  5  questions  commence  with  equation  (5)  of  Art, 
277.] 

19.  tan^+tan(^+  — \+tan(^+— j ton  terms. 

20.  oot^+ootf  ^  +  — j  +  oot(^+  —  j ton  terms. 

21.  tan^tanf  tf  +  - jtanf  tf  +  — j tonfaotors. 

22.  tan«^+tan'f  ^+-j  +  tan2f  ^  +  — j  + ton  terms. 

23.  If  n  be  odd,  prove  that  5= 8(7= n^  - 1,  where 

5=800*  -+8ec*  —  +  sec' —  + ton-1  terms, 

n  n  n 

and         C=ooBec*- +  00800* — +ooseo* —  + ton-1  terms. 

n  n  n 

24.  3^d  the  sum  of  the  products,  taken  two  at  a  time,  of  expressions 
of  the  form  see  (  ^H ] ,  where  r  has  all  values  from  zero  to  n  - 1. 


CHAPTER  XXV. 

EXPONENTIAL  SERIES  FOR  COMPLEX  QUANTITIES.  CIRCU- 
LAR FUNCTIONS  FOR  COMPLEX  ANQLES.  HYPERBOLIC 
FUNCTIONS. 

302.  When  a;  is  a  real  quantity  we  have  proved  in 
Art.  253  that 

e*  =  l+a?+  -  +  --f.adinf. (1). 

if     Ir 

When  X  is  not  real  but  is  complex,  i,e.  of  the  form 
a  +  6  ^  —  1,  the  expression  e*  has  no  meaning  at  present. 

Let  us  so  define  it  that  for  all  values  of  x  (whether 
real  or  complex)  it  shall  mean  the  series 

l  +  a;+ |2  +  |g+adinf. (2). 

303.  We  can  easily  shew  that  this  series  is  convergent 
when  X  is  complex. 


For  let  x^r (cos  ^  +  V  —  1  sin tf ). 
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Then  ^^^  ^'*'^"^l2  "^'IS"^ ad  inf. 

/       /I     •  •    m     r«  (cos  2d  +  i  sin  2^) 
=  1  +r (cos  d  + 1 sm  d)  +  — ^^ ^ 

r»  (cos  3d  +  i  sin  3d)  ,.  « 

+  — ^^ jg ^+ admf. 

^      r»cos2d  .  r»co83d 
=  H-rco8d  + 12 + Tg —  + 

.    /--  r     .    ^      r«sin2d  ,  r»sin3d  ^        1 
+  >/-l  lrsind+ — 12 —  + jg — + . 

The  quantity 

l+rcoa^+  J2COs2^+  isC08  8^+ 

is  <i+r  +  |+|  + 

and  is  therefore  convergent  since  this  series  is  convergent 
for  all  real  values  of  r.     (Art.  254.) 
Similarly  the  quantity 

r* 
rsind  +  7oSin2d  + 

IS  convergent. 

Hence  the  series  for  e*  is  always  convergent. 

304.    When  d;  is  a  complex  quantity  the  quantity  ^ 
is  then  a  akort  way  of  writing 

^  +  *+|2  +  |3+ 

Unless  X  be  real,  the  e  in  e*  does  not  mean  the  series 
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When  X  is  complex,  ^  stands  for  a  series  of  the  same  form 
as  that  series  which,  when  x  is  real,  has  been  proved 

to  be  equal  to 

/              11  \* 

0  +  1 +11+ [3+ )• 

Instead  of  ^  the  expressions  E  (x)  and  exp  (x)  are  sometimes  nsed. 

305.  By  a  proof  similar  to  that  of  Art.   300,   C. 
Smith's  Algebra,  it  may  be  shewn  that 

whether  x  and  y  be  real  or  complex  quantities,  so  that 
the  functions  ^  and  e^  obey  a  law  of  the  same  form  as 
the  index  law. 

306.  If  a?  be  put  equal  to  0i,  where  0  is  real,  we 
then  have 

e^=.l+^  +  _+^+ 

|2^^     |6^ 


=  cos  ^  +  i  sin  ft         (Arts.  279  and  280.) 
So  e~**=cos  ^  — isin  ft 

Hence,  by  addition,  we  have 

cos  ^  = 5 , 

and,  by  subtraction, 

'"^^ — 2r-- 
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Oircular  ftinctions  of  complex  angles. 

307.  When  a?  is  a  complex  quantity,  the  functions 
sin  X  and  cos  x  have  at  present  no  meaning. 

For  real  values  of  x  we  have  already  shewn  in  Arts. 
279  and  280  that 

sma?  =  a?— 7^  +  -^  —  T?5^  + acl  inL 

^     1^     II 

a^     a^     a^  j  •  i? 

and  cosa?  =  l  —  th +  TT  —  'i^+ ^  ^^« 

|2      |4      [6 

Let  us  define  sin  x  and  cos  x,  when  x  is  complex, 
so  that  these  relations  may  always  be  true,  i.e.  for  all 
values  of  x  let 

a^      afi      x^ 

8ma?=a?--jg+-|^--ry+ (1), 

and  ^^^"^  -^"12  ■^'li"  le"*" ^^' 

When  X  is  complex,  the  quantities  sin  a;  and  cos  a;  are 
then  only  short  ways  of  writing  the  series  on  the  right-hand 
sides  of  (1)  and  (2). 

308.  We  have  then,  for  all  values  of  x,  real  or 
complex, 

[2      [3       |4 
.     (a?i)»     (xif  .  (xif 

=  i-^^+-li''T  T 

=  e**.  (Art.  302.) 

So  cos  a?  —  i  sin  x  =  e"^\ 
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Hence  for  all  values  of  ^,  real  or  complex,  we  have 
co8Z== — ,   and    8lnz  = 


a      '  — ai 

These  results  are  known  as  Euler's  Exponential  Values. 

309.  We  can  now  shew  that  the  Addition  and 
Subtraction  Theorems  hold  for  imaginary  angles,  i,e,  that, 
whether  x  be  real  or  complex,  then 

sin  (a?  +  y)  =  sin  x  cos  y  +  cos  x  sin  y, 

cos(a?  +  y)  =  cosaJCosy  —  sin  a?sin  y, 

sin(a5  — y)  =  sina?cosy  -^cos^siny, 

and  cos  (cc  —  y)  =  cos  a;  cos  y  +  sin  d?  sin  y . 

Since 


cosa?= s —  and  sina?= — 5-= — , 

we  have  sin  x  cos  y  +  cos  x  sin  y 

2i  2       "^        2  2i 

= 4i = 2i (Art.  305) 

=  sin  {x  -f  y). 
Similarly  the  other  results  may  be  proved. 

310.  It  follows  that  all  formulae  which  have  been 
proved  for  real  angles  and  which  are  founded  on  the 
Addition  and  Subtraction  Thec^rems  are  also  true  when 
we  substitute  for  the  real  angle  any  complex  quantity. 

For  example,  since 

cos  3d  S.4 cos*  0-^Soo8  0, 
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where  d  is  real,  it  follows  that 

cos  3  (a?  -f  yi)  =  4  cos*  (x  +  yi)  —  3  cos  (x  4-  yi). 
Again,  since,  by  De  Moivre's  Theorem,  we  know  that 

cos  nd  4-  i  sin  nO 
is  always  one  of  the  values  of 

(cos  0  +  i  sin  0)^, 
when  0  is  real  and  n  has  any  value,  it  follows  that 

cos  w  (a?  +  yi)  +  i  sin  n  {x  +  yi) 
is  always  one  of  the  values  of 

[cos  (x  +  yi)  +  i  sin  {x  +  yt)]**. 

311.    Periods  of  complex  circular  ftinctions.     In 

equations  (1)  and  (2)  of  Art.  309  let  x  be  complex  and  let 
y=27r. 

Then      sin  (x  +  27r)  =  sin  a?  cos  27r  +  cos  x  sin  27r 

=  sin  X, 

and  cos  (x  +  27r)  =  cos  x  cos  27r  —  sin  a?  sin  27r 

=  cos  a?. 

Hence  sin  x  and  cos  x  both  remain  the  same  when  x 
is  increased  by  27r.  Similarly  they  will  remain  the  same 
when  X  is  increased  by 

47r,  Gtt, 2n7r. 

Hence,  when  a;  is  complex,  the  expressions  sin  x  and 
cos  X  are  periodic  functions  whose  period  is  iir. 

This  corresponds  with  the  results  we  have  already 
found  for  real  angles.     (Art.  61.) 
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EXAMPLES.    LIV. 

Assaming  that  co8a;= — ^ and  8ina;= — ^. —  prove  that,  for 

all  values  of  x^  real  or  complex, 

1,    coB^aj+sin'xssl.  2.    O08(-aj)=roo8a?. 

3.    8in(-x)=8md;.  4.    cos2a;=GOs>a;-8in'a;=l-2  sin'o;. 

5.    8inda;=3  8ina;-48in>a;.    6.    O08«-oo8  2^=2  8in  — ^  8in^^^. 

2  2 

7.  sina;-  8iny=2co8  —^  sm  —~  . 

Prove  that 

8.  {8m(o+^)-e**8in^}'»=Bm"o«'"*^. 

9.  Bin(a+n^)-«*'Binn^=c~**^8ino. 

10.     {sin  (a  -  ^)  +  «-•* sin  ^}*=  sin*-i  o  { sin  (a  -  n^)  +  e-«  sin  nS}. 

312.  In  the  formulae  of  Art.  308  if  a;  be  a  pure 
imaginary  quantity  and  equal  to  yi,  we  have,  since 

t^  =  -l, 

cosyi 2 2 2-' 

and 

sm  m  = ^ri =  — s-i —  =  *  ITT — ^\ 

^  2i  2%  2(-l) 

313.  Hjrperbolic  Functions.     Def.     The  quantity 

whether  y  be  real  or  complex,  is  called  the  h3rperbolic 
sine  of  y  and  is  written  sinh  y. 

L.  T.  24 
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Similarly  the  quantity 

e^  +  e-^^ 

a 

is  called  the  hyperbolic  cosine  of  y  and  is  Mrritten 

cosh  y. 

[It  will  be  observed  that  the  values  of  sinh  y  and  oosh  y  are  obtained 
from  the  exponential  expressions  for  siny  and  oosj^  by  simply  omitting 
the  i's.] 

The  hyperbolic  tangent,  secant,  cosecant,  and  cotangent 
are  obtained  from  the  hyperbolic  sine  and  cosine  just  as 
the  ordinary  tangent,  secant,  cosecant,  and  cotangent  are 
obtained  from  the  ordinary  sine  and  cosine. 

mv  .1         sinhv     ^  — c"^ 

Thus  tanhy  =  — r-^=  «  .  .^, 

^    cosh  y     ^  +  €ry 

cosech  y  =  .  ,     =  -r, — — r, , 
^     smh  y     e^-ery 

sech  y  =  — r —  =  t, zr,  > 

^     cosh  y     ^-^rer^ 

coth  y  =  - — r--  =  — — ,. 

^     tanh  y     ^  —  e^ 

The  hyperbolic  cosine  and  sine  have  the  same  relation 
to  the  curve  called  the  rectangular  hyperbola  that  the 
ordinary  circular  cosine  and  sine  have  to  the  circle. 
Hence  the  use  of  the  word  hyperbolic. 

314.     From  Arts.  312  and  313  we  clearly  have 

cos  (yf)  =  cosh  y, 
and  sin  (yt)  »  %  sinh  y. 

So  tan  (yt)  =  %  tanh  y. 


and 
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316.  Corresponding  to  most  general  trigonometrical 
formulae  involving  the  ratios  of  angles  there  are  formulae 
involving  the  hyperbolic  ratios. 

For  example,  we  have,  for  all  values  of  the  angle  x, 

cos'  X  +  sin*  a?  =  1, 
so  that  cos-  (yi)  +  sin*  (yi)  =  1, 

and  hence,  by  the  last  article, 

cosh*  y  —  sinh*  y  =  1. 

[This  may  be  deduced  independently  from  the  definition  of  the  hyper- 
bolic fonctions.    For 


008h2y-8inh»y=^-ii-j   -  [^  '^     j 

=  1.] 


Again,  for  all  values  of  u  and  v  we  have 

sin  (w  +  v)  =  sin  u  cos  v  +  cos  u  sin  v. 

Put  u—xi  and  v  =  yi, 

so  that 

sin  [(a?  +  y)  ^]  =  sin  (pci)  cos  (yi)  +  cos  {x%)  sin  (yi). 
The  expressions  of  the  last  article  then  give 
i  sinh  (a?  +  y)  =  i  sinh  a?  cosh  y  -f  cosh  a?  x  i  sinh  y, 
.'.  sinh  (a?  +  y)  =  sinh  x  cosh  y  +  cosh  x  sinh  y. 

[Directly  from  the  definition  of  the  hyperbolic  ratios  we  have 

sinh  X  cosh  y  +  cosh  x  sinh  y 


2  2        '        2  2  4  ' 

on  multiplication,  =  sinh  (^  +^).] 

24—2 
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Again,  for  all  values  of  0,  we  have 

,      „^     3  tan  ^- tan*  ^ 
taii3^=    1^3tan«^     ' 

Put  then  0  —  wi,  and  we  have 

„  _  3  tan  (a^-)- tan*  (a^") 
tan  (<5a»)  -      J  _  3  ^^,  ^^.^       . 

Hence  the  substitutions  of  Art.  314  give 

'J.     1.  /o  \     3i tanh a?  —  t* tanh* x 
'^^(^y l-3tnanh'^ 

_  Si  tanh  a?  + 1  tanh'  a? 
l  +  3tanh^^~    ' 

,,    .  X     1. /o  \     3  tanh  a?  +  tanh' a? 

so  that  tanh  (3a?)  =  — :i — ^r- — r:: . 

^     ^  l  +  Stanh^a? 

As  before,  this  may  be  easily  proved  from  the  definition 
of  tanh  X. 

316.  In  general  it  follows  from  (1)  of  Art.  314  that 
any  general  formula  which  is  true  for  cosines  of  angles  is 
also  true  if  instead  of  cos  we  read  cosh. 

From  (2)  of  the  same  article,  since 

sin^  (yi)  =  —  sinh*  y, 

it  follows  that  any  general  formula  involving  the  cosine 
and  square  of  the  sine  of  an  angle  is  true  if  for  cos  we 
read  cosh  and  for  sin'  we  read  —  sinhl 

Similarly  from  (3)  we  may  turn  a  formula  involving 
tan'  into  another  by  writing  for  tan'  the  quantity  —  tanh'. 

In  this  manner  formulae  and  series  involving  the 
hyperbolic  functions  may  be  obtained  from  Arts.  241, 
242,  274,  275,  277,  289,  291,  and  293—298. 
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317.     From  the   values  in  Art.   313  it   follows,  by 
Art.  302,  that 

cosh  a?  =  2  («*  +  «"*) 

^        a^      a^     a^ 

sinh  a;  =  ^  [e*  -  e^] 

{&        3^        0^ 

=  ^  +  l3  +  ]6+|7+ 

These  are  the  expansional  values  of  cosh  x  and  sinh  x. 

#318.    Periods  of  the  hyperbolic  functiona. 

For  all  values  of  6,  real  or  complex,  we  have  oos  0i=oosh  0. 
Hence 

<508h  (a: + yt)  =  cos  { (x + yi)  i}  =  cos  (xi  -  y) = cos  [  -  2t + xi  -  y]    (Art.  811) 

= cos  [(2Tt  +  a? + yi)  i] = cosh  [2irt + « + yi] 

=  (similarly)  cosh  [^vi  +  x+yt\=i 

Hence  the  hyperbolic  cosine  is  periodic,  its  period  being  imaginary 
and  equal  to  2Ti. 

Again,  since  sinh  ^=  - 1  sin  $i^  we  have 

8inh(a;+yi)=  -tsin  {(aj+yt)t}=  -f  sin[aji-y] 

=  -isin[-2T+a:t-y]=  -isin  {[2iri+aj+yi]i} 
=  sinh  \2in  +  a; + yi], 

so  that  the  period  of  sixih  (x+yi)  is  2iri. 

Similarly  it  may  be  shewn  that  the  period  of  tanh  (x-\-yi)  is  iri. 

The  hyperbolic  functions  therefore  differ  from  the  circular  functions 
in  having  no  real  period  ;  their  period  is  imaginary. 

319.    Bz.  1.  Separate  into  its  real  and  imaginary  parts  the  expression 
«n(a  +  /3i). 
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We  have  sin  (a + pi)  =■  sin  a  cos  /3i + oos  a  sin  pi 

=sm  a  — 5 ^  008  a  — j- — 

=  sm  a 2 —  +*  008  a ^ 

=:  sin  a  cosh /9  + 1  cos  a  sinh /3. 

Bz.  a.    Separate  into  its  real  and  imaginary  parts  the  expression 
tan(a+/3i). 

We  have  tan  (a+/3i)=™("+^\) 

'^  '    cos(o+/3t) 

_2  sin  (a+/3i)  cos  (a-/8t) 
2  cos  (a + fit)  cos  (a  -  /9i) 

_sin2tt  +  sin2/3i 
~oos2a+cos2/3i 

_sin2a+tsinh2/3 

~  cos  2a  +  cosh  2/3  *  ^^^'  ^^^'^ 

AUtar.    Lettan(o+/3i)=a;+yi,  so  that  tan(a-/3i)=a;-yt. 
/.     x= J  [tan  (o + /3i)  +  tan  (o  -  pi)] 

_  sin  (g + fr)  cos  (a-/8i)+ cos  (tt+/3i)  sin  (tt-/9f) 
2  cos  (o + pi) .  cos  (a  -  /St) 

_.         sin2tt sin  2a 

cos  2a + cos  2pi  ~~  cos  2a  +  cosh  2p  * 

Also     y=^  [tan  (a + pi)  -  tan  (a  -  pi)] 

_  1  sin (a+/3t)co8  (a-/3i) -cos  (a+/9i)  sin (a-/9t) 
2t  cos  (a + /3t)  cos  (a  -  pi) 

_1         sin2/9t  sinh2/S 

"i  cos  2a +COS  2/3i  ~  cos  2a + cosh 2/3  * 


.      ♦««/   ^  o'\     8in2a+t8inh2/9 
/.     tan  (a + pi)  = ^ =— -^ . 


COS  2a + cosh  1^ 

Bz.  8.    Separate  into  its  real  and  imaginary  parts  the  expression 
cos  h  {a + pi). 
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We  have  oosh  (a + /3i)  = ^ ^'  ^^^^ 

e*.g^*+e~*.g"^_g*(oo8/3+tBin/3)+<;"""(oo8/3-t8inffl   ^^  ^^. 
, 2 

.AUtor.     C08h(a+/9t)=oo8{(a+i3t){}     (Art.818) 

=  COB  {ot-/3} 

= COB  (ai)  COB  /3 + Bin  (oi)  Bin  p 
=  coBh  a  COB  p+i  Binh  a  Bin  /3. 

EXAMPLES.    LV. 

Prove  that 

1.  00Bh2a;=l  +  2(Binhx)»=2  (ooBhx)«-l. 

2.  0OBh(a+/9)=coBhaco8h/3-p8inha8inh/3. 

3.  coBh(a+/3)-coBh(o-/3)  =  2BinhoBinh/3. 
^      .     ,  /        «v      tanha  +  tanhjS 

4.  *«*(«  +  «=rj^SHh7teS^- 

5.  coBh 3x = 4 ooBh' x-S coBh x. 

6.  sinh3a;=3Binha;+4Binh'a;. 

7.  Binh  (a;+y) cosh (« -y)=i (sinh 2a?+Binh 2y). 

8.  coBh2a;+coBh5a;+0OBh8x  +  0OBhlla; 

,  ISaj      ,  «         ,  3a? 
=4  coBh  -TT-  ooBh  3«  ooah-^ . 
2  ^ 

9.  0OBha;  +  0OBh(a?+y)  +  coBh(x+2y)  + ton  terms 

C08hfa?+^^  yjBinh^ 

Binh  I 

10.  Binha;  +  Binh(«+y)  +  Binh(a?+2y)  + tontermB 

n-1 


Binh  («+^2~  V  *"^ ^ 


Binh| 
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11.  Bmha?  +  nBinh2ajH — \       ^8inh3a;  + to  (n+1)  terms 

= 2*  cosh*  5  sinh  r  5  + 1 J  «. 

12.  sinh /3  Bin  a+t  cosh  j8oosa=i  COS  (a+/9i). 

13.  Bin2a+i  smh2/3=2  Bin  (a+t/3)coB  (a-ip), 

14.  COB  (a + t/S) + i  Bin  (a + 1/3) = e"^  (cob  a + i  Bin  a) . 

15.  If  tan  2^ = tan  a  tanh  /3,  and  tan  2 = cot  a  tanh  j3,  then  prove  that 
tan  (y+z)^  sinh  2j3  cobcc  2a. 

16.  If  t« = log  tan  (  7  +  n  )  »  prove  that  tanh  r^  tan  ^ . 

Separate  into  their  real  and  imaginary  partB  the  quantities 

17.  00B(o  +  /St).  18.    cot(o+j8i). 

19.  0OBec(a+/9i).  20.    sec  {a + pi). 
21.    sinh  (a +i3i).                         22.    tanh  (a +i8i). 

23.  Bech(a+/3i). 

«^      Tv_       XI-  X     X      tt+iv     sinu+isinhv 

24.  Prove  that     tan  — ^r- = r — . 

2         COB  u+ cosh  i; 

25.  liBin{A  +  iB)=x+iy,  prove  that 

cosh"  JB  '*'  sinh*  p  -  -^t  *^^  ^in^A     oo^A  " 

26.  If  sin  (^ + ^) = cos  a  + 1  sin  a,  prove  that  cob^  ^  =  ±  sin  a. 

27.  If  sin  (^  +  0i) = p  (cos  a + 1  sin  a) ,  prove  that 

p'=i[coBh2^-coB2^]  and  tana^tanh^ootl?. 

28.  If  cos  (^ + 0t) = R  (cos  a  +  i  sin  a),  prove  that 

.     .  ,      sin  (^  -  a) 

20.  If  tan  (^  +  ^) = tan  a + i  sec  a,  prove  that  e^  =  :t  cot  ^ ,  and  that 

2^=nir  +  n +<'^* 

30.    If  tan  ($ + 0i) = cos  a + i  sin  a,  prove  that 
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31.    If  J+iJ5=ctan(«+ty),  then 


tan2x= 


32.  If  tan  (9 + <f>i} = sin  (a; + i^),  then 

ooth  y  Binh  2^ = cot  x  sin  20, 

33.  If  tan(a+i/3)=i,  a  and  /9  being  real,  prove  that  a  is  indeter- 
minate and  p  is  infinite. 

Prove  that 

34.  i(Binha;+8inx)=a;  +  7r  +  j^+ ad  inf. 

(6      |9 

35.  i(oo8ha;+co8aj)  =  l  +  r7  +  ^+ ad  inf. 

##320.  Inverse  Circular  Functions.  When  a 
and  /8  are  real  and  a  =  cos  13,  we  defined,  in  Art.  237,  the 
inverse  cosine  of  a  to  be  that  value  of  13  which  lies 
between  0  and  tt,  and  it  was  pointed  out  that  13  was  a 
many-valued  quantity. 

If  now  x-\-  yi  =  cos  {u  +  vi), 

then  similarly  u  +  vi  ia  said  to  be  an  inverse  cosine  of 
x  +  yi. 

But  since 

a;  -h  yi  =  cos  (u  +  vi)  =  COS  [2n7r  ±  (u  +  i;i)]     (Art.  311) 

it  follows  that  2w7r  +  (w  -f  vi)  is  also  an  inverse  cosine  of 
X  +  yi,  where  n  is  any  integer. 

The  inverse  cosine  of  a  +  yi  is  hence  a  many-valued 
function.  When  the  many-valuedness  of  the  inverse 
cosine  is  considered  it  is  written 

Cos"^  {x  +  yi). 

The  principal  value  of  the  inverse  cosine  of  x  +  yi 
is  that  value  of  2mr  ±(u  +  vi)  which  is  such  that  either 
2n7r  -f  u  or  2mr  —  u  lies  between  0  and  tt. 
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This  principal  value  is  denoted  by  cos"^  {x  +  yi). 
We  have  then 

Co8~^  (a?  +  yi)  =  27i7r  ±  COS"*  {x  +  yi). 

##321.    Similarly  if 

X  +  yi  =  sin  {u-^vi)  =  sin  [nir  +  (—  l)*(w  +  t;t)}, 

then-  nir  +  (—  1)**  {u  +  w)  is  an  inverse  sine  of  a?  +  yi.  It  is 
a  many-valued  quantity  and  is  denoted  by  Sin"^  {x  +  yi). 
Its  principal  value  is  such  that  its  real  part  lies  between 

—  -g  and  g  ,  and  is  denoted  by  Sin"^  {x  +  yi). 

We  then  have 

Sin"^  {x  +  yi)  ^  nir -{■{-'  1)**  sin~^  (a?  +  yi). 

Similarly  tan"^  {x  +  yi)  and  Tan"^  (a?  -f  yi)  are  defined, 
so  that  the  principal  value  of  Tan"^(fl?  +  yi)  is  such  that 

its  real  part  lies  between  —  ^  and  -h  ^ ,  and 

Tan~*  (a?  +  yi)  =  riTT  +  tan~^  {x  +  yi). 
Similarly 

Sec~^  (a;  +  yi)  =  2n7r  ±  sec"^  {x  +  yi), 
Cosec"^  {x  +  yi)  =  riTr  +  (—  1)**  cosec"^  {x  +  yi), 
and  Cot~^  (x  +  yi)  =  wtt  +  cot"^  (x  +  yi). 

##322.     We    shall    henceforward   use    sin*"^   Sin""^ 
cos"^  Cos~^...  with  the  meanings  above  assigned. 

##323.  Imrene  hsrperbolic  ftinctions.  If  ^= cosh  y 
then  similarly,  as  in  Art.  320,  we  write  y  =.C08h~^a:. 
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If  a?  be  real,  we  have 


^~       2      ' 

80  that  e^  -  2xey  +  1  =  0, 

and  hence  6*'  =  a?±Va^  — 1 

=  a?  +  Va^  —  1  or .  , 

X  +  Va^  - 1 

/.  y  =  ±  log (a?+Va^-l). 

The  positive  value  of  the  right-hand  side  is  the  one 
always  taken. 

Hence,  when  x  is  real,  cosh^^a;  is  a  single-valued 
function. 

Similarly  sinh~^a;  and  tanh^^a?  are  defined;  they  are 
single-valued  functions,  when  x  is  real. 

##324.  If  a+/3t=oo8h(x+yi),  then  x+yi  is  said  to  be  an  in- 
Terse  hyperbolic  cosine  of  a+/9i. 

But  cosh  (x + yi)  s  cosh  { Snrt  ±  (a; + y i) } ,  as  in  Art.  818. 

Hence  2niriJt:{x+yi)  is  an  inverse  hyperbolic  cosine  of  a+/3t.  Its 
principal  value  is  that  value  whose  imaginary  part  lies  between  0  and 
ri,  i.e,  such  that  ^irJ^y  lies  between  0  and  x. 

Similarly  the  inverse  hyperbolic  sine  and  tangent  of  a+/3i  are  defined. 
In  this  case  the  principal  values  are  such  that  the  imaginary  part  lies 

between  -  ^t  and  ^  t. 

#  #  325.   Bz.  1.  Separate  into  real  and  imaginary  parte  the  quantity 

Hn'^'^  {coe  $+i  tin  $),  where  0  w  real. 
Let  sin~i  (cos  ^ + 1  sin  (?) = x + yi, 

so  that        0OB^+isin^=sin(a;+2/i)=sina;cosyt+co8xsin2/t 

=  sin  «  cosh  y -h  t  cos  X  sinh  y. 

Hence  sin  a;  cosh 2^= cos  $ (1), 

and  cos^sinhy^ssin^..*.. (2). 
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Squaring  and  adding,  we  have 

1  =  sin*  z  oosh'  y  +  oob^  x  sinh'  y = sin'  a;  (1  +  sinh'  2^)  +  cos'  x  sinh'  y 

=Bin'x  +  Binh'y, 

/.    8inh'y=coB':r. 

Henoe  from  (2)  we  have  cos'  a; = sin  0^  assuming  sin  ^  to  be  positive. 
Therefore,  since  a;  is  to  lie  between  -  ^  and  +  ^  (Art.  321), 

we  have  cos  x  =  +  Vsin  ^,  and  hence  x = cos"^  (Vsin  $), 

The  equation  (2)  then  gives 

sinhy=+>/sin^, 
BO  that  e^  -  2^  ^^sln^ = 1. 

t.e.  ey=Vsind+Vl  +  8in^, 

t.«.  y = log  [Vsin  6  +  Vl  +  sin  0], 

Bx.  S.    Separate  into  its  real  and  imaginary  parti  the  quantity 

to»~i(a  +  i3i). 

Let         tan-i  (a + /3i)  =  (oj + y i),  so  that  tan  (x + j/t) = a + /3i, 

and  tan  (x  -  yi) = a  -  /3i. 

.•    tan2a;=tan{(a;+yi)  +  (a:-yi)} 

_  (a  +  ffi)  +  (a-/3t)  2a 

l-(a+/3i)(a-/St)~l-a'-/3'' 

Again        tan  (2yi) = tan  [{x + yi)  -  (x  -  yi)] 


_  (a  +  /3i)-(a-/3t)   _       2j8i 
l  +  (a  +  i8i)(a-/3i)"'l  +  a'  +  /3'' 

•'•   %2»  +  «-2y~l  +  a«+j8' ••• 

.      e'y  _l  +  a'+/y+2/3_(l+i3)'  +  tt' 


.(1). 
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28 

Or  again  (1)  givea        tanh  2y  =  i-— o— -^ , 

SO  that  i/=;r  tanh"*^ ? — :==. 

We  should  have  Tan-^  (o + j8i) = nx + tan-^  (o + fii) 

2a  i  2fi 

=nx+i  tan-i^-^^,-^  +  ^  tanh-i^^^ . 


EXAMPLES.    LVL 

Separate  into  their  real  and  imaginary  parts  the  quantities 

1.  tan-i  (cos  ^ + i  sin  0). 

2.  cos~^  (oos  e+i  sin  0),  where  ^  is  a  positive  acute  angle. 
Prove  that 

3.  8inh-ia;=log(a;+Vj?+r).  4.    tanh-ix=sinh-i^^^jL= . 

. 1  +  x 

5.    cosh "^ «= log (V«*--l+a;).  6.    tanh-^aj=Jlog  ^ . 

±  —x 

7.  Sin-i  (cosec  ^)  =  {2n + ( - 1)»}  |  +  <  ( - 1)*  log  cot  | . 

8.  Tan-i(*«)=^  +  J-ilogtan(?-|). 

-     _      .tan2^+tanh2^    -,      ,tan^-tanh0    _,      ,.    .«    -u^v 
9-    ^""tan2»-t»nh2»+^*°"teng+tanh»=^"'~^<«^*^'»°*^»>' 
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LOGAKITHMS  OF  COMPLEX  QUANTITIES. 

326.  If  a  =  6^,  where  a  and  x  are  real  quantities,  we 
know  that  x  is  called  the  logarithm  of  a  to  base  e  and  we 
have  shewn  in  Art.  253  that 

0  =  6^=1  +^  +  ]o +]o  + *d  i^f- 

We  may  therefore  look  upon  the  logarithm,  x,  of  a  to 
base  e  as  being  derived  as  a  root  of  the  equation 

ia  =  l+a:  +  ~  +  ^  + ad  inf. (1). 

As  in  other  cases  we  shall  now  extend  this  result  to 
complex  quantities. 

327.  Def.  If  x  +  yi  he  any  complex  quantity  and  if 
o  +  /8i  he  a  quantity  which  is  equal  to  e*+y*,  i,e,  to  the  series 

l+(,  +  yi)+(^3^  +  (^+ 

then  x  +  yiis  said  to  he  a  logarithm  ofa  +  fii. 
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We  say  "  a"  logarithm  because,  as  we  shall  now  shew, 
there  are  with  the  above  definition  many  logarithms  of  a 
quantity. 

We  have  a  +  /3i  =  e*+«^ (1). 

Now,  by  Art  308,  we  have,  for  all  integral  values  of  w, 

e«*«  =*  cos  2n7r  +  i  sin  2yi7r  =  1 (2). 

Hence  from  (1)  and  (2)  we  have,  by  Art.  305, 

According  to  the  above  definition  we  see  that,  if  a?  +  yi 
be  a  logarithm  of  a  4-  )8i,  so  also  is 

a?  4-  yi  +  2n7ri,  i.e.   a?  +  (y  +  2n7r)  i. 

328.  We  proceed  to  find  the  logarithms  of  the 
complex  quantity  a  +  fix,  where  a  and  ^  are  real. 

By  Art.  267,  we  have 

a  +  /8i  ^  r  [cos  (2n7r  +  ^)  + 1  sin  (2n'7r  +  0)] 

where  n  is  any  integer,  r  =  +  v  a*  +  /8",  and  6  is  that  value 

Mm 

lying  between  —  tt  and  +  tt  such  that  cos  ^  is  -  and  sin  6 

o 

is  -  ,  i.e.  with  the  restriction  of  Art.  267, 
r 

^=tan-i^. 
a 

It  X  +  yi  be  a  logarithm  of  a  +  ^i,  we  have  then 
r  [cos  (2n7r  +  0)  +  i  sin  (2n7r  +  0)]  =  e*+«^ 
=  e* .  e«^  (Art.  305) 

=  e*  (cos  y  +  i  sin  y). 
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By  equating  real  and  imaginary  parts,  we  have 

e*  cos  y  =  r  cos  (2n7r  +  0\ 

and  e*  sin  y  =  r  sin  {2nir  +  0). 

Hence  e*  =  r,  and  y  =  2n7r  +  6. 

Since  m  and  r  are  both  real,  x  is  the  ordinary  algebraic 
Napierian  logarithm  of  r,  so  that 

X  =  log«  r. 
Hence  a  logarithm  of  a  +  y8i  is 


1.6. 


loge  \/a«  +  ^»  4-  i  (2n7r  +  tan-^  ^  . 


Since  w  is  any  integer  we  see  that  there  are  therefore 
an  infinite  number  of  logarithms  of  a  +  ySi,  and  that  these 
only  differ  by  multiples  of  27ri. 

329.  With  the  extended  definition  of  a  logarithm 
given  in  Art.  327,  it  follows  by  the  last  article  that  the 
logarithm  of  any  number  is  many- valued. 

When  this  many-valuedness  is  taken  into  consideration 
we  write  the  logarithm  of  a  +  ySi  as  Log  (a  +  /8i). 

Hence 

Log  (a  +  /8i)  =  \oge  ^/a^  +  p^  +  i  (2mr  +  tan"i  ^ . 

If  we  put  n  equal  to  zero  in  the  value  of  Log  (a  4-  fit) 
the  result  is  called  the  principal  value  of  the  logarithm 
and  is  denoted  by  log  (a  +  I3i),  so  that 

log  (a  +  j3i)  =  loge ^/Jpf+W)  +  i tan"^ f  ^ 

and 

I^og  (a  +  A)  =  2n7ri  +  log  (a  +  fix). 
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This  distinction  between  log  and  Log  is  to  be  here- 
after assumed. 

330.  Any  positive  quantity  has  one  real  logarithm 
and  an  infinite  nwmber  of  imaginary  ones. 

In  the  result  of  the  preceding  article  put  fi  equal  to 
zero,  and  we  have 

Log  a  ^  2nin  +  log^  ou 
We  therefore  observe  that,  with  our  extended  definition  of 
a  logarithm,  every  real  quantity  a  has  a  real  logarithm 
(which  is  equal  to  log^a  as  ordinarily  defined)  and  an 
infinite  number  of  imaginary  logarithms,  which  are 
obtained  by  adding  any  multiple  of  2m  to  its  real 
logarithm. 

This  might  have  been  directly  deduced  from  equation 
(1)  of  Art.  326.  For  this  is  an  equation  of  infinite  degree 
and  therefore  it  has  an  infinite  number  of  roots,  of  which 
only  one  is  real. 

It  will  be  noted  that  the  principal  value  of  the 
logarithm  (according  to  our  extended  definition)  of  a  real 
number  is  equal  to  its  ordinary  algebraic  logarithm. 

331.  Logarithm  of  a  negative  quantity.  In  the  result 
of  Art.  329  put  )8  =  0,  and  a  =  —  a?,  where  a?  is  a  real 
positive  quantity. 

.-.  +  Va*  +  ^  =  +  a?,  and  tan-^  - 

[which  is  an  anrie  such  that  its  cosine  is  —  is.  —  1, 

*•  °  +a? 

and  its  sine  zero  (Art.  267)]  is  equal  to  tt. 

/.  Log(— a:)  =  27i'7n-f  log«a?  +  Tr?, 
and  log  (—  x)  =  log«  x  +  iri. 

L.  T.  25 
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Hence  the  principal  value  of  the  logarithm  of  a 
negative  quantity  —a?  (with  our  extended  definition)  is 
equal  to  the  ordinary  algebraic  logarithm  of  x  added 
on  to  iri, 

332.  Logarithm  of  a  quantity  which  is  whoUy  imagin' 
ary.    In  the  result  of  Art.  329  put  a  =  0,  and  we  have 

I^g(A*)  =2n7ri4-log«i8-f  i  2 


^logep-^ii^n^-^ir. 


so  that  the  logarithm  of  any  quantity  which  is  wholly 
imaginary,  consists  of  two  parts,  the  first  of  which  is  real, 
and  the  second  of  which  is  imaginary  and  many-valued. 
As  a  particular  case,  put  /S  =  1,  and  we  have 


Log(V-l)  =  i(2/i  +  |)7r, 


TT  . 


SO  that  the  principal  value  of  Log  (V—  1)  is  -^i. 

333.     In  the  result  of  Art.  329  put 

a  —  cos  0  and  ^  =  sin  0, 

.'.  Log  (cos  0+i sin  0) 

=  loge  1  +  i  (2n7r  +  0)-  0i  +  2n7ri, 

.*.  Log  €^  —  0i-^  2nm. 

The  principal  value  of  Loge**,  i.e.  loge**,  is  therefore 
that  value  of  (0  -f  2n7r)  i  which  is  such  that  ^  +  2n7r  lies 
between  —  ir  and  +  ir. 
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334.    Ibc-  1-   Resolve  into  its  real  and  imaginary  parts  the  expression 

Logsin{x-{'yt}, 

Let  Log  sin  (x + yi) = u + vt,  so  that 

««*+^ = sin  (a? + yi) = sin  a?  cos  y t + cos  a;  sin  y  t 

.      ev+e-y  .  .          ev-e-^  ,,, 

=sina;  — ^ — r+tcosa; — - — (1). 

As  in  Art.  267  let  the  right-hand  side  of  this  expression  equal 

r  [cos  (2nT + d)  + 1  sin  {2nir + $)], 


so  that 


r=+\/  Bin^x{^—^—J  +cosaa;^— ^ — j 
= i  V(c*» + e-^)  -  2  008  2a? 
=W2coBh2y^2cos2:.=y^^^^^\"^^^,^, 
oota;  -^ — —  |=tan~i[cotajtanhy], 

with  the  usoal  restrictipn  of  Art.  267. 
We  have  then  from  (1) 

e«  (cos  v+iBmv)=r  [cos  (2nir + ^)  + 1  sin  (2nr + ^)]. 

Hence  c»=r,  so  that  M=loger, 

and  v=2nv  +  0. 

.',  Log  sin  (a;+yt)=u+wi=log«  r  +  (2nir+^)  i 

1,       rcosh  2y  -  cos  2a;~|     .^„         ,       ,  /    .     .     ,     v, 
=  2  log  J  -^^2 +i[2wir+tan-i(ootxtanhy)]. 

By  putting  n  equal  to  zero,  we  have  the  principal  value  of 

Logsin(a;+ty). 

Bz.  2.    Find  the  general  value  of  Log  (  -  3). 
Let  d;+^=Log  ( -  3),  so  that 

««+»*=_  3. 

Put  -  3=r  {cos  {2nir+$)  +  i  sin  (2nir+e)}, 

as  in  Art.  267. 

Then  we  have  r=3  and  0=ir. 

25—2 
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Henoe        8  {oos  (2nir + t) + 1  sin  (2nir + t)  } 

=c«^^=««.««^=««{cosy+t8my}. 
Henoe  «*=  8,  so  that  x — log«  8,  and  y = 2nT + ir. 

.-.  Log(-3)=log,8  +  (2nT+ir)i. 
The  principal  value,  obtained  by  patting  n  equal  to  zero,  is 

loge8  +  iri. 

EXAMPLES.    LVn. 

Prove  that 

1.    log(ooB^  +  tflin^)=i^,  if  -ir<d;|>T.  2.    log(-l)  =  iri. 

3.  log(-t)=-^t. 

4,  log(l  +  coB2^+i8in29)=log«(2oos0)+i^,  if  -ir<9:^ir. 
6,    log  tan  (  7  +  Q  * )  =  t  tan~i  sin  hx. 

^     ,  -         M     li       /cosh2y+co8  2a;\      ..       .  ,^        .     ,    v 

6.  log  008  (a? + yt) = o  log*  ( ^ )  +  *  tan-^  (tan  x  tanh  y) . 

7,  log^54^±l!l|==2itan-i(cota;tanhy). 

co8(j;~yi)  ^  2^  ^^.^  ^^^  ^  ^^^ 
^QO^{x+yi)  ^' 

9,    i  log— ^ = T  -  2  tan-i  a;. 
10.    log  (1 + 1  tan  a) = log«  seo  a + oi^  where  a  is  a  positive  aoute  angle. 

"•  '*^(ir?<)=^''«-(i*'°*°l)+*(l-s)- 

a—  01  a 

13.  liOg  ( -  6) = log,  6  +  (2nir + ir)  i. 

14.  Log(H-i)  =  log.2+i^2nir+|y 

15.  Find  the  value  of  log  log  sin  (x + yi). 
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336.  Definition  of  a*  when  a  and  x  are  any 
quantities^  complex  or  real.  When  a  and  x  are  real 
quantities  we  know  that 

a*  =  ^^e\    (Art.  253.) 

When  a  and  x  are  complex  the  ordinary  algebraic 
definition  of  a*  no  longer  holds. 
Let  us  so  define  it  that 

for  all  values  of  x  and  a,  whether  real  or  complex. 

Now,  by  Art.  329,  Log  a  is  many- valued  and  complex 
when  a  is  complex.  Hence  a^  is  many-valued  and  com- 
plex, so  that 

qX  _  ^Loffa  _  ^  (2nirt+loga) 

From  Art.  805  it  now  foUows  that  a*  x  0^=0^  bo  that  a*  obeys  the 
ordinary  algebraic  law  of  indices. 

The  value  of  a*  obtained  by  putting  n  equal  to  zero  is 
called  its  principal  value. 

Hence  the  principal  value  of  a* 

=  l  +  arloga  +  T^(loga)»-|-  ...     (by  Art.  304.) 

336.     It  may  now  be  shewn  that,  if  y  be  complex, 

111 

log(i+y)=y-2  2''  +  3  2^"42^ 

The  proof  is  similar  to  the  proof  when  y  is  real. 

(Art.  256.) 

It  is,  in  general,  necessary  that  the  modulus  of  y  be  <  1 ; 
otherwise  the  Binomial  Theorem  does  not  hold  for  com- 
plex quantities.      (Art.  273.) 
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If  the  modoliu  of  y  be  equal  to  unity,  so  that  y  may  be  put  equal  to 
oos^ +i  sin 0,  the  expansion  can  be  shewn  to  be  still  true,  exoept  in  the 
cases  when  ^  is  equal  to  an  odd  multiple  of  t. 

Since        Log  (1  +  y)  =  2mn  +  log  (1  +  y), 

« 

we  have 

Log(l+y)  =  2n7ri  +  y-2y»  +  gy»-jy*+ 


337.     To  separate  into  its  real  and  iiTiaginary  parts 
the  eocpression  (a  +  ^if'^. 

Let  a -♦-  /8ts=r (cos  tf  +  i sin  0), 

so  that  as  in  Art.  265, 

r  =  V^8  +  ^»,and^  =  tan-^^. 
Then,  by  definition, 
(a  +  fiiy^  =  e^*"*^^  ^^  ^^'^^^^ 

ss  e{»+y<}  {log(a+/K)+awiirtJ 

_  ^{«+yi}  {logr+  («+2mir)i} 

^  g{ajlogf^-y(tf+afiiir)}+i{ylogr+«(tf+a»»)} 

=  r« .  e-vi^-^^^)  [cos  {y  log  r  +  a?  (^  +  2m7r)} 

+  i  sin  {y  log  r  +  a?  (^  +  2m7r)}]. 

If  we  piitm  equal  to  zero,  we  obtain  the  principal 
value  of  the  given  quantity,  viz. 

r*6rt^  [cos  (y  log  r  +  x0)  +  i  sin  (y  log  r  +  a?d)]. 

338.    »«•  *•    ^nd  the  general  value  of  [J^Jr^' 
We  haTe  [  V^r^«e^^^^^^. 
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Bnt       Log  ^A^=Log  fooB  f 2n»-+| j  +i  sin  (S'w+^j']  " 

.-.  [Vri]>/^=«(«-'+f)''=e-(*«'+f). 
where  n  has  any  integral  value. 

■  f"  IT 

The  principal  value  of  [ V  -  Ir  "^  is  e"  2 . 


a.    Find  the  general  value  of  Log^  ( -  8). 
Let  Log,  ( -  8) =«+ yt,  80  that  2«^=  -  8, 
i.«.  e<»^^'^«=8  {008  (2wMr +ir)  +i Bin  (2TOir+ir)}        (Art.  266). 

But  Log2=2wiri+log^,  and  3=e***«*, 

.*.  [x + yi)  (2niri + log,2) = log,3  +  (2ott + t)  i. 
Equating  real  and  imaginary  parts,  we  have 

« log,  2  -  2niry = log,  8, 
and  «.2nT+yloge2=2fnir+T. 

Solving,  we  have 

_log,81og,2  +  (2yitT  +  y).2ny 


x= 


(loge2)»+4wM 


(2mir + t)  log,  2  -  2nT  log,  8 
^^  y= (log,2)«+4nV 

Hence  Logj  ( -  8) 

{log,81og,2+2ro(2m+l)y'|+iV{(2w+l)log,2-2wlog,8} 
"  (log,2)a+4nM  * 

If  m=n=0,  the  principal  value  is  obtained,  viz. 

tog,8+irt 
log,  2 
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339.  It  could  now  be  shewn  that  the  general  valaes 
of  the  logarithms  of  complex  quantities  satisfy  the 
ordinary  laws  of  logarithms,  viz. 

Log  mn  =  Log  m  +  Log  n, 
and  Log^=Logm-Logn. 

It  could  also  be  shewn  that  Log  m^  =  n  Log  m  +  2pin, 
where  p  is  some  integer  or  zero.  The  proof  is  left  as  an 
exercise  for  the  student. 

EXAMPLES.    LVUL 

Prove  that 

1.  a*=«""*^*{oofl(loga)  +  iBin(loga)}. 

2.  t«=008-{(2iii+2)ira}-+iBm  |f  2iii+^JTa|  . 

3,  **'=C0B^+i8in^,  where 

4,  If  t^'****^=il+£t,  principal  valaes  oxily  being  considered,  prove 
that 

tan^  =  ^,  and  .i«+B»=«-»^. 
6.    If  i*+^=a+/K,  prove  that 

6.  If  Tj — jj-ji = o + /W,  prove  that  one  value  of  tan"*  -  is 

2lMr+5[log.2. 

7.  If  (a+ ^''sm^^^f  prove  that  one  of  the  valaes  of  -  is 

2  tan-i  - 
a 

log,(a*+M)' 
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8.    If  a'''*'^*^{x+yi)p^,  principal  values  only  being  considered, 

prove  that 

1  y 

o=^l>loga(«*+y»)-gtarf^Mog««, 

and  that  loga(x«+y«)=2p±^. 


9.    Prove  that  the  real  part  of  the  principal  value  of  (<)  ^Or^  is 

glog2). 


II* 

e~  8  cos 


10.  Prove  that  the  principal  value  of  (a+tft)*'^^  is  wholly  real  or 
wholly  imaginary  according  as 

5/Slog(a«+6>)+otan-i^ 
is  an  even  or  an  odd  multiple  of  ^  • 

11,  Prove  that  the  general  value  of 

(l+<tana)-* 
is  ^a+amir  jo^jg  {log  cos  o }  + 1  sin  {log  cos  o}]. 

\a-x-iyj 
prove  that  one  of  the  values  of 

tan-i^  is  Xtan-i  (      ^^      ^  i  ^logt^+^)'+y' 
tan    ^iSAtan     \a*-a^-y^)^  2^^  (a-x)*+y^' 

13.  Prove  that       Log^^^(Vri)=^l , 

where  m  and  n  are  any  integers. 

14.  Prove  that  the  general  value  of  Log4  ( -  2)  is 

(log2)a+m.(2n+l)ir»     .  (2n+l-m)irlog2 
2(log2)»+2TOV      ■*■*    2(log2)»+2ifiM  * 

Explain  the  fallacies  in  the  following  arguments : 

15.  For  all  integral  values  of  n  we  have 

^^'•'^ssoos  2nir+i  sin  2nir=:  1, 
so  that  «*»*=«*»»=e®»*=r 
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Raise  all  these  quantitieB  to  the  power  J~-i ;  thus 


«  ~  *'=«""*'= e"®* = 


16.  For  all  values  of  0  we  have 

ooB(9-ir)+t8in(^-ir)=0OB(^  +  ir)+iBm(tf+ir), 
so  that  e<  («-»)= «*(«-»). 

Hence  ^-ir=^+r,  t.e.  ir=0. 

17.  If  6  and  0  be  the  principal  values  of  the  amplitudes  of  two 
complex  numbers  x  and  y,  prove  that 

logay=log  x+\6gy+2n7ri, 

where  n  is  -1,  0,  or  +1  according  as  ^+0  is  >ir,  greater  than  -r  and 
not  greater  than  ir,  and  not  greater  than  -  t,  respectively. 


■    •         ■»     a 


CHAPTER  XXVII. 


GREGORY'S  SERIES.   CALCULATION  OF  THE  VALUE  OF  TT. 


340.    Chregory'i  Seriei.     To  prove  that,  if  0  be  not 
less  than  —  j  and  be  not  greater  than  +  -j ,  then 

e^tam.e-'^tan^e'^  stance- 

O  0 


We  have  cos  tf + 1  sin  ^  =  e**, 

and  costf  — »sind  =  e"^. 

.   COB  g  + 1  sin  g      e^  _  , 

COS  a  —  »  Sin  a  •  er-*» 

where  n  is  an  integer. 

1  —  i  tan  5 ' 

.-.  {20  +  2w7r)  i  =  log  (1  +  %  tan  0)  -  log  (1  -  i  tan  ^). 

Now  log  (1  +  itan  0)  may  be  expanded  provided  that 
tan  0  be  numerically  less  than  unity. 
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Hence    (20  +  2w7r)  i 

-  r-itan^-ii»tan«d-|i*tan»^- 1 

=  2  ritan^  +  ^t»tan8^  +  ^i'»tan»^+ |. 

.'.  tf  +  nw=tantf-|tan8fl  +  jtan»tf- (1), 

where  n  is  aa  integer. 

The  right-hand  member  of  (1)  may  be  written  in  the 
two  forms 

tan  5  ^1  -  gtan»  0\  +  |tan»  ^  ^1  -  y  tan« e\  + (2), 

and 

"T"  •  •••  •  "ytJ^. 

If  0  lie  between  0  and  -7  ,  so  that  tan  0  is  positive  and 

less  than  1,  then  from  (2)  we  see  that  the  sum  of  the 
series  is  positive,  and  fix>m  (3)  that  it  is  less  than  tan  0 
and  therefore  less  than  unity. 

In  this  case,  therefore,  n  must  be  zero  and  we  have 

^  =  tan  tf  -  ^tan»  0  +  \ta.ii'0  - ad  inf.  ...(4). 

o  o 

If  we  change  the  sign  of  0,  then  every  term  in  (4) 
changes  its  sign,  so  that  the  series  must  also  be  true  for 

TT 

values  of  0  between  0  and  —  -r  . 

4 
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341.  When  tan  0  is  equal  to  unity,  we  have 

log(l+itand)  =  log(l  +  i)  =  log    1  +  fcos^  +  isin^j    , 

so  that  the  expansion  of  log  (1  +  %  tan  0)  is  by  Art.  336, 
still  true. 

Similarly  for         log  (1  —  i  tan  d\ 

Hence  Gregory's  series  is  true  for  the  extreme  values 

^  =  ^  and  ^=-T- 
4  4 

342.  If  0  lie  between  -r  and  -r- ,  or  between 

4  4 

-7-  ana  -7- , 

4  4 


or,  generally,  between 

n'ir-\-'2  and  W'7r+  -y-, 

tan  0  is  greater  than  unity ;  in  these  cases  the  expansion 
of  log  (1  +  i  tan  0)  does  not  hold,  and  there  is  no  such 
expansion  as  equation  (1)  of  Art.  340. 

3*77*  OTT 

343.    If  0  lie  between  -y-  and  — ,  let  it  equal  tt  +  a, 
so  that  a  lies  between 

— 7  and  +  -7  , 
4  ^  4' 

and  hence,  by  equation  (4)  of  Art.  340, 

a  =  tana  — Q  tan*a  +  ^tan'a  — 

o  0 

But  tana  =  tan(^  — 7r)=tan5, 

so  that  this  equation  is 

^-7r  =  tan^-^tan»^  +  ^tan»^- 

o  o 
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Comparing  this  with  equation  (1)  we  see  that  n  equals 
-  1  when  0  lies  between 

Sir       J  Bit 

If  0  lie  between  -j-  and  -r-  it  may  be  similarly  shewn^ 

by  putting  0  equal  to  Zir  +  a,  that  in  this  case  n  is  equal 
to -2. 

In  general  if  0  lie  between  p^-  -j  and  p^  +  -i,  the 

equation  (1)  of  Art.  340  is 

5-»7r  =  tan  ftrr^.tan'  5  +  ^tan"d— 

■^  3  5 


344.  The  series  (2)  of  Art.  340  may  be  slightly 
transformed  by  writing  tan  0  =  00,  so  that  x  must  be  not 
less  than  —  1  and  not  greater  than  1. 

It  then  becomes 

tan-ix  =  x-  |x»+ Jx'-^x'H- ad  inf., 

where  tan~^  x  is  that  value  which  lies  between 

-4  ^^^  +  4- 

345.  ^0  reBolts  of  the  preceding  articles  may  be  more  directly 
connected  with  the  preceding  chapter  in  the  following  manner. 

If  tan  0  be  numerically  less  than,  or  namerically  equal  to,  unity  we 
have,  by  Art.  836, 

Log(l  +  itan^)=2im+itan^-it^tan»d+|i»tan8d..., 

and  Log(l-itand)  =  2giri-ttan^-jrt*tanad--i»tanSd..., 

where  p  and  q  are  both  integers. 
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Hence,  by  subtraotion, 

Logi±i^==2(i)-g)  Ti+2i  [tan  (?-itim»^+ ...]......(!). 

But  j^     1+itang  rooB<?+tsinn 

= Log  (008  ^ + i  sin  ^)>=:  Log  [oos  2$+i  sin  2$] 

=z2nri+i.2$ (2), 

where  r  is  an  integer. 

Some  one  of  the  values  of  the  right  hand  of  (1)  mnst  therefore  be 
equivalent  to  some  one  of  the  values  on  the  right  hand  of  (2). 

Henoe,  by  equating  and  putting  r-j)+9=:n,we  must  have,  for  some 
integral  value  of  n,  the  relation 

^+nT=tan  ^-7  tan'^+e  tan"^- .... 

9  O 

If  we  oonsider  principal  values  only  of  the  logarithms  then  in  (1)  both 
p  and  q  are  zero  and  tan  d  is  numerically  less  than  unity. 

Also,  by  Art.  333,  the  value  of  r  in  (2)  ib  zero  and  $  lies  between 

W  ,        IT 

-^and  +  2- 

Combining  these  two  statements  we  see  that'p,  g,  and  r  are  zero,  and 

IT  IT 

therefore  n  is  zero,  when  0  lies  between  -  -  and  +  -r . 

4  4 

346.    Value  of  w.   One  of  the  chief  uses  of  Gregory's 
series  is  its  application  to  find  the  value  of  ir. 
In  Art.  344  put  a=:l,  and  we  have 

4  3^6     7^9     

"•^"(3~5j~l7~9J"(lT"l3J 

"^"^[sTs  +  TTg'^'iTTIs"^ J- 

This  series  may  be  used  to  calculate  ir ;  its  defect 
however  is  that  the  successive  terms   do  not   rapidly 
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become  small,  so  that  a  very  large  number  of  tenns  would 
have  to  be  taken  to  obtain  the  value  of  ir  correct  to  any 
great  degree  of  accuracy. 

For  this  reason  other  series  have  been  sought  for. 

347.    Enler'i  Series.    We  can  easily  prove  that 

tan~*  ^  +  tan""^  ^^  =  -r . 
2  3     4 

In  Art.  344  put  in  succession  x  equal  to 


TT  and  ^ , 
2         3 


and  we  have 


-r  =  tan""*  7z  +  tan""^  tz 
4  2  3 

2     3  •  2»     5  •  2»     7  •  2'  "*" 

■*"  3     3 '  3»  "*"  5  •  3»     7  •  3' 


This  series  converges  more  quickly  than  the  preceding 
series;  but  more  than  eleven  terms  of  the  series  for 

tan""^  ^  would  have  to  be  taken  to  give  ir  correct  to  7 

places  of  decimals. 

348.  Machines  Series.  A  more  convergent  series 
than  the  preceding  is  Machin's,  which  is  derived  from  the 
expression 

4  tan-i  I  -  tan-»  ^'=^\        (Art.  240,  Ex.  4). 
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By  substituting  in  succession  ^  and  ^^  for  x  in  Art. 
344,  we  have 

1.239     3  *  239»  ^  6  •  239*      J* 

_      r^_l^     12^_12^         1 
•"•■^"^[lO     310»"'"510»     710' J 

[239     3  239*^6  239» J' 

Now  16x^  =  3-2 

16xi.^=  -001024 
6  10* 

16  X  I  ^=  -0000009102 


4x|2^,=   -0000000977 

3-2010250079 
Also  16x5^  =  -0426666666 . . . 

16  xi.^^=  0000292571... 

16  X  jj .  ^  =  -0000000298 . . . 


4  Xg|g  = -0167364017... 

-0594323552 
L.T.  26 
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Hence  3-2010250079 

-  -0594323552 


IT  =  314159265/27 

This  is  the  value  of  tt  correct  to  8  places  of  decimals. 

By  taking  the  first  series  to  21  terms  and  the  second 
series  to  three  terms  we  should  get  tt  correct  to  sixteen 
places. 

349.  Rutherford's  Seriei.  A  further  simplification 
of  Machines  formula  is  the  expression 

4  tan~^  —  —  tan~^  ^x  +  tan""^  777:=-!. 
For  we  have 

,    _i  1      ,    _i  1      ^    „    70     99        ,    _,   29 
tan^  z^  —  tan^  :;r;r  =  tan^  — ————«=  tan^ 


70  99  Jl^  J_  6931 

^■*"  70*99 

=  tan'"^ 


239* 


EXAHIPLES.    LIX. 

ABsuming  that 

1.1. 
^  -  nT=tan  ^  -  o  tan»  d+-=  tan»  ^  - ..., 
o  o 

write  down  the  value  of  n  when  6  lies  between 

_      Hit       ,  13ir  «      7ir       .  9t 

1.   -ir^^T'  2-  T^^^T- 

_      19x       ,  21t  -  St       ,      6ir 

3.    -J- and -^.  4.     --^and--j 

Ht       ,      18ir 
6.     -  -^  and  -  -J- . 
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6.  Prove  that 

7.  Prove  that 

T__2     11/2^      1^\      1/2^     ]^\ 

4  "  8  ■*"  7     3  \38  "^  7»y  "*■  6  V3»  "^  7V  ~  •"' 

8,  If  «  be  </^2  - 1,  prove  that 
2(a?-iaJ^+ga:» adinf.^ 

Find  the  value  of  t  to  three  places  of  decimals 

9,  By  using  Euler's  Series. 

10.  By  using  Machines  Series. 

11.  By  using  Butherford's  Series. 

12.  To  the  second  order  of  small  quantities,  prove  that 

i>/l  +  8in^log(l-^)+tan-idsin(|  +  ^^='^^^^. 

13.  When  both  $  and  tan-^  (sec  B)  lie  between  0  and  ^  ,  prove  that 

tan-i(sec^)  =  j+tan»|-|tan«|  +  gtanw|-.... 


26—2 


CHAPTER  XXVin. 

« 

SUMMATION  OF  SERIES.      EXPANSIONS  IN  SERIES. 

360.  We  shall  now  apply  the  results  of  the  preceding 
chapters  to  the  summation  of  some  trigonometrical  series. 

The  chief  series  may  be  divided  into  four  classes ; 

(1)  Those  depending  for  their  summation  on  a 
Geometrical  Progression  ultimately, 

(2)  Those  depending  ultimately  on  the  Binomial 
Theorem, 

(3)  Those  depending  ultimately  on  the  Exponential 
Theorem,  including,  as  sub-cases,  the  Sine  and  Cosine 
Series, 

and    (4)  Those  depending  ultimately  on  the  Logarithmic 
Series  and,  as  a  sub-case,  Gregory's  Series. 

361.  In  Arts.  352 — 355  we  shall  sum  one  example  of 
each  of  these  classes.  It  will  generally  be  found  more 
convenient  in  summing  one  of  these  series  involving  sines 
of  multiple  angles  (such  as  sin  a,  sin  2a,  sin  3a  ...)  to  also 
sum  at  the  same  time  the  companion  series  involving  the 
cosines  of  the  same  multiple  angles 

(i.e,  cos  a,  cos  2a,  cos  3a  . . .). 

The  method  will  be  best  seen  by  a  careful  study  of  the 
following  four  articles. 
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362.    Ex.     Stmt  to  n  terms,  and  to  infinity,  the  seines 

1  +cco«a-l-  c*cos2a+ , 

where  c  is  less  than  unity. 
Let 

0  =  l  +  ccosa  +  c'co8  2aH-...  +  c**^^cos(w  — l)a (1), 

and 

S=csina  +  c^sin2a+ +c*»^^8in(n-l)a (2). 

Multiplying  (2)  by  i  and  adding  to  (1),  we  have 

O  +  Si  =  1  +  c  (cos  a  + 1  sin  a)  +  c*  (cos  2a  +  i  sin  2a)  + 

=  l+ce^  +  c>e**<+...  +  c^^^c^'*-^^**    (Art.  308) 

=   ,  _  ^  ,  by  summing  the  G.P., 

^{l-c«(co8n«  +  t8inn«)}  3 

1  —  c  COS  a  —  ic  sm  a  ^ 

{1  —  c**  cos  TMt  —  ic^  sin.wa}  {1  —  c  cos  a  +  ic  sin  a} 
(1  —  c  COS  ay  +  c^  sin'  a 

{(1  —  c  cos  a)  (1  —  c^  cos  no)  +  0**+^  sin  »a  sin  a} 

+  i  {c  sin  g  (1  —  c**  cos  na)  —  c**  sin  ng  (1  ~  c  cos  a)} 

"~  1  —  2c  cos  a  +  c*  ' 

Hence,  by  equating  real  and  imaginary  parts,  we  have 

^_  (1  —  c  cos  a)  (1  —  c**  cos  na)  +  c**"*"^  sin  na  sin  a 
"■  1 -2c  cos  a  +  c»  ' 

J    o     csina(l— c'^cosna)  — c**sinna(l  —  ccosa) 

and   o  = z — 5 ; — n > 

1  —  2c  cos  a  +  c" 

^     1  —  c  cos  a  —  c*  cos  na  +  c**+^  cos  (n  —  1)  a 
i,e,     0  = 


and  8  = 


1  —  2c  cos  a  -f  c' 
c  sin  a  —  c**  sin  rwt  +  c^+^  sin  (n  —  1)  a 

-  — 

1  —  2c  cos  a  +  c' 
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The  sum  to  infinity  is  obtained  by  omitting  the  terms 
containing  c»  and  c*+^  which  become  indefinitely  small 
when  n  is  very  great. 

TT  ^  1  —  c  cos  a 

Hence  C^  =  ,; — ^ ^ , 

*     1  -  2c  cos  a  +  c» 

J  a  c  sin  a 

"      1  -  2c  cos  a  +  c» 

From  the  results  for  C  and  iSf  it  is  now  olear  that  the  ahoye  series 
might  have  been  summed,  without  the  use  of  imaginary  quantities,  by 
multiplying  both  sides  of  (1)  and  (2)  by  the  quantity  l-2coosa+<^. 

The  coefficients  of  c^,  c* c*^^  would  then  be  found  to  vanish  and  the 

values  of  C  and  S  be  easily  obtained. 

363.    Ex.     Svmi  the  series 

^  «iw a  +  o~A ^^ ^^ ■*■  o'a  f* «in 3a  +  , . . .  ad  inf. 

^  ^ » %  i2.4.0 

Let  S=      TT  sma+ ^r--rsm2a  +  Q    .    ^,sm3a+..., 
2  2.4  2.4. b 

and        (7  =  1  +^  cos  a  h-^-^ cos 2a +  ^-^-7-^  cos  3a  +  — 

Hence,  multiplying  the  first  by  i  and  adding  to  the 
second,  we  have 

by  the  Binomial  Theorem.    (Art.  273.) 
.-.  G+8i=^{l  —  cosa  — isina}~* 

=  J2  8in|(8in|-tco8|)| 

=  {29in|P|co8(|-f)  +  i8in(|-|)P 

=  |28in||     |co8(^)+t8m^|.      . 
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Hence,  by  equating  real  and  imaginary  parts,  we  have 


(7=|2  8in| 


y    cos 


4 


and  5=  -12  sin.^!-     sin 


=  |2  8in|j 


4     • 
If  a=  2w7r,  clearly  /S=s  0  and  (7=  « . 

BXAMPLTO.    LX. 

Sum  the  series 

1.  smaH:n8in2a+HsBiQ^+ ad  inf. 

2.  008  a .  eos a+oos' a  oos  2a+0O8'a oos  8a ad  inf. 

3.  8ina.8ina+8in^a8in2a+sin*a8inSa+ ad  inf.,  where  a%  +  x. 

4.  sina.oosa+sin'a.  oo8  2a+sin*a.0O8Sa+ ad  inf., 

where  a%+^. 

5.  Bina+c8in(a+/3)+c''8in(a+2/9)+......  to  n  terms  and  ad  inf. 

6.  l+ccosha+c"co8h2a+ +c*~^C08h(n-l)a. 

7.  C8inha+c*8inh2a+ + ad  inf. 

8.  l-2oo8a+8oo8  2a-4co88a+ to  n  tenas. 

9.  8sina+6Bin2a+7sin8a+ to  n  terms. 

10.  When  a=:^ ,  find  what  are  the  values  of  the  series  in  Exs.  3 
and  4. 

11.  sina+n8in(o+/3)+^~-^8in(o+2/3)  + to  (n+1)  terms, 

n  heing  a  positive  integer. 

1  18 

12.  sin  o+s8in8a+s-^8in6o+ adinf. 

ft  fft  —•  X) 

13.  cos*  o  -  n  COS*"*  a  COB  a  +    ^^   ^  '  cos*"*  a  cob 2a. .  .to  (n + 1)  terms, 

n  being  a  positive  integer. 

,-  .         n(n+l)  .    ^      n(n+l)(n+2)  .    ^  ... 

14.  nBina+    ;    a^Bm2a4-       ,   ^  o — ^8m8a+ adinf. 

1. 2  1.2.3 
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1  1  18 

15.  1  +  2(5082^-^— ^0O84^  +  g-^-g0OB6^- adinf. 

91  (tl  ~*  1) 

16.  Biiihtt+n8inh2u+— ^— 2-^Bmh8u+ to  n  tenns,  where  n  is 

a  positive  integer. 

364.    Ex.    Sum  the  series 

(^cos20     &cosAi6  -  .   - 

1  +  — j2—  + — [4—  + ^  W- 

Let    0=1  H js h — jT —  + ad  ml.  ...(1), 

J           CI           0*810  2^  ,  c*8in4d  ,.  ^      .^v 

and  0=        — 175 — H tt + adinf.  ...(2). 

(2  |4 

Hence 
C  +  <S»  =  l+^  +  5!^+ adin£ 

where      y=ce**  =  c(co8d  +  tsin^). 

-:£^ooe0+togln9  ^  i.^-coos«-<08intf {^\ 

=  0  ^^*  [^s  (c  sin  ^)  + 1  sin  (c  sin  5)] 

+  2  e-*^'«**  [cos  (c  sin  0)  - 1  sin  (c  sin  0)].     (Art.  307.) 

By  equating  real  and  imaginary  parts  we  therefore 
have 

(7=  gcos  (c  sin  ^)[e^«»«  +  e-*«»T 
=  cos  (c  sin  0)  cosh  (c  cos  ^), 
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and  8  =  -^sm(csm0)  [e^^«  -  er^oM0-j 

=  sin  (c  sin  0)  sinh  (c  cos  d). 
Aliter.     From  (3)  we  have 

=  COS  (c  sin  0  —  ic  cos  0)    (Art.  307) 

=»  [cos  (c  sin  ^)  cos  (ic  cos  ^) + sin  (c  sin  5)  sin  (ic  cos  d)] 

=  [cos  (csin^)cosh(ccos^)+isin(csind)sinh(c  cos^)] 

(Art.  314). 
Hence  C  and  8  as  before. 

355.    Ex.    Stmt  the  two  series 

cst7ia  +  -x«i?i2a+ o«iw3a+ ad  inf., 

and       cco5a+  ^c(w2a+  ^co«3a4- ad  inf., 

where  c  is  numerically  not  greater  than  mdty. 

Let  8  and  C  stand  for  these  two  series ;  then,  as 
before,  we  have 


G-\'8i=c  (cos  a  +  i  sin  a)  +  ^  (cos  2a  + 1  sin  2a)  + 

=  c^<  +  |e**<  +  |e»**+ (1) 

=  -  log  [1  -  ce**]    (by  Art.  336)  (2) 

=  —  log  [1  —  c  cos  a  —  ic  sin  a]  (Art.  308). 

Let  1  —  c  cos  a  =  r  cos  ^,  and  —  c  sin  a  =  r  sin  d, 
so  that 

. — .  1  —  c  cos  a 

r  =  +  V 1  —  2c  cos  a  +  c^    cos  6  = , 
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and 

.    ^        c  sin  a    .     ^     ^      ,  —  o  sin  a 

sm  9  = ,  i,e.  u  =  tan~^  _ , 

r  1— ccosa 

with  the  convention  of  Art.  267. 


.-.  (7+  iSi  =  -  log  [Vl  -  2c  co8pt  +  c*(cos  6  + ism  ff)] 
=  -  log  [Vl  -  2c  cos  a  +  c^ .  e^*] 
=  —  log  Vl  —  2c  cos  a  +  c*  —  di. 

/.  0  =  -  log  J{\  -  2c  cos  a  +  c*)  =  -  ^  log  (1  -  2cco8a-f  c^) 

(3), 

and  S ^^-tan-^f-^^^^^^)    (4). 

VI  —  c  cos  a/ 

Exceptional  cases.     When  c  =  1,  the  quantity  (2) 

=  log  [1  —  cos  a —i  sin  a]  =  log  [1  +co8  (a— tt)  +t  sin  (a  —  tt)]. 

This,  by  Art.  336,  is  always  equal  to  the  series  (1) 
except  when  a  —  tt  is  equal  to  (2n  + 1)  w,  i.e.  except  when 
a  is  a  multiple  of  27r. 

In  this  case  ^  =  0, 

and  a  =  +l  +  2  +  g  +  5 , 


which  is  known  to  be  a  divergent  series. 

When  c  s=^—  1,  the  quantity  (2) 

=  log  [1  +  cos  a  +  i  sin  a]. 

This  by  Art.  336  is  always  equal  to  the  series  (1) 
except  when  a  =  (2w  +  1)  tt. 
In  this  case  iS  =  0,  and 
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The  results  (3)  and  (4)  give  then  the  sum  of  the  two 
series  except  when  (1)  c  =  1  and  a  =  2w7r,  (2)  c  =  —  1  and 
a  =  (2n  +  1)  TT,  and  (3)  when  c>  1. 

In  examples  depending  on  the  logarithm  series  it  will 
be  often  found  that  for  some  particular  values  of  the  angle 
there  is  no  sum. 

Particular  case.  Let  c  «  cos  a,  where  a  lies  between 
0  and  ^,  so  that 

iS  =  cos  a .  sin  a  +  o  cos'  a  sin  2a  +  ^  cos*  a  sin  3a  +. . .. 
In  this  case 

«-«--("45^°)  -yw 

=  —  tan~^  (—  cot  a) 
remembering  the  convention  mentioned  above, 

TT 

=  2-^ 

EXAMPLES.    LZI. 

Sum  the  series 

1.    sin a+c sin (a+/3)  + 7^  Bin(a  +  2/3)  + adinf. 


c> 


2.  cos a+c 008 (a+/3)  +  7o  oos(a+2/3)+ ad  int 

If 

3.  l-oosocosj8+— 75— C08  2/3 r^— cos  8/5 ad  inf. 

If  If 

.        .  sin(a+2i9)     8in(a+4/3)  ,  .   . 

4.  sina 12-  +  —  1^         - ad  uif. 
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5.  C08O 13    ^'  +  — |g    ^'- adint 

-  ,  .       ,         008h2a     ooshSa  ,  .   . 

6.  l+oo8ho  +  — j2 — +  — j^ — + adinf. 

_       .  ,        sinh2a     sinhSa  ,  .  . 

7.  8mho+— jg—  +      .g     + ad  inf. 

8.  l+e****co8(sino)  +  T2«***'*«os(28ina)  + adinf. 

9.  l  +  «™*  008  (008  a)+  — j^  C08  (2 008  a)  + —  008  (3co8a)  + 


ad  inf. 

^f.       6C08^       7008d^       90085^  ,  .    ^ 

lU.    — J — H jg — H |g —  + adinf. 


[In  the  following  examples  c  may  be  assumed  to  be  positive  and  not 
greater  than  unity;  when  c  equals  unity  there  will  be,  as  in  Art.  365, 
exceptional  oases  for  some  values  of  the  angle  a.] 

11.  C8ina-^8in2o+^8in8a- adinf. 

12.  e8ina  +  »e'8in3a+^c°sin5a+ adinf. 

o  o 

13.  coos  a  •f-^c>0O8  3a+^(^0O8  5a+ adinf. 

o  5 

14.  C008o-^c*oos3o+vc'oo8  5a  + adinf. 

o  O 

15.  csina- -c>8in3tt+^c*8in6o+ adinf. 

16.  008o-gCO8  3a+^008  5o  - adinf. 

17.  coo8a-^c»oos(o+2/S)+^c«o08(a+4/9) adinf. 

18.  Bina8in/3+^sin2aBin2/3+^8in3a8in3/3 adinf. 

19.  m8in'a-^fn>sin'2a+^m'8in>3a- adinf. 


2'" ^3 

28inh2a  +  ^ 


20.    8inho-58inh2a+58inh3tt- adinf. 
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21.  «J*0O8/3-|«**co88j8+i«^0OB6/3- ad  inf. 

T     1        2t     1        3t     1        4t  ,  .   - 

22.  008  5^  +  gOOB  y  +  goos  8"  +  7<^08  3" ad  inf. 

23.  If  ^-o=tan»|Bin2^-itan*|8in4^+jtan«|8in6d-...  ad  inf. 

proTe  that  tan  a=tan  6  ,  co8  <a. 

24.  If  ^  and  ^  be  poBitive  acute  angles  prove  that  the  8am  of  the 
series 

sin  d 008  0+Q  sin 3^ cos  S^  +  ^sin  5^cos50+ ad  inf. 

is  7  or  0,  according  as  ^  >  or  <  0. 

4 

Prove  that 

25.  tanha;+5tanh'x+^tanh'a;+ 

o  o 

=tana;-5tan'a?+^tan'a:  - ,  where  x  lies  between  -  7  and +  7  . 

o  O  4  4 

26.  28in2^+i.48in*^  +  j.8sin«^  + 

=  2  rtan'^  + Q  tan" ^+7  tan^^^  + j ,  where  $  lies  between 

-4»nd  +  ^. 

27.  8in^+i8in»d  +  g8in»^  + 

=2(8in^-|sin8^+i8in5d- V  where  ^%(2n+l)|. 

366.  We  subjoin  8ome  examples  of  series  which  come 
under  neither  of  the  foregoing  heads  nor  under  that  of 
Chapter  XIX.  In  general  they  are  to  be  summed  by  the 
artifice  of  splitting  each  term  into  the  difference  of  two 
terms.  Considerable  ingenuity  is  often  required.  When 
the  answer  is  known  the  method  of  summation  can  usually 
be  easily  seen;  for  the  answer  when  n  is  put  equal  to 
unity  gives  the  form  in  which  the  first  term  of  the  series 
has  to  be  put. 
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Bz.  1.    Sum  to  n  terms  the  series 

Since  always  sin  80= 8  sin  0  -  4  sin'  0,  we  have 
sin»g  =  j  Tssing-sindj, 

8«sin»J  =  i[8»sin|.8>siny, 

8-isin»A  =  l[3-sinA.s-sin^,]. 
Hence,  by  addition,  the  required  sum 

=i  [a- sin  A -Bin*]. 

Also  the  sum  to  infinity 

=|[^-sin^].  (Art.  228.) 

Bz.  2.    Siim  the  series 

tan  o+ 2  tan  2o+ 2*  tan  2«a+ +2*-itan2»-^a. 

We  have  easily 

tan  a=cot  a  -  2  cot  2a, 

tan  2a=oot  2a  -  2  cot  2^, 

tan  2>a=cot  2Sa  -  2  cot  2*a, 

and  tan  2**-*  a= cot  2*"^  a  -  2  cot  2*o. 

By  multiplying  these  rows  in  succession  by  1,  2,  2^, 2**~^  we  haye 

tan  a  +  2  tan2o+2*  tan  2«a+ +2*"^  tan  2^io=cot  a-  2*  cot  2»a, 

the  other  terms  all  disappearing. 

The  required  sum  therefore = cot  a  -  2*  cot  2<*a. 

Bz.  8.    Sum  the  series 

tan  a  tan  (a + /3)  + tan  (a +/3)  tan  (a +  2/3)  + tan  (a +2/3)  tan  (a +  8/3)  + 

to  n  terms. 
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Let  u^=the  rth  term,  i.e. 

tan  {a + (r  - 1)  j8}  tan  {a  +  r/3 } , 
'.  (u^+l)tan/3 


=  [l  +  tan {a+(r- 1) /3}  tan  {a+r/3}] X  tan [a+r/3- (o+ r- 1/9)] 
=tan{a+ri8}-tan{a+r^/3}.    [Art.  98.] 
Hence  giving  r  in  succession  the  valnes  1,  2, n,  we  have 

(l+Uj)  tan  j9=tan  (a+j9)  -  tan  a, 

(1 +M2)  tan  /3= tan  (a+  2/3)  -  tan  (a+/3), 


(1 +mJ  tan/3=tan  {a  + nj8}  -  tan  {a  + (n- 1) /J}. 

Hence  by  addition 

(n + 8^)  tan  /3 = tan  (a + n/3)  -  tan  a, 

^,    ^  -      tan(a+nj3)-tana-ntan/3 

so  that  5f- = ^ ^ — s ^  • 

*^  tan/3 

EXAMPLES.    LXn. 

Sum  the  series 

1.  cosec  ^ +oosec  20  +  cosec  40  + to  n  terms. 

2.  cosec  0  cosec  20 + cosec  20  cosec  B0 + cosec  3^  cosec  40  + to  n 

terms. 

3.  seed  sec  2^  + sec  2^  sec  3^  + sec  3^  sec  4^+ ton  terms. 

4.  sec  0  sec  (^  +  0)  +  sec  {0  +  </>)  sec  (^  +  20)  +  sec  (^  +  20)  sec  (^  +  30) 

+ to  n  terms. 

1  1  1  XX 

5.    ; s-  + ; r~+ ; jr+ *<>  ^  terms. 

cosa+cos3a     cosa+cos5a     cosa+cos7a 

6.  tan^  +  'tang  +  ptanp  +  ^tan^H- ad  inf. 

1  d      1  0      \  0 

7.  tanh^  +  ^tanh2  +  ^^tanh55  +  55tanhrg+ ton  terms. 

8.  tan  0  sec  2^+ tan  2^  sec  4^  + tan  4^  sec  8^+ ton  terms. 

0  0  0  6  0 

9.  tan  2  sec  ^  +  tan  ^  sec  2  + tan  5j  sec  55  + to  n  terms  and  to 

infinity. 

1  1  1 

^^'    2  cos  ^  ■*■  22  cos  ^  cos  2d  "*"  28  cos  ^  cos  2^  cos  28^"'" to  n  terms. 
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11.  Bin2^oos>^-  H sin 4^ 008^ 2^+ -sin 8^ cos* 4^- to n  tenns. 

12.  sin  2^sin3^  +  o  sin 4^ sin> 2^  +  7  sin 80  Bin>40+ to  n  tenns. 

IQ  sing  sin  20  sin  30  ♦«     ♦ 

^^'  OO8  0+CO8  20  **■  00s  0+ cos  40  ■*"  OO80  +  CO860"*' *  ^™** 

14.  tan*atan2a+^tan>2atan4a  +  g3tan*4atan8a+ ad  inf. 

16.  cos' 0  -gCOS* 80+  g5OO8»8*0 - pCos» 8»0+ to  n  terms. 

0  0  0 

16.  sin»^+38in»p+3»sin«p  + to  n  terms. 


1  8  8« 


17  ^  ,  ^  1  ^1 

^''    cot0-8tan0^oot30-8tan30     cot8»0-3tan8«0     

to  n  terms, 
jj     cos  0  -  cos  80       cos  80 -cos  3*0      ^  cos  8*0  -  cos  8*0 

^^'         8in30      **"  anp0        "*"  sE3»0        "*" 

to  n  terms. 

20.  **°~^ Q  +  ^^^""^  7+  tea"* Ta  +  t«i"^  21'*' ^^  terms. 

1  2  2*~i 

21.  tan'ig+tan-ig+ +tan-i  j--j-pjzj+ ad  inf. 

22.  sin-^+sin-i^^^  +  sin-^^ 


■|.ain-it^  + ad  mf. 

EzpaniionB. 

367.  In  some  branches  of  higher  Mathematics  it  is 
desirable  to  be  able  to  expand  certain  quantities  in  a 
series  ;.of  ascending  powers. 

Afll  an  example  we  will  expand 

log  (1  -  2a  cos  0  +  a«) 

in  ascending  powers  of  a. 
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Since  2  cos  ^  =  e^  +  6"**, 

we  have 

log  (1  -  2acos5  +  a«)  =  log  [1  -a(e^  +  e-^)  +  a»] 

=  log  [(1  -  oe^)  (1  -  aer^)] 

=  log(l  — ae^)4-log(l  --aer^) 

-ae~^-^a'e~^  — ^a'e""^— 

=  — a.2co8^  — ^a'.2cos2^  — ^a'.2co8  3tf 

=-2    aco8^+  2a'cos2d  +  Ha"cos3(9+  L 

The  expansion  of  log  (1  —  ae***)  is  legitimate,  by  Art. 
336,  if  the  modulus  of  —  ae^  be  less  than  unity. 

Now      —  ae^  =  a  cos  (tt  +  tf )  +  i  sin  (tt  +  0% 

so  that  its  modulus  is  equal  to  a.  Hence  the  above 
expansion  is  legitimate  provided  that  a  is  less  than  unity. 

The  expansion  is  also  legitimate  if  a  be  equal  to  unity 
provided  that  0  do  not  equal  an  even  multiple  of  tt. 

It  is  also  legitimate  if  a  be  equal  to  —  1  and  0  do  not 
equal  an  odd  multiple  of  if, 

358.    Ex.     Expand 

l-2acos0+a^ 
in  a  series  of  ascending  powers  of  a. 

L.T.  27 
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We  have 

l-g'         ^     ^         2 --2a  cos  g 
l-2acps^  +  a'  .     l-2acos^  +  a» 

2-a(e<«  +  e-^) 

^        2-a(e^  +  e-^') 
. .    (1  -  oc**)  (1  —  ae"^) 

=  -1+       ^  1 

i  — <i6^     1  — ae~^ 

=  - 1  +  ( 1  -  oe^V  +  ( 1  -  06-^)-' 
=  - 1  + 1  +  ae^  +  a^e^  +a^e^  + 

=  1  +  2a  cos  tf  +  2a»  cos  20+  2a»  cos  S0  +...ad  in£ 

THe  expansions  of  (1  —  a€^)~^  and  (1  —  ae"~^)~^  by  the 
Binomial  Theorem  are  legii^imate  if  the  modulus  of  ae^  be 
less  than  unity,  i,e.  if  a  be  numerically  <  1,  but  not 
otherwise.     (Art.  273.) 

The  above  series  is  the  one  assumed  in  Art.  294. 

Similarly  we  can  deduce  the  series  of  Art.  293.     For 

we  have 

2a  sing         ^1        a(e<>*-g-^) 

1 -2acosg  +  a>""i  l-a(e^  +  6-^*)  +  a« 

_1        ae^-ae-^         ^if      i 1      1 

i  (1  —  ae^) (1  -  ae-^)     i  [l  —  ae^     1  —  ae~^j 

=  i{(l  +  ae«^  +  a«e^+...)-(l  +  ae-^4-a«e-««  +  ...)} 

=  2asing  +  2a«sin2g  +  2a»sin3^  + ad  in£ 

As  before  this  expansion  is  legitimate  only  if  a  <  1. 
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369.     Ex.     If  sina>  —  n8in(a-{'x),    eacpamd  x.   in    a 
series  of  ascending  powers  ofn^  where  n  is  less  than  unity,  . 

Since 

sin  a?  =  w  sin  (a  +  a?)  =  n  (sin  a  cos  x  +.C08  a  sin  x\ 

n  sin  a 

/.  tanaj=r , 

1  —  n  cos  a 

ffd  _  g-«i        ^i  gin  a 
"•  e**  +  e"**  ~"  1  —  n  cos  a  * 
e**      1  —  w  cos  a  +  m*  sin  a     1  —  ner^^ 


.-.  2a?i  =  log  (1  -  ne^*)  —  log  (1  -  rw**) 

1  1 


=  w  (e«*  -  e-«0  +  2  ^"^  (^* "  ^~*'*) 

»  • 

+  Q  w«  (e»**  -  e-^^) ad  inf. 

=  w .  2i  sin  a  +  ^  n' .  2i  sin  2a  +  ^  n' .  2t  sin  3a  +  . . . 

.'.  a7  =  nsina  +  ^n^sin  2a+ Qn'sin3a  + (1). 

In  this  equation  we  have  assumed  x  to  lie  between 

—  ^  and  +  o  ;  if  it  do  not,  then,  instead  of  ixi,  we  should 

read  2k7ri+  2a!iy  the  left  hand  of  equation  (1)  would  then 
he  x  +  IcTT,  and  we  must  choose  k  so  that  x  +  kir  shall  lie 

between  —  ^  and  +  w  . 

As  before  the  expansions  are  legitimate  if  w  be  <  unity. 

27—2 
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360.    Ez.     Expand  ef^  cos  hx  in  a  series  of  ascending 
powers  of  X. 
We  have 

e^coabx  =  eF^. 


1  r^      /       I.-X     .  (a  +  biyx'  .  (a  +  biyx'  .  1 

==2Ll+(a  +  &*)^+'-^^  +  '— ^  + J 

1  f-.      /       L-x     .  (a-Ufa^  1 

+  2[l+(a-^0^  +  ^^ — ^"^     J' 

The  coefficient  of  af^ 

2[^ 
If  a  +  6i  =  ^  (cos  a  +  i  sin  a),  so  that 

r  =  +  Va^  +  6»  and  tan  a  =  -  , 

g 

with  the  convention  of  Art.  267,  then  the  coefficient  of  af^ 

_  {r  (cos  g  +  ^  sin  a)}^  +  [r  (cos  a  —  t  sin  ol)]^ 

cos  Tig 


=:  7^ 


n     ' 


by  De  Moivre's  Theorem. 

Hence  we  have 

^       ,       ^                        r*cos2g   ,     r'cosSg  , 
e**  cos  6flj  =  1  +  r  cos  g .  a?  H r^ —  a^  H ^ —  a^  +. 

where  '^ 


r  =  +  Vg'  +  6^  and  tan  g  =  -  . 

g 

This  expansion  is  legitimate  for  all  values  of  g,  b,  and 

a?.     (Art.  303.) 
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EXAMPLES.    LXm. 

Expand  in  an  infinite  series 

1  +  acoB^  Q     cos  ^-^'^  00^(^-0) 

''•■    l  +  2acos^4a«'  ^'       l-2aoo80+a«   ' 

3     sin  ^  —  a sin  (^  —  ^)  -      ^coaA       m  ^      *    ^\ 
^ — ~  .                X     ^  COB  9  ^g  (^ + a  sin  ^1. 

5.    e«*8in6^. 
Prove  that 

,  a-6 

where  c= — .. 

7     tan-i=-^-5El^=a8in^  +  sa«Bin2^+ia»Bin3d  + adinf. 

l-aco8^  2  3 

8.  H*fti^~^('^ai^^/9)  =  Binatan/3+»sin3atan'/3 

+  =  sin  5a  tan' /3+ adinf. 

9,  If  sin  ^=0;  COS  (^+ a),  expand  (?  in  a  series  of  ascending  powers 
of  a;. 

10,  Expand  y  in  terms  of  oos  a,  where 

•p  +  a  x  —  o, 

2tan2^=sma;oosec  -q— oosec— q-  • 

11.  If  tan  x^n  tan y^  and  ms ^ ,  prove  that 

ar+rT=y-TOsin2y+-2-sin4y--5-sin6y  + adinf., 

where  r  is  to  be  so  chosen  that « + nr  -  2^  lies  between  -  ^  and  -h  ^  • 

12.  What  does  the  series  of  the  preceding  question  become  when 

(1)  n=cos  a,  and  (2)  n= — s-  ? 
^  '  ^  '       cos2a 

13,  Expand  logoosf  j  +  ^j  in  a  series  of  sines   and  cosines  of 
ascending  multiples  of  B, 
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14.  Expand  log  tan  g  + 1)  in  a  series  of  sines  of  ascending  multiples 
of^. 

15.  Proye  that 

(l+«**tano)<l+«-^tana)(l+«*^oota)(l  +  «~^ooto) 


»4(seo/3+cos^)'. 


where  /9=5-2o. 


Henoe  expand  log  (1+ cos /3  cos  ^)  in  a  series  of  cosines  of  multiples 
of  9. 

16.  Prove  that 

Iboos^ — ^-2acosd  +  2a«sm2^-2a«cos8^-2a*8in4d+ ad  inl 

l-2asm0+a> 

17.  Prove  that 

Iogoo8.9=-log2+oo8  2^-g008^^+3<'086^- ad  inf., 

if  tf  be  an  angle  whose  cosine  is  positive. 

18.  In  any  triangle  where  a  >  6,  prove  that 

loge=loga--cosC-T;  -iCos2C-s-5COs3C- ad  inf. 

®         ^       a  2  a'  8  a' 

fwe  have  c«=a*+6»-2a6cos C=a*  fi-^e^\  fi-^e'*A^ 

10,    Prove  that  the  coefficient  of  a?^  in  the  expansion  of 

«««  sin  6a: +  «**  sin  aa? 
in  powers  of  x  is 

n 

2(a>+6«)«"  ,    riT       nfx 


-, '-  sm  — cos-    5-2tan-i-    . 

n  4         2  L2  a  J 


20.    Prove  that  tiie  coefficient  of  e"  in  the  expansion  of 

log  (a' + h* + c'  -  8o6«) 


is  (- 


'      n    (a+6)*  !ir 

L         '       (a»+6»-o6)«J 


where  tan  ^=tt5  'J^' 


CHAPTER  XXIX. 

RESOLXTnON  INTO  FACTORS.      INFINITE  PRODUCTS  FOR 

SIN  0  AND  COS  0, 

361.  We  know  from  Algebra  that,  if  P  be  any 
expression  containing  x  and  if  the  value  x^ol  would 
make  P  vanish,  then  ^  —  a  is  a  factor  of  P. 

Hence  to  find  the  factors  of  any  expression  P  we  first 
solve  the  equation  P  =  0.  If  the  roots  thus  found  be 
a,  /8,  ...  we  know  that  a?  — a,  a?  — /8,  .•.  are  &ctor8  of  P. 

We  shall  apply  this  method  in  the  following  articles. 

362.  To  resolve  into  factors  the  expression 

We  have  first  to  solve  the  equation 

ip**  —  2a^  cos  nd  + 1  =  0, 

i,e.  0^  —  2af*  cos  nO  +  cos"n5  =  —  sin*  vB, 

so  that  a?*  —  cos n^  =  ±  V—  1  sin  n^, 

and  therefore 

X  =  [cos  nd  ±  V—  1  sin  n^]^  > 
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As  in  Art.  271  the  values  of  this  expression  are  the  2n 
quantities 

cos^  +  isin^,  cosf^H jfisinf^H J, 


cos(^  +  ^)±isin(^+^), 


cos 


Taking  the  first  pair  of  these  quantities  we  have  the 
corresponding  fectors 

a;  — costf  — isin^  and  a?— cos^  +  isind, 

or,  in  one  factor, 

(a?  -  cos  ^)»  +  sin»  ^, 

ie.  the  quadratic  &ctor 

ic"  — 2a?cos^+l. 

Similarly  the  second,   third,  ...   pairs   of  the   above 
quantities  give  as  fiwtors  respectively 


ic*  —  2a?  cos 


aj"  —  2a?  cos 


and  aJ*  —  2a?  cos  \6  A tt 

n 


+  1. 


Also  on  multiplying  together  these  n  factors  we  see 
that  the  coefficient  of  a^  in  their  product  is  unity,  which 
is  also  the  coefficient  of  a;*"  in  the  original  expression.  No 
other  numerical  factor  is  therefore  required. 
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Hence 
«»-axf*co»n^+l 

=  {x«-2xcos0+  1}  |x«-  2XCOS  (0  +  ^)  +  ll 

|x«-2xcos(e  +  ^)+l| 

By  dividing  by  af*  we  have 
a?**  +  4  -  2  cos w^  =  L  +  "  2  cos  dl  L  +  -  -  2  cos  ("^  +  —  H 

...L+i-2co8(^+^^7r)L.l...(2). 
The  relation  (2)  may  be  written 
a?«  +  — -2co8ntf=    11    ^a? +- -  2  cos  (5+ -^)  ■ 

r=n-l 

where     11     stands  for  the  product  for  all  integral  values 

of  r  from  r  =  0  to  r  =  n  —  1  of  the  expression  following  it. 
Similarly  we  may  shew  that 

a?^  -  2a'*  a?"  cos  nO  +  a^ 
=  {a^  -  2aa? costf  +  a'}  \a^-  2ax cos  (o  +  — ]  +a*[ 

[a72-2aa?cos (e+ — )+a4... |a^- 2aa;cosr5-4-  -^^^ 

(3). 

363.    The  proposition  of  the  last  article  may  also  be  proved  by 
indaotioD. 
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We  shall  first  shew  that  o;*^ + -^  -  2  cos  na  is  divisible  by 

1    „ 

x-\ 2  cos  a. 

X 

Let  aj*+— -  2  oos  na  be  denoted  by  ^  (n),  and  «  H 2  cos  a  by  X,  so 

X  X 

that  we  have  to  shew  that  0  (n)  is  divisible  by  X,  for  all  positive  integral 
values  of  n. 

AsBume  that  this  is  true  for  <p{n-l)  and  0  (n  -  2). 

We  have  then,  by  ordinary  multiplication, 

(^+^)x^(n-l)=|«+lj.|x*-i  +  ^-2co8(n-l)a|. 

=  ('^"+i)  +  (^'+^)-2cos(n-l)«  X  (x+i) 
=  j*"  + -;j  -  2  oos  nol 

+  ja:*-"+ -^=7, -  2  cos  (n -  2)  o|  -  2  cos  (n - 1)  a  |a? +-  -  2cosa>  ^ 
since  2  cos  na  +  2  cos  (n  -  2)  a = 4  oos  a  cos  (n  - 1)  a. 

Hence     (a;  +  -jx0(n-l)=0(n)  +  0(n-2)-2Xco8(n-l)o, 

/.  0(n)=:(a;  +  -J0(n-l)-0(n-2)  +  2Xco8(n-l)o (1). 

Now  0(l)=a:+--2cosa=X, 

X 

0(2)=«*+-j-2cos2a=(  aj  +  --2costt)  r«  +  -  +  2coso] 

=X(  x+^  +  2cosaJ , 

so  that  0  (1)  and  0  (2)  are  divisible  by  X. 

Hence,  putting  n=8  in  (1),  we  see  tha't  <p  (3)  is  divisible  by  X. 

Similarly  putting,  in  (1),  n=4,  5,  6 in  succession  we  see  that, 

by  induction^  0  (n)  is  divisible  by  X  for  all  values  of  n. 

1  1 

.-.  a;*H — ;r  -  2  oos  na  is  divisible  by  «+-  -  2  cos  a. 
a;"  "        X 
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Again 
and  is  similarly  divisible  by 


af*+-^-2oo8no=a?*+^-2  oos 


"('*?)• 


a:  +  --2oo8 


(•■^?)- 


Prooeeding  in  this  way  we  can  shew  that  it  is  divisible  by 


X+--200S 

X 


.«+--2cos 

X 


("^^')  ■ 


and  henoe  obtain  equation  (2)  of  Art.  862. 

364.    De  Moivre^s  Propeity  of  the  Circle. 

A  geometrical  meaning  may  be  given  to  the  equation 
(3)  of  Art.  362. 

Let  ABGD ...  be  the  angular 
points  of  a  polygon  of  n  sides 
which  is  inscribed  in  a  circle  of 
radius  a,  so  that»  0  being  the 
centre,  we  have 

n 

Let  P  be  a  point  within,  or 

without,  the  circle  such  that 

OP^x    and    ^POA^d. 
Then 

ZP05  =  5+— ,   ^POG^e-^  —  ,... 

n  n 

and  we  have 

P-4«  =  0P«  +  Oil*-  20P.  OA  cos POA 

=  ir*  —  2ax  cos  d  +•  a*, 

P&^OP^  +  OB^"  20P .  OBcobPOB 


=  re"  —  2ax  cos 


{'  -^h  <": 


PC«  =  flJ»-2(M?C0S(^  + 


(*-?)+«■• 
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Hence  PA^ .  PB"  .PO  ...ton  factors 

=  |ic»-  2aa?cos  ^+  oA  |a;»-  2aa:cos  (o  +  —  V a4 

|a^  —  2aa?cos  f^  4 )"^^*f  •••  *^  ^  factors 

=5  ar»*  —  2a'*a?'*  cos  ntf  +  a*^. 

366.    Cotes'  Property  of  the  Circle. 

In  the  preceding  article  let  the  point  P  lie  on  Oil,  i.e. 
let  it  be  on  the  line  joining  the 
centre  to  one  of  the  angular  points 
of  the  polygon. 

In  this  case  ^  =  0,  and  we  have 
PA^ .  PB"  .PC...  ton  factors 
=  a;»*  -  2a"a^  +  a^ 
=  (a?»  -  a~)l 
.-.  Pil.P5. PC...  ton  factors 
=  a?^  —  a**  or  else  a**  —  of^. 

The  first  of  these  values  must  be  taken  when  P  is 
outside  the  circle,  on  OA  produced,  so  that  x  >  a. 

The  second  must  be  taken  when  P  is  within  the 
circle. 

We  therefore  have 

PA  .  PB.PG.PD ...  to  n  factors  =  a^-a^..(l). 

Again  let  a,  )8,  7,  S ...  be  the  middle  points  of  the  arcs 
AB,  BC,  CD, ...  so  that  AaBfiCy ...  is  a  polygon  of  2n 
sides  inscribed  in  the  circle. 

By  (1)  we  have 
Pil.Pa.P£.P/3.PC.P7...to2nfactors  =  a;»~-a^ 

(2). 

Dividing  (1)  by  (2),  we  get 

Pa.Pfi.Py  ...  to  n  factors  =  a?«  +  a** (3). 
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The  equation  (3)  may  also  be  deduced  directly  from  equation  (8)  of 
Art.  362  by  putting  0=-.    We  then  have 

f  a;2-2aarcos -  +  a")  [a;'-2axco8  — +a^  j  (a^-2aj;co8— +a') 

to  n  faotorsrsx**  -  2a*a?*C08  ir+a*» 

= x«* + 2a*:c* + a**  =  (aJ* + a»)*, 

i.e.  Pa».P/3«.  Py to  n  factors =(a;»+a*)2. 

This  is  relation  (3). 

366.     To  resolve  into  factors  the  expression  a?**  —  1. 
We  have  first  to  solve  the  equation 

a;«-l=:0, 
i.e,  a^  =  1  =  cos  inr  ±  i  sin  2r7r, 

where  r  is  any  integer, 

1 

so  that  a?  =  [cos  2r7r  ±  i  sin  2r7r]'*  (1). 

Firsty  let  n  be  even. 

As  in  Art.  271  the  values  of  the  expression  (1)  are 

^  .   •  .    ^         27r  .  .   .    27r  47r  .  .  .    47r 

cos  0  +  I  sm  0,  cos  —  + 1  sin  —  ,  cos  —  + 1  sm  —  , 

n  n  n  "  n 

71  —  2         .  .   n  — 2  riTT  .   .  .    riTT 

. . .  cos IT  ±%  sin TT,  cos  —  ±  I  sin  — . 

n  n  n  n 

But  cosO°±isinO°  =  l, 

-  nir  ,   .  .    nir         - 

and  cos  —  + 1  sm  —  =  —  1. 

n  "  n 

Hence  in  this  case  the  roots  are 

27r  .   .  .    27r  47r  ,   .   .    47r 

+  1,   cos — +isin  — ,  cos — ±tsin  — , 
~  n  "  n  n  n 

n-2      . . .   n-2 

...  cos IT  ±%  sm TT. 

n  n 
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The  factors  corresponding  to  the  first  of  these  pairs  are 
x  —  l  and  x  +  1,  i.e.  the  quadratic  factor  ic»  —  1. 
Those  corresponding  to  the  second  pair  are 

27r      .   .    27r        ,  27r      .   .    27r 

a?  — cos isin —   and  a?  — cos htsin  —  , 

n  n  n  n 

i.e.  the  quadratic  factor 

•     «         27r     , 
n 

Hence  we  get  ^  pairs  of  quadratic  factors. 

When  multiplied  together  they  give  the  correct 
coefficient  for  x^,  so  that  no  constant  quantity  need  be 
prefixed  to  their  product. 

Hence,  finally,  when  n  is  even, 

a?«  - 1  =  (ar»  - 1 )  ^a;»  -  2a;  cos  —  +  1  Vic^  -  2a;  cos  —  +  1^ 

...^aj»-  2a;cos^^-^  7r+  l] (2). 

Secondly,  let  n  be  odd. 

As    in   Art.   271   the   values  of  the   expression   (1) 

are  now 

_  .  .  .    ^  27r  ,   .  .    27r         ^4nr  ,   ,   .    iiw 

cos  0  + 1  sm  0,  cos  —  ±%  sm  — ,  cos  —  ±  t  sm  — , . . . 

n  n  n  n 

n  — 3      .  .  .   w  — 3  n  — 1      .  .  .   n— 1 

...cos 7r±lSm TT,     cos TT+tSin TT. 

n  n  n        ~  n 

The  first  pair  reduces  to  the  single  factor  a?  —  1. 
Taking  the  other  pairs  together,  as  before,  we  obtain, 
when  n  is  odd, 

a:''-l=(a?-l)|a;«-2a?cos^+llja^-2a;cos— +ll... 
*..|a;"-  2a?cos^?— -  TT+li (3). 
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Hence  we  have 

n    - 

**"«"   /                   2r7r       \ 
^-l=(a?-l)    n      aj«-2«JC0S -f  1   , 

when  71  is  even,  and 


n-l 


a?' 


?«-l  =  (a?-l)    n    (a^-2aJcos  — +  l), 

when  w  is  odd. 

These  formulaB  can  also  be  deduced  from  the  funda- 
mental one  of  Art.  .362  by  putting  ji0  =  27r. 

367.    To  resolve  af^+  1  into  factors. 

We  must  solve  the  equation 

a^  +  l  =  0, 

i,e.  a^  ^  —  1  =  cos  (2nr  +  tt)  ±  i  sin  {inr  +  tt), 

where  r  is  any  integer, 

1 

so  that  X  =  {cos  (2r7r  +  tt)  ±  i  sin  (2r7r  +  tt)}** 

2r7r  +  TT .   .  .    2r7r  +  tt  ,,  x 

=  cos +tsm » ....(1). 

71  ""  71  ^ 

^tV*^,  Ze^  71  6e  even. 

As  in  Art.  271,  the  values  of  the  expression  (1)  are 

TT  .   .  .    TT  Sir  .   .  .    Stt  Stt  .   .   .    Bit 

cos- +  ism-,  cos — ±.ism= — ,  cos — +ism  — 
n  "'*       n  n  n  n  n 

(n-  l)'7r-     .   .    (71  — l)7r 
. . .  cos.^i^ —^—  +  i  sm  ^ ^— . 

71  ~  71 

The  factors  corresponding  to  the  first  of  these  pairs  are 

TT         .    .     TT  J  TT        .     .     TT 

X  —  COS 1  Sin  —   ana  x  —  cos  — f-  *  sm  - , 

n  n  n  n 

i.e.  the  quadratic  factor 

TT 

a>*—  2a?Q0s  -+L- 
n 
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The   quadratic    factor    corresponding  to  the   second 
pair  is 

aj*  —  2^  cos hi, 

n 

and  so  on. 

Hence,  as  in  the  last  article,  when  n  is  even,  we  have 

a^  +  1  =  /^ica  -  2a?  cos  -  +  1  Vaj«  -  2a?  cos  —  +  1 V . . 

...|^^^2a?cos(iL=j^ 

Secondly,  let  n  he  odd. 

The  values  of  the  expression  (1)  are  in  this  case 

coa-  +  isin-,  cos — +tsm. —  ,... 
n  ~         n  n  "•  n 

(n  —  2)  TT  .   .  .    (ri  —  2)  TT  nir  ,   ,   ,    mr 

Qos- ^—  +isin^^ — ,   cos —  +isin — . 

n       "  n  n  ^  n 

The  last  pair  of  roots  reduces  to  the  single  root  —  1,  so 
that  a?  +  1  is  one  of  the  required  factors. 

The  quadratic  factors  corresponding  to  the  successive 
pairs  of  roots  are 

TT  StT 

a;^  — 2a?cos- +  1,  a?*— 2a?cos Hi,... 

n  n 

71—2 

a?^  —  2a?  cos tt  +  1, 

n 

Hence  finally,  when  n  is  odd,  we  have 
a?'^+ 1  =  (a?+ 1)  ^ai* -  2a? cos  - +lVa?»  -  2a? cos  —  H-lV .. 


..•p^2a?co8^iL^^+l1, 
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We  have  then 


n-2 

9*  S3 


*    /  2r4-l  \ 

a^  +  l=    n    (ic»-2aJC08 — -^tt+I), 
r=o    \  n  J 


n-S 


^   f  .     ^         2r+l 

when  n  is  even,  and 

*   /                   2r+-l  \ 

a^  +  l=(a?  +  l)  n  (a;»-2a?cos- tt+IJ, 

when  n  is  odd 

These  formulae  can  be  deduced  from  the  fundamental 
one  of  Art.  362  by  putting  nd  =  tt. 

368.    B3E.  1.    Expre$i  as  a  product  of  n  factors  the  quantities 

eosn^-cosnO  and  coshn^-cosnO. 
In  equation  (2)  of  Art.  362  put  a;=e^,  so  that  ar^=e'^\  and  henoe 

a?+aj-i=«^+^-*»=2  cos  0, 

and  **+a;-*=«"^+e*"**»=2ooflw0. 

We  then  have 

2co8n0-2coBn0=:(2coe0*-2oos0)r2oos0-2co8[0+  -^j 

2oos0-2cos  [^+— ]  I ton  factors, 

cos n0- cos n9=2**~^ {cos 0-0080}  joo80-oo8[0  +  —  )> 

(  /^     2w-2    \) 

<008  0-  cos  f  0  + T  j> 

=2*-i15"^  jco8  0-oos^0  +  ^M  . 

Similarly  bj  patting  x=e^  we  have 
coshn0-co8n0 

= 2*~i  [cosh  0  -  COS  ^lloosh  0-008  {^  +  — •)  1 

cosh^-cosf  0  +  — —  t\  L 
K  T.  28 


I.e. 
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Bz.  2.    Ifn  be  even,  prove  that 

o^    .    2t   .    4t   .    6t  .11-2  , 

2n       2n        2n  2n         ^ 

In  equation  (2)  of  Art.  366  pat  n  equal  to  unity. 

Then,Hnoe       ^-^ ^^^^ , 

x*-l     n 
therefore,  when  » is  unity,  -^ — =-  =  ^ . 

Hence  we  have 

«=(2-.eosL')(.-.co.$) (.-.««=r.^). 

t.e.  n =2. 4  Bin's-.  4  Bin' TT- ^Bin'-^r— t, 

2n  2n  2n 

theze  being  ^  - 1  factors, 

=2*  i.Bin's-flui';^ em^-^ — v, 

2n        2fi  2n 

Hence  ±V»=2  *  BinTr^BinTr^ sin^j^T (1). 

2n        2n  2n  ' 

Each  of  the  angles  -h-  >  s"  * ~2r^  ^  i^  less  than  a  right  angle,  so 

in    Jn  dn 

that  each  of  the  sines  on  the  right-hand  side  of  (1)  is  positive. 

On  the  left-hand  side  we  therefore  replace  the  ambiguity  by  the 

positive  sign  and  have  the  required  result. 


EXAMPLES.    LZIV. 

Faotorize  the  following  quantities. 

1.    afi+2afl<iosl20°+l.  2.  a^ -2a:* cos 60® +1. 

3.    a;W-2««cos^+l.  4.  x^+afi  +  1. 

6.    «i*+a?7+l.  6.  «"-!.  7.    afi-k-l. 

8.    «'-!.  9.  «•  +  !.  10.    «w-l. 

11.    ««+!.  12.  a^*'l.  13.    ««>-[.  1. 
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14.  If  n  be  even,  prove  that 

„2=-^    .     T    .    Sir   .    6r  .    n-1        - 

2*   sin  ^r- sin  jr- sin  TT- sin-s — ir=l 

2n       2n        2n  .     2n 

.==^        T        8r  n-1 

=  2  2    COBs-OOStt- 008  ^r—  T. 

2n        2n  2n 

15.  If  n  be  odd,  prove  that 

„==^   .    2ir   .    4t       .    TO-1  ,       „V^        IT        3ir  n-2 

2n        2n  2n        .  2n        2n  2n 

and  that 

„^   .     «•    .    Sir        .    n-2        ,      -^^       2ir       4t  n-1 

2*   Binir-smTr- ...sin  -r — ir=l=2'*  cos^t-oos  jr- •••  oos-jr— ir. 
2n       2n  2n  2n       2n  2n 

i/»T»         Ai-i.      .ir.2x  .n  —  1  n 

16.  Prove  that    sin-sm — sin ir=r-3Y. 

n        n  n  ™  * 

17.  If  n  be  odd,  prove  that 

,     T,     2t,     Sir  ,      2<"-^>'      , 

tan- tan  —  tan — tan  =Jn. 

n        n         n  n  ^ 

18.  Shew  that  cos  n0 

^  yf       ^           ^\  /       ^          3ir\  /       ^  2n-l    \ 

=2*~^(  oos^-eoB^  J  (  cos ^-0085- j I  cos ^- cos    ^^    t  J. 

Prove  that 

19.  sin  n0=2*~^  sin  0  sin  [  ^  +  -  J sin  (  0  H ir  ) 

=  2*-i  "u^^  sin  f  0  +  —  V 
[Put  x=l,  and  ^=20,  tn  t^  equation  of  Art,  S62.] 

20.  oosn0=2*-i8inr0+^jsinr0+^J sinr0  +  -?^-  irl  . 

ir 
[Change  0  into  0+^  in  t^/ormuZa  0/  the  preceding  question,] 

21.  2*-icoB0cos  {</>  +  -)  cos(0  +  — j oosf  0  +^^  T  j 

n 

=  ( - 1)*  sin  n0,  when  n  is  even, 

n— 1 

and  =(-1)2  cos  n0,  when  n  is  Odd. 

Change  0  into  4>+^inthe  result  of  Ex,  19. 

28—2 
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AA     A«  1         If        3t       6t  2n-l  nv 

22.     2*"!  OOB  5-  008  5-  cos  jr- 008      -         T  =  008  -jr- . 

2n       2n        2n  2n  2 

AA     «-._i    .     IT        ^'T  i    Sir  .    2ii  —  1       - 

23.  2»-^  am  5-  Bin  ;r-  8m  jr- sin  -^5 —  ir=l. 

2n       2n       2n  2n 

T        2ir  (2n-l)T     (-1)*-! 

24.  008-008- oo»'      „        ='   2^1     ' 

25.  ProTethat 

a;»-a»oo8w^         _     1     »^i  V        n  / 

x»»-2a«x»0O8n<?  +  a*»-na;*-i   ^  x» - 2ax C08  f  ^  +  ^'^^ 


(•^*- 


[In  t/i6  expresHon  (3)  0/  ^Irt.  (362)  change  x  into  x  +  h^  expand  and 
equate  coefficients  ofK} 

26.  ^e  ciroamferenoe  of  a  oirole  of  radia8  r  i8  divided  into  2n  equal 

part8  at  pointB  P^  Pj, P^;  if  ohords  be  drawn  from  P^  to  the  other 

points,  prove  that 

PA  PA PiPh=»— V«. 

Also,  if  O  be  the  middle  point  of  the  aro  PiPs^  >  prove  that 

OP^.OP^ OP^=^/27-*. 

27.  I^  ^1-^9 ''^an+i  ^  ^  regular  polygon  of  n  sides,  insoribed  in  a 

circle  of  radius  a,  and  OA^^i  be  a  diameter,  prove  that 

OA^.OA^ OA^=a\ 

28.  ^1^2 ^n  ^  A  regular  polygon  of  n  sides.    From  O  the  centre 

of  the  polygon  a  line  is  drawn  meeting  the  inoirde  in  P^  and  the  oiroum- 
circle  in  Pj. 

Prove  that  the  product  of  the  perpendiculars  on  the  sides  drawn  from 
Pj  is  to  the  product  of  the  perpendiculars  from  P,  as 

cos*  -  cot'  -;r-  to  1, 
n         2 

$  being  the  angle  between  OPPi  and  OA^. 

29.  ABCD is  a  regular  polygon  which  is  inscribed  in  a  circle  of 

radius  a  and  centre  O ;  prove  that 

PA^.PB^.PC^ =r*»-2aV»  cos  n^+a*», 

where  OP  is  r  and  the  angle  AOP  is  $. 

Prove  also  that  the  sum  of  the  angles  that  AP,  BP,  CP, makfr 

.i.   >%»» .   X       1      r*sinn^ 

with  OP  18  tan-i — -  . 

r*  COS  nd  -  a* 
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ReBolution  of  sin  0  and  cob  0  into  flu^tors. 

369.     To  express  sin  0  as  a  product  of  an  infinite  series 
offax^QTS, 

We  have  sin  ^  =  2  sin  -  cos  ^ 

JU  St 

=  28m28in(^2  +  2J (1). 

0  IT        0 

Similarly  in  (1)  changing  0  into  ^  and  o  +  k  succes- 
sively, we  have 

sin2  =  2sin2^sm(2+2ij  =  28m25sm(^-2j+^j, 

and       sin(^2+2J=2sm^2i  +  2'«j-«^U'^2i+2-«j 

0\     .    /Stt      d 


=  2sm(^22  +  2^j-«"^("2^  +  25j- 


Substituting  these  values  in  the  right-hand  side  of  (1) 
we  have,  after  rearranging, 

sin  ^  =  2»  sin  2^ sin -^^  sin  — 2^— sin  — 2^— . .  .(2). 

Applying  once  more  the  formula  (1)  to  each  of  the 
terms  on  the  right  hand  of  (2)  and  arranging,  we  have 

sm  ^  =  2' sm  g^sm-g^sm -g^sm^j— sm-^5— 

sm— 2^— sm  -^^— sm— g^- (3). 

Continuing  this  process  we  have  finally 

sm  0  =  2^^^  sm-  sin sm ...  sm  ^^- 

p  p  p  p 

(4), 

where  p  is  a  power  of  2. 
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The  last  factor  in  (4) 


=  sin    TT =  sin . 

I  P    1  P 


The  last  factor  but  one 


=  sm  ^^ 


— =  sm    TT = 

P  I  P    A 


sin 


2ir-0 
P 


and  so  on. 

Hence,  taking  together  the  second  and  last  factors, 
the  third  and  next  to  last,  and  so  on,  the  equation  (4) 
becomes 

P   )  [  P  P     ) 


sm^s  2*^^8m--^sm sm 

P\         P 


The  last  feictor  is 


P 
.(5). 


P-^e 


TT 


sin 


which  =^(1''^D"^'^^- 

Hence  (5)  is 

sind  =  2^^*8m-    sm' sm*-      am" sm'-   ... 

PL       P  PA  I        P  PJ 


sin*  ^— ^^-^  —  sin*  - 
P  P 


sin* 
.    0 


6 
.cos  - 

p 


(6). 


Divide  both  sides  of  (6)  by  sin  -  and  make  d  zero. 


Since 


sind 

.  e 

jsm- 

««o 

0    ■ 

sind      p 

sm- 
P. 


=P> 


(•0 
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we  have 

p  =  2P~^ .  8in«-  .  sin* —  sm* —  ...  sin'        i 
-^  p  p         p  p 


IT 


...(7). 


Dividing  (6)  by  (7),  we  have 

e 


•    /i  ^ 

sin  ^  =  »  sm  - 


sin 


a  z. 


1- 


8111'^ 


1- 


1- 


Sin*  - 

E 

27r 


sin'' 


PA 


e 


sin'  - 


1- 


sin'' 


37r 
1>  J 


siE?- 


^ 
Z 


-•(i->)ij 


COB- 
P 


.(8). 


Now  make  p  indefinitely  great. 

Since 

0 


[ 


p  sin- 


sin»  ^ 
_-£ 

sin'^ 
and  80  on,  we  have 


8in  - 


L  P 


=  d  (Art.  228), 


.e    IT 
sin'-    -: 


Jpaoo 
1 


-3^- 


£«^ 


TT  71^ 


L  P' 


—    sin"  - 


P     J 


=  ^  (Art.  228). 


6' 


3»5r». 


-»«=''('4")(»-^)('- 

This  theorem  may  be  written  in  the  form 

sin^=^n(l-^). 


ad  inf. 
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370.     To  express  cos  0  as  a  product  of  cm  infinite  series 
of  factors. 

In  equation  (4)  of  Art.  369  write  for  0  the  quantity 


IT 


■^  +0>  Ai^d  the  equation  becomes 


cos 


/I     o^wi    •    '^-  +  20  .    a7r  +  20   .    57r  +  20 

^=2^1  sm  — s —  sm  — s sin  — ^ ... 

2p  2p  2p 


The  last  feictor 


.    (2p -1)^-^20 
2p 


(1). 


-2^ 


21, 


the  last  but  one 

.    [(2© - 3) TT  +  2^       .    37r-2^ 

and  so  on. 

Hence  taking  the  factors  in  pairs,  as  before,  we  have 


cosd 


=2P-irsi 


ir+20  .   7r-2^1  f  .    37r+2^   .   37r-2d 


r  2p 


sin 


sin 


2p    JL 


2p 


sin 


2p 


... 


.^.[.m.|-dn.|][«..^-d..|]...(2> 


In  (2)  make  0  zero  and  we  have 


1  =  2^1 .  sm^^r- .  sin*  -^  .  sm* 


2p*         2|> 
Dividing  (2)  by  (3),  we  have 


cos^  = 


1- 


.  ,20' 
sin>^ 

sin«^ 
2pJ 


1- 


.  ,20- 
2p- 


sm' 


2p 


sill  s- 

1 22 

.  .  Sir 
2pJ 


(3). 


1- 


,2e    • 

2p 


,(4). 
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In  (4)  make  p  infinite ;  then,  as  in  the  last  article,  we 
have 

This  theorem  may  be  written  in  the  form 
cos 


KSi'-CF^}- 


Since  co8^  =  ^-^ — ^,  the  product  of  cos^  may  be 
derived  from  the  products  for  sin  20  and  sin  0. 

371.    The  equation  (4)  of  Art.  369  may,  by  means  of  Art.  862,  be 
shewn  to  be  true  for  all  mtegral  .values  otp.    For  we  have 

X^-2xPCOBp(p  +  l 

<x^  -  2x  cos  f  ^  H )  +  If ^P  ftwtors. 

Put  a;=l,  and  we  have 
2(l-cos2?0)={2-2cos0}  -J2-2cos(  0  +  —  jl toi>  factors. 

ue,  4  sin2  ^=  4  sin^ | .  4  sin^  (|  +  -)  .  4  sina  ^1  +  - y..to  p  factors. 

Put  ^=01  and  extract  the  square  root  of  both  sides.    We  have  then 

+  sm^=2P^sm-.  sm .  sin sm^^- ....(1). 

p  p  p  P 

If  6  lie  between  0  and  ir  all  the  factors  on  the  right-hand  side  of  (1) 
are  positive  and  so  also  is  sin^.  Hence  the  ambiguity  should  be 
replaced  by  the  positive  sign. 

If  $  lie  between  n-  and  2ir,  all  the  factors  on  the  right-hand  side  are 
positive  except  the  last,  which  is  negative. 

Hence  the  product  is  negative  and  so  also  is  sin  By  so  that  in  this  case 
also  the  positive  sign  is  to  be  taken. 

Similarly  in  any  other  case  it  may  be  shewn  that  the  positive  sign 
must  be  taken,  and  we  have,  for  all  integral  values  ofpj 

8m^=2P^ism-.  sm sm sm  -^- . 

P,  P  P  P 
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372.  Sink  0  and  cosh  0  in  products. 
By  Art.  314  we  have 

sinh  ^  =  —  1  sin  (9i)  and  cosh  ^  =  cos  (0i). 

Also  the  series  of  Arts.  369  and  370,  being  formed  on 
the  Addition  Theorem  are,  by  Art.  310,  true  when  for  0 
we  read  0%. 

Midc<»h«-(i-^')(i-^")(i-:^)....dtaf. 
-  (.  ^  ^  (- IS)  (- .tS) <«• 

The  prodaots  (1)  &nd  (2)  are  oonvergent.  For  we  know  (C.  Smith's 
Algebra,  Art.  338)  that  the  infinite  product  n(l+tij  is  oonvergent  if  the 
series  Zu^  be  convergent. 

In  the  case  of  (1),  2u^ 

_^/       1      1      jL^  \ 

■"it*  V"*"2«"^32'^4«"'" )' 

and  the  latter  series  is  known  to  be  convergent. 

373.  Sums  of  powers  of  the  reciprocals  of  all 
natural  numbers. 

From  the  results  of  Arts.  369  and  370  we  can  deduce 
the  sums  of  some  interesting  series. 
From  Arts.  369  and  280  we  have 

(i-S(i-,£)(i-^) ^M 

sin  d     ,      e'     0*  , .  , 


SUM  OF  NEGATIVE   POWERS  OF  INTEGERS.  448 

Taking  the  logarithms  of  both  sides,  we  have 


=  log[l-^  +  ^-...] (1). 


Now,  by  Art.  256,  we  have 


,      /,      ^\         rO'     Id*     10'         1 

°^r      2V>J~     L2»7H'''22%*'*'3  2V»''''"J 
so  that  (1)  gives 

~7r»[l»''"2»'*' 3" ■•""■]      2  7r'Ll*"^2*''"3«'^"*J 

3'7r«Ll«"'"2«'*"3«"^"'J  

~     U      120  ■'"'•7     2U      120 ■•■•"/       '•' 

,    ^_^  .  a/J 1  L\- 

6         \120     2*36/      


•  •• 


"""6  ""ISO"" ^  ^' 

Since  equation  (2)  is  true  for  all  values  of  0  the 
coefficients  of  0^  on  both  sides  must  be  the  same,  and 
similarly  those  of  0^,  and  so  on. 
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Hence  w6  have 

1/111  j.i.\        1 

-;;ii[T»+j»  +  S'  +  -^'^^')  —  6' 
-11(1   1    1  \       1 

Hence  v'^^'^W'^-^J  ^^^' 

^^^  P"'"2i"''3'«  ■*■•••  "90 ^*^' 

374.     By  proceeding  in  a  similar  manner  with  the 
result  of  Art.  370  we  have 

=  C08^  =  l-i^+|^..., 

80  that  ~ 

...(:-?)..og(i-i2)...,(x-^) 


1   r,    ^  ^     1 

+  ...  =  log|^l--2+2^-...J. 

Hence  as  before 
-4g'/l  .1,1  \_l]^(l      11  ^ 

-i„,[>-(|4,....)] 

~     [2      24  "'"•••j     2V2       24  ■*"•••; 

-      2 ''"24  ■''•*•      2U     '")     ~      2      12     •••• 
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Hence,  equating  coefficients  of  S'  and  0*,  we  have 


w*U*3«'^5<  ■•"••*>/'      12' 


and  hence  Ti'''^  "^  5i  ^  "•  ~  "S  ^^^' 

"^^  P  +  3i  +  5"«  +  -  =  96 ^^^ 


375.     WaUis'  Formula, 

In  the  expression  of  Art.  869  pnt  9=h  *  ^^^  ^^  ^^^ 

_irl.8    8.5    5.7  (2n-8)(2n-l)    (2n-^l)  (2n+l) 

"2   2«   •    42  •   6«    (2n-2)«        '  (2n)2 

where  n  is  infinite, 

2     l'.8«.5«.7« (2n-l)'.(2n  +  l) 

^-^^  t""  2«.4a.6» (2n)« 

i.V.t;!:::i2n-i)=\/|(^^-*-^^>  ^^^^^  ^  ^«  ^^^^^^ 

It  follows  that  when  n  is  very  great  (but  not  neoessarily  infinite)  then 

1.8.6 (2»-l)  =  V  2  <*'  +  ^)  ''^ """^ 

—y/nr,  ultimately. 


This  is  called  Wallis'  Formnla,  and  gives  in  a  simple  form  a  very  near 
approaoh  to  the  product  of  the  first  n  even  numbers  divided  by  the  first  n 
odd  numbers  when  n  is  very  great. 
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376.    Bz.    Prove  that 

From  Art.  870  we  have 

log«,.#=log(l-5)+log(l-g)+log(l-g,)  + (1). 

In  this  equation  sabstitnting  9  + A  for  0  we  have 

logco8(^  +  ;i)=log[l-~(d+;i)2]+log[l-^(^+;i)«]  + (2). 

Now  log  008  (^  +  A) = log  [cos  0  (cos  h  -  tan  0  sin  h)\ 

=logco8^  +  logri-^  +  . -tan^^fc-~-+ )1  (Art.  280) 

= log  COS  ^ + log  [1  -  ^  tan  $  +  higher  powers  of  ft] 
= log  cos  ^  -  ft  tan  e + powers  of  ft.    (Art.  266.) 

Also  log[l-;J(^+ft)«]=log!^+log[l-^^.+ ] 

,    r,    4^n      8^ft  ., 

=iog  [1  --^J  -  -r-4S'>"**P^'^®"  °^  *• 

and  iog[l-^^(^  +  ft)«] 


Substituting  these  values  in  (2)  and  equating  on  each  side  the  coeM- 

cients  of  -  ft  we  have 

X     ^        8^              %$               8^  ^_. 

**^^=?rr4^'*'^;?r4?  +  6M-4^  + (8>  ^ 


=  X  «^ 


^  (2r+l)V-4^" 
The  series  (8)  may  also  be  written 

^^22  2  2 

tan  B=i — h h 

ir-2tf     T  +  2^^8ir--2^     3ir  +  2tf^ 


[The  student  who  is  acquainted  with  the  DifFerential  Oaloulus  will 
observe  that  equation  (8)  is  obtained  by  diiferentiating  (1)  with  respect 
to  ^.] 
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377,    Bz.    Prove  that 

eosh  2a -cos  2$ 

where  r  U  zero  or  any  positive  or  any  negative  integer. 
We  have 

eosh  2a  -  cos  2$ = oos  2ai  -  cos  2^ = 2  Bin  (^ + at)  sin  {$  -  ax) 

=,„.^[,Ji±jL^[..(^^ 

-(.-.0[.-!t^[i-'-^] „, 

»„      [i-!^[.-!Jyir] 

_r(ir  +  e  +  ai)(ir-e-air\  r(x  +  g-at)  (ir-g  +  atn 

_(ir  +  g)a  +  a'     (ir-g)8  +  aa 
Henoe  (1)  gives 

[<-?^^^>dmf. (2). 

In  (2)  put  a=0  and  we  have 

2»in.9=2*..  (I^'  .  ^  .  (?!+«)!.  (?1Z*)!  ad  inf. (8). 

Dividing  (2)  by  (3)  we  have 
cosh  2a  -  008  20 

The  factors  of  cosh  2a + cos  2^  may  now  be  obtained  by  changing  0 

into  0  +  ^  and  .they  are  found  to  be  2  cos'  ^n  -ll  +  f     *     j  [■  where  r  is 
any  odd  integer,  positive  or  negative. 
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EXAMPLES.    LXV. 

Prove  that 

1111  ,  .  .  _ir^ 

J-    p"  2***"  3*~  P"*" aaini.  — j^. 

«       1        1       1  A'   t     a  (2T)* 


«1  1  1  1  :,.*»* 

3-    r:2  +  27J'*-3-6  +  478+ admf.  =  j^. 

5.  Prove  that  the  sum  of  the  products,  taken  two  and  two  together^ 
of  the  redprooals  of  the  squares  of  all  odd  numbers  is  ^^j . 

6.  Prove  that  the  sum  of  the  products,  taken  two  and  two  together, 
of  the  reciprocals  of  the  squares  of  all  even  numbers  is  r^ . 


Prove  that 

7. 

1        20 

20 

2M-^    

11      1 

1 

0-2r 

"*■  ^  +  2ir 

ad  inf. 

8. 

^1      1 

1           1 
0  +  ir  '  ^-2ir"*" 

(-1)* 

1 
0  +  27r 

1 
0-Sv 

1 
^  +  8t 

and  hence  that 

1  +  ^oosec^     1 

1                1 

..  ad  inf. 

I  Use  the  relation  coaec  0  =  ^1  tan  ^  +*^^*o)  • 

1        ^_      1  3  5  ,  .  . 

Use  the  relation  2  «ec  0^tan  (  t  +  s )  +  ^^*  (t  +  o)  • 
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10.  4  "^'^==  fi^rW'  "*"  C^i^i^  "*"  (3ir -  2g)«  -*•  (3t +  2^)*-*- '"  ""^  ^^- 
[Apply  the  process  of  Art,  876  to  the  result  obtained,] 

11.  ooseo«#=^  +  ^-^+^-^+j^-^  +  j^^,+  ,..adiiif. 
Prove  that 

sina         \       o/ \      ir-o/  \       ir+a/ 

(l-2S^.)(l-STi) 

=n  I  1 ) ,  where  r  is  any  positive  or  negative  integer  or  zero. 

\      a+rwj 

13.    — ^ — ^=n  ( 1  + ) ,  where  r  is  any  positive  or  negative 

sina    •         \      o  +  nr/ 

integer,  including  zero. 

eos(a+g)_/         20   \(  2g    \  /  2B    \  (  20    \ 

^*-        cosa     "V      T+2o;\      ir-2ayV      3ir  +  2aA       3T-2ay 

=n    1+5 — ; —    ,  where  r  is  any  odd  integer  positive  or  negative. 

15,    ^ =n    1  - ,  where  r  is  any  odd  integer,  positive 

or  negative. 

oostf+cosar        e^    nr        ^'   Ifi        ^    1 

^°-        1  +  cosa     "L       ('  +  a)UL       (ir-a)«JL       (3ir  +  a)«J 

L       (nr  +  a)«J' 
where  r  is  any  odd  integer  positive  or  negative. 

[Multiply  together  the  results  of  Exs,  14  and,  15  and  then  change  20 
and  2a  into  0  and  a.] 

cosg-costt      J      g^  J      __^__) 
^^'       1-ooso    "^  t      o'l    t      (2ir  +  a)»j 

where  r  is  any  even  positive  or  negative  integer,  indnding  zero. 
Hence  deduce  the  factors  of  cosh  x  -  cos  a. 

L,  T.  29 


4>  ■>    » 
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Bina  \       o/  \       T^aJ  \       r  +  aj 

0+2i^.)0-2;Ti) 

10,    2ooBh0+2ooBa 

='-i['*i^][»,^j 

2      L       (o  +  nr)2j' 


wherd  r  is  any  integer  positive  or  negative. 
20.    Prove  that 


sinh  nu=n  sinh  u  U 

r-l 


1  +  - ^ 

2n. 


and  deduce  the  expreBsion  for  sinh  u  in  the  form  of  an  infinite  product  of 
quadratic  factors  in  u, 

[Start  with  the  result,  when  $  is  zero,  of  Ex,  1,  Art,  868.    In  this 
result  put  0  eqtial  to  zero  and  divide,"] 

21.  Prove  that  the  value  of  the  infinite  product 

(l+i)  (l+i)  (l+ J) adint 

is  -sinhr. 

IT 

22.  A  Bemicirole  is  divided  into  m  equal  parts  and  a  concentric  and 
similarly  situated  semicircle  is  divided  into  n  equal  parts.  Every  point 
of  section  of  one  semicircle  is  joined  to  every  point  of  section  of  the 
other.  Find  the  arithmetic  mean  of  the  squares  of  the  joining  lines  and 
prove   that  when   m  and  n  are  indefinitely  increased  the  result  is 

a^+l^  -^—  ,  where  a  and  b  are  the  radii  of  the  semicircles. 

a    a 

23.  ^e  radii  of  an  infinite  series  of  concentric  oirdes  are  a,  „  •  ^  f. 

From  a  point  at  a  distance  e  (>a)  from  their  common  centre  a  tangent 
is'^awn  to  each  circle.    Prove  that 


lin  $1  sin  0^  sin  0^ =  ^^  —  sii 


where  0^' 02t  0^ ^^  the  angles  that  the  tangents  subtend  at  the 

conomon  centre. 
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24.  An  infinite  straight  line  is  divided  by  an  infinite  nmnber  of  points 
into  portions  each  of  length  a.  If  any  point  P  be  taken  so  that  y  is  its 
distance  from  the  straight  line  and  x  is  its  distance  measured  along  the 
straight  line  from  one  of  the  points  of  division,  prove  that  the  sum  of  the 
squares  of  the  reciprocals  of  the  distances  of  the  point  P  from  all  the 
points  of  division  is 

r  a 


ay       ,  2iry  2irx 

'  cosh  — 2  «  cos  — • 
a  a 


[Use  the  result  of  Ex,  J.] 

25.    If  a,  b,  e denote  all  the  prime  numbers  2,  8,  5 prove  that 

6 
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CHAPTER  XXX 

PBINCIPLE  OF  PROPORTIONAL  PARTS. 

378.  In  the  present  chapter  we  shall  consider  the 
Principle  of  Proportional  Parts,  the  truth  of  which  we 
assumed  in  Chapter  XI. 

We  then  assumed  that  if  n  be  any  number  and  n  +  1 
the  next  number,  whose  logarithms  were  given  in  our 
tables,  and  if  A  be  any  fraction,  then,  to  7  places  of 
decimals,  it  is  true  that 

log  (n  +  &)  —  log  w  _ , 
log(n+  1)  — logn"" 

The  truth  of  this  statement  we  shall  now  consider. 

379.  Common  Logarithms.  We  have,  by  Art. 
260, 

logio(w  +  A)-logion  =  logio^^  =filoge  (l  +  -)  > 

where  /i  = -43429448... 

Hence,  by  Art  256,  we  have 

log„(«  +  A)-log„n  =  ^-f^;+5^.- (1). 
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Now  in  our  ordinary  logarithm  tobies  „  contains 
5  digits,  i.e.  n  is  not  less  than  10000.     Hence,  if  h  be  less 

than  unity,  we  have  ^  —  less  than 

i  (-43429448...)  Xj^,, 

i.e.  less  than    ^^^^j*^!^^"' ,    ie.  <  -0000000021... . 

Also  ^—^is  less  than  one-ten  thousandth  part  of  this. 

Hence  in  (1)  the  omission  of  all  the  terms  on  the  right- 
hand  side  after  the  first  will  make  no  difference  at  least  as 
£Eir  as  the  seventh  place  of  decimals.  To  seven  places  we 
therefore  have 

logio(w  +  A)-logion  =  ^* 

So  logio  (w  + 1)  -  logion  =  ~~  • 

Hence,  by  division, 

logio  (n  +  h)-  logipn  ^  j^ 
logio(n  +  l)-logion 

The  principle  assumed  is  therefore  always  true  for  the 
logarithms  of  ordinary  numbers  as  given  in  our  tables. 

380.    We  may  enquire  what  is  the  smaUest  number  in  the  tables  to 
which  we  can  safely  apply  the  principle  of  proportional  parts.    We  must 

find  that  value  of  n  which  makes  ^  <  rrs »  so  that  «'>^«  10' .  hK 

The  greatest  value  of  h  being  unity,  we  then  have 

«»>^.107,  t.e.> 2171472-4 


.-.  n>1478. 
The  number  1478  is  therefore  the  required  least  number. 
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381.  Natural  Sines.  Suppose  we  have  a  table 
calculated  for  successive  differences  of  angles,  such  that 
the  number  of  radians  in  these  successive  differences  is  h 

[In  the  case  of  our  ordinary  tables  A  =  number  of 
radians  in  1' 

=  ^A  ^iQA  =  "000290888 . . .,    %.e.  h  <  -OOOS.] 
60x180  .  ■■ 

•  •  • 

Also  let  k  be  less  than  h.    Then  our  principle  was  tHat 

sin  (^  +  &)  —  sin  d  _  A: 
sin  (tf  +  A)  —  sin  ^ ""  A  * 

We  shall  examine  this  assumption. 
We  have 

8in(^  +  A?)  — sin^  =  sin5cosA  +cos^sinik— sin^ 

=  sin^l  —  J2  +  ]T  — •••     +cos^A?— 1^+...     — sin^ 

(Arts.  279  and  280) 
s=  Ar  cos  ^  —  7^  sin  5  —  T^  cos  ^ , .. 

The  ratio  of  the  third  term  to  the  first  =  -^1^  and  this 

o 

is  always  less  than  g  (-0003)*,  le.  always  less  than  -00000002. 

The  third  and  higher  terms  may  therefore  be  safely  neg- 
lected^ and  we  have 

ifc* 
sin(5  +  A)— sin5  =  A?cos^  — -j^sin^ (1). 

If 
The  numerical  ratio  of  the  second  term  to  the  first 
term 

=  ^ktBXid (2). 
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TT 


This  ratio  is  small,  except  when  0  is  nearly  eqtuxl  to  ^ . 

Hence,  except  when  the  angle  is  nearly  a  right  angle,  the 
second  term  in  (1)  may  be  neglected,  and  we  have 

sin  (^  +  A;)  —  sin  d  =  A?  cos  ^. 

So  sin  (5  +  A)  —  sin  d  =  A  cos  0, 

J,  sin(5  +  fc)  — sin5     k  '^. 

and  hence  .    ;^ — ri : — o  =  t (3). 

sm(^4-A)-sm5     h  ^  ^ 

When  0  is  very  yearly  a  right  angle  we  cannot  say 

that  ••  • 

sin  (^  +  A?)  —  sin  ^  =  A?  cos  0, 

and  hence  in  this  case  the  relation  (3)  does  not  hold  and 
the  difference  in  the  sine  is  not  proportional  to  the 
difference. in  the  angle.  In  this  case  then  the  differences 
are  irregular.     At  the  same  time  the  differences  are 

insensible ;  for,  when  0  is  nearly  -^ ,  k  cos  0  is  very  small. 

In  fact  kcoa0  has  nothing  but  ciphers  as  far  as  the 
seventh  place  of  decimals,  so  long  as  ^  is  within  a  few 
minutes  of  a  right  angle.    Also 

7^  sin  0  is  always  <  ^ — ^— ^ ,  ie.  <  •00000005 , . , 

Hence  when  the  angle  is  nearly  a  right  angle  a  com- 
paratively small  change  in  the  sine  will  correspond  to  a 
comparatively  large  change  in  the  angle;  also  at  the. same 
time  these  changes  are  irregular. 

382.  Natural  Cosines.  Since  the  cosine  of  an  angle 
is  equal  to  the  sine  of  its  complement  this  case  reduces  to 
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that  of  the  sine.  The  principle  is  therefore  true  except 
when  the  angle  is  nearly  zero,  in  which  case  the  differences 
are  insensible  and  irregular. 

383.     Natural  Tangents.     With  the  same  notation 
as  before  we  have 

,^     ,v_^        /?—  tan  5+ tan  &_        P_    tanA?sec^^ 

1  — tan^  tanA?  "  1  —  tan  Q  tan  h 

=  tan  A?  sec'^(l  4-  tan  ^  tan  h  +  tan^  B  tan"  &...) 


=  sec" 0 


A  +  ^  +  ...l  ri+tan^(&+^  +  ...) 

+  tan«  ^  (A:«  +  . .  .)1     (Art.  281) 

=  &sec"d  +  Ai»^^  +  A:»sec"^r^  +  tan«5|+ (1). 

cos'^  L3  J  ^ 

The  third  and  higher  terms  may  be  omitted  as  before, 

except  when  0  is  nearly  a  right  angle. 

/J 

Unless  the  quantity  A;*  - — ^  be  large  we  shall  then 

have 

tan(d  +  A?)-tan(?  =  A;sec"^ (2), 

and  the  rule  is  approximately  true. 

When  ^  is  >  "7  the  second  term  of  the  equation  (1)  is 

>  2A^,  so  that  taking  the  greatest  value  of  hy  viz.  about 
'0003,  this  would  give  a  significant  figure  in  the  seventh 
place.    The  principle  is  therefore  not  true  for  angles 


TT 


greater  than  -;  >  wh6n  the  differences  of  the  tabulated 


4 


angles  are  1^ 
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384.  Natural  Cotangents.  As  in  the  last  article  it 
can  be  shewn  that  the  principle  must  not  be  relied  upon 
for  angles  between  0  and  45°. 

386.    Natural  Secant.    We  have  sec  (0  +  A;)  —  sec  0 

^ 1 1_ 

cos  0  COS  A;  —  sin  ^  sin  k     cos  0 


=  sec  0 


-1 


1  — Atan^—  o  A^... 


[ 


=  sec  ^    A?  tan  0  + 


Ki 


+  tan»  0 


)....] 


=  iksec^tan5  +  A;»sece^|  +  tan»^W (1). 

The  ratio  of  the  second  to  the  first  term 


=  i 


I  +  tan»  0 
tan  9 


-B 


cot  ^  -f  tan  ^ 


]• 


IT 


This  is  small  except  when  0  is  nearly  zero  or  |.     Hence. 

except  in  these  two  cases,  we  have 

sec  (^  -f  i)  -  sec  ^  =  A:  tan  0  sec  0 

and  the  rule  is  proved. 

When  0  is  small  the  term  k  sec  0  tan  0  is  very  small, 
so  that  the  differences  are  insensible  besides  being 
irregular. 


IT 


When  0  is  nearly  -^  this  term   is  great,  so  that  the 
differences  are  not  insensible. 
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386.  Natural  CoBecant.  Just  as  in  the  case  of  the 
secant  it  may  be  shewn  that  the  differences  are  insensible 
and  irregular  when  6  is  nearly  90°,  and  irregular  when  0 
is  nearly  zero.     Otherwise  the  principle  holds. 

387.  Tabular  Iiogarithmic  Sine.     We  have 

r     •    //»     f\      T     '    /\     ^       8in(^  +  A;) 
Ao  sin  (5  +  A?)  -  iio  sm  0  =  logw  —  \^q 

=  logio  [cos  A?  +  cot  ^  sin  A;]  =  logio  |l+A:cotfl—  ^... 

(Arts.  279  and  280) 

=  /i  I  A?  cot  ^  -'^  - 1  A;«  cot"  ^  + . . .  1    (Arts,  256  and  260) 

=  fjJe cot  0  —  ^^cosec"  0  .... 

The  numerical  ratio  of  the  second  term  to  the  first 
_1.  I  k 


2     *  sin  tf  cos  0     sin  29' 

This  is  small  except  when  0  is  near  zero  or  a  right  angle. 
Hence,  with  the  exception  of  these  two  cases,  we  have 

L sm(0  +  k)  —  L sin  0  =  fi oot  0  X  k, 

so  that  the  rule  holds  in  general. 

If  0  be  small  the  term  fik  cot  0  is  large,  so  that  the 
differences  are  large  as  well  as  irregular.  We  cannot 
therefore  apply  the  principle  to  small  angles  in  the  case 
of  tables  constructed  with  difference  of  1'. 

Even  if  the  tables  were  constructed  for  differences  of 
10"  we  are  not  sure  of  being  free  from  error  in  the  7th 
place  of  decimals  unless  0he>  5°. 
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If  ^  be  nearly  ^  the  terms  fJe  cot  0  and  ^  cosec^  0  are 

both  small,  so  that  if  the  angle  be  nearly  a  right  angle  the 
differences  ai^e  insensible  as  well  as  irregular; 

388.  Tabular  Iiogarithmic  Cosine.  The  rule 
holds  approximately,  since  the  cosine  is  the  complement 
of  the  sine,  except  when  the  angle  is  small,  in  which  case 
the  differences  are  insensible  as  well  as  irregular,  and 
except  when  the  angle  is  nearly  a  right  angle,  in  which 
casie  the  differences  are  large. 

389.  Tabular  laogarithmio  Tangent.    Here 

Ztan(e  +  A:)-itan^  =  logio^^^5_^^ 

_  .  1  +  cot  g  tan  k  _ ,  fl  +  jfc  cot  0'^ 
"  *^^^*  l-tau^tanA;  '"  ^^"  [l^k  tan  ^J 
=  logio  [(1  -I-  h  cot  0)  (1  +&tan  ^H- A?nan»^  +  ...)] 

[sin  ^  cos  ^  ^  cos»  0     2  sin«  0  cos^tf         J 

(Arts.  256  and  260) 
-_M_      g   , ,  cos 20 
~sin5cos5      ^''^sin«2^^-- 

The  numerical  ratio  of  the  second  term  to  the  first 
=  k  cot  2ft  This  is  small  except  when  0  is  near  zero  or  a 
right  angle. 

Hence,  with  the  exception  of  these  two  cases,  we  have 

itan(d  +  A;)-itan0=-^-^.A, 
^         '  sm  2r 

so  that  the  principle  is  in  general  true. 
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k 

In  each  of  the  exceptional  cases  -; — ^wi  is  i^ot  small,  so 

^  sm  20 

that  the  differences  are  then  irregular  but  not  insensible. 

The  same  statements  are  true  for  the  tabular  loga- 
rithmic cotangent. 

390.    Tabular   Logarithmic   Secant  and  Cose- 
cant.    We  have 

i  sec  ( 5  +  A?)  -  i  sec  5  =  Z  cos  ^  —  Z  cos  (^  +  i) 

and      L  cosec  (^  +  A?)  —  Z  cosec  ^  =  Z  sin  ^  —  Z  sin  (^  +  fc). 

Hence  the  results  for  the  Z  sin  and  Z  cos  are  also  true 
for  the  Z  cosec  and  Z  sec. 


CHAPTER  XXXI. 


ERRORS  OF  OBSERVATION. 


391.  We  have  up  to  the  present  assumed  that  it  is 
possible  to  observe  any  angles  perfectly  accurately.  In 
practice  this  is  by  no  means  the  case.  Our  observations 
are  liable  to  two  classes  of  errors,  one  due  to  the  instru- 
ments themselves,  which  are  hardly  ever  in  perfect  adjust- 
ment, and  the  other  class  due  to  mistakes  on  the  part  of 
the  observer. 

392.  An  error  in  any  of  our  observations  will  clearly, 
in  general,  cause  an  error  in  the  value  of  any  quantity 
calculated  from  that  observation.  For  example,  if  in  Art. 
192  there  be  a  small  error  in  the  value  of  a,  there  will  be 
a  consequent  error  in  the  value  of  x  which,  as  we  see 
from  the  result  of  that  article,  depends  on  a. 

393.  The  importance  of  an  error  in  a  length  depends, 
in  general,  upon  its  ratio  to  that  length.  For  example  in 
measuring  a  piece  of  wood,  about  six  feet  long,  a  mistake 
of  one  inch  would  be  a  very  serious  error ;  in  measuring  a 
mile  racecourse  a  mistake  of  one  inch  would  be  not  worth 
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considering;  whilst  in  measuring  the  distance  from  the 
Earth  to  the  Moon  an  error  of  one  inch  would  be  abso- 
lutely inappreciable. 

394.  We  shall  assume  that  the  errors  we  have  to 
consider  are  so  small  that  their  squares  (when  measured 
in  radians  if  they  be  angles)  may  be  neglected  and  we 
shall  give  some  examples  of  finding  the  errors  in  derived 
quantities. 

We  shall  assume  that  our  tables  and  calculations  are 
correct,  so  that  we  have  not  to  deal  with  mistakes  in 
calculation  but  only  with  errors  in  the  original  observa- 
tion. 

395.  B3i«  1*  ^P  (^^9'  -^f*^*  ^^)  ^  ^  vertical  pole;  at  a  paint  O 
^stant  a  from  its  foot  iU  angular  elevation  is  found  to  be  0  and  its  height 
then  calculated;  if  there  he  an  error  8  in  the  observation  of  0  find  the 
consequent  error  in  the  height. 

The  calcnlated  height  A = a  tan  0,  clearly. 

If  the  error  d  be  in  excess,  the  real  elevation  ia  0*-8f  and  hence  the 
real  height  h'=a  tan  (0  -  8). 

Hence  the  error  h-h'=sa tan 0-a tan  {0 - 6) 

sin 5  «-    , 

=* 2 7S — =r=asec?^.d, 

cos  0  cos  (0'~d) 

if  we  neglect  squares  and  higher  powers  of  6. 
The  ratio  of  the  error  to  the  calculated  height 

ox 

=  5  sec*  ^ -7- tan  ^  = -;— jr;r^ 

Except  when  sin  2^  is  smaU  this  ratio  is  small  since  d  is  small.    Jt  is 

least  when  sin  20  is  greatest,  i,e,  when  ^  is  -? . 

4 

The  ratio  is  large  when  0  is  near  zero  and  when  it  is  near  ^  • 

Hence  a  smaU  mistake  in  the  angle  makes  a  relatively  large  mistake 
in  the  calculated  result  when  the  angle  subtended  is  very  small  or  when 

it  is  very  nearly  -^  • 
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When  0  is  small,  both  the  oalculated  height  and  the  absolute  error, 
viz.  atan^  and  aseo^^.d,  are  Small,  but  the  latter  is  great  compared 
with  the  former. 

When  e  &  nearly  90°,  both  these  quantities  are  great. 

Bz.  ^.  The  height  of  a  tower  U  found  as  in  Art.  192;  if  there  he  an 
error  $  in  excess  in  the  angle  a,  find  the  corresponding  correction  to  be 
made  in  the  height. 

The  real  value  of  a  Ib,  a-0;  hence  the  reltl  value  of  the  height  is 
found  by  substituting  a  -  ^  for  a  in  the  obtained  answer,  and  therefore 

8in(a-.0).8ini9 .  sin  a  oos  0  -  oos  a  sin  ^ 

sm(j3'-a+^)  ^8m(/3-a)co8^  +  cos(/3-a)sm^ 

sm{p-a)      l  +  ^oot(j8-o)  ^  ' 

a  sin  a  sin  )3 -4     yixiM>»a.#«\  i 

asinasinfl„      .,     ...      .        ,    ._ 

a  sin  a  sin /9     .     asin'jS 

■ «-» ». . .  ■  ^ 

sin(j8-o)         sina(/3-o) 

The  error  in  the  calculated  height  is  therefore  0,  .  ^,^      .  •  and  is 

^^  sin*  (/3  -  a) 

one  of  excess. 

Also  the  ratio  of  the  error  to  the  calculated  height 

_       gsinjg 
""sinosinC/S-o)* 

Bz.  8.  The  angles  of  a  triangle  are  calcvlated  from  the  sides  a =2, 
&=3,  and  c=4,  but  it  is  found  that  the  side  e  is  overestimated  by  a  small 
quantity  d;  fi/nd  the  consequent  errors  in  the  angles. 

From  the  given  values  of  the  sides  we  easily  have 

7  •  11  1 

C0Sil=3,  cosBs^,  cosCs-^, 

o  ID  4 

Sin  4=;^^,     smJ5=-^^,    and    BinC=-?s— . 

*  -  10  lo  10  .  . 
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Corresponding  to  the  value  4-5,  let  the  valaes  of  the  angles  heA-B^y 
B-$i,  and  C-^,. 

an.  ij      ^^      8»  +  (4-5)»-23      21-85/,      dy^ 

Then      cosM-gJ^    ^^^^_^;  3     =-^(l,-)    , 


[Arts.  279  and  280] 


7^2^16.      7     11. 


80  that  e^^^}^s (1). 

Ai  /»    /ix     (4-5)'+2«-3«     11-85/      5\-^ 

Also         oos(B-(?J  =  L-2T4r5r:2-=T6-(^-4)     ' 

t...         l|+shiB. ^,=  ^[11-85]  [l  +  {)  =  l[ll-55]. 


t.c.  -i6"^«-"64*' 

so  that  ^=-Zi^a. 

"  60 


(2). 


Ai  //>    iiv    2«+8«-(4-5)a      -3  +  85 

Also  cos(C-^J=_2-2L_J=___, 

1     4^15.  _     1     25 
I.e.  "4'*'"1[6~^»~"4'*""3"' 

so  that  ^»""^~  ^' 

The  errors  in  the  angles  are  therefore 

-1V16,     -2V16.        ,  32^16,      ,. 

— —  5.    ^^ —  5.  and  — — —  5  radians. 

180       *        180       '  180    *'^*""*"'*» 

so  that  the  smallest  angle  has  the  least  error. 

We  note,  as  might  have  been  assumed  a  priori,  that  the  sum  of  the 
errors  in  the  three  angles  is  zero.  This  is  necessarily  so,  since  the  sum 
of  the  angles  of  any  triangle  is  always  two  right  angles. 
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EXAMPLES.    LXVI. 

1.  The  height  of  a  hill  is  found  by  measoring  the  angles  of  elevation 
a  and  p  of  the  top  and  bottom  of  a  tower  of  height  b  on  the  top  of  the 
hill.  Prove  that  the  error  in  the  height  h  caused  by  an  error  0  in  the 
measurement  of  the  angle  a  is  ^ .  cos  j3  sec  a  cosec  (a  -  p)  times  the  cal- 
culated height  of  the  hill. 

2.  At  a  distance  of  100  feet  from  the  foot  of  a  tower  the  elevation  of 
its  top  is  found  to  be  30°;  find  the  greatest  and  least  errors  in  its 
calculated  height  due  to  errors  of  1'  and  6  inches  in  the  elevation  and 
distance  respectively. 

3.  In  the  example  of  Art.  196  find  the  errors  in  the  calculated  values 
of  the  flagstaff  and  tower  due  to  an  error  8  in  the  observed  value  of  a. 

If  a  =1000  feet,  a =30°,  /3=15°,  and  there  be  an  error  of  1'  in  the 
value  of  a,  calculate  the  numerical  value  of  these  errors. 

4.  AB  is  a  vertical  pole,  and  CD  a  horizontal  Une  which  when 
produced  passes  through  B  the  foot  of  the  pole.  The  tangents  of  the 
angles  of  elevation  at  C  and  D  of  the  top  of  the  pole  are  found  to  be 

^  and  7  respectively.    Find  the  height  of  the  pole  having  given  that 
«5  4 

CD =35  feet. 

Prove  that  an  error  of  V  in  the  determination  of  the  elevation  at  D 

will  cause  an  error  of  approximately  1  inch  in  the  calculated  height  of 

the  pole. 

5.  The  elevation  of  the  summit  of  a  tower  is  observed  to  be  a  at  a 

station  A  and  /3  at  a  station  B,  which  is  at  a  distance  c  from  A  in  the  direct 

horizontal  line  from  the  foot  of  the  tower,  and  its  height  is  thus  found  to 

,     c  sin  a  sin  iS  .    , 

be  -^—, ^  feet. 

sin  (a  -  p) 

If  AB  be  measured  not  directly  from  the  tower  but  horizontally  and 

in  a  direction  inclined  at  a  small  angle  0  to  the  direct  line  shew  that,  to 

correct  the  height  of  the  tower  to  the  second  order  of  small  quantities,  the 

c  cos  a  sin^  B    0^  ,        , 

quantity  — ^  .    , — ^  —  must  be  subtracted. 
^  "^  cosj8sm(a-/3)  2 

6.  A,  Bf  and  C  are  three  given  points  on  a  straight  line;  2)  is 
another  point  whose  distance  from  B  is  found  by  observing  that  the 

L.  T.  30 
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angles  ADB  and  CBB  are  equal  and  of  an  observed  magnitude  d ;  prove 
that  the  error  in  the  calculated  length  of  BB  consequent  on  a  small 
error  5  in  the  observed  magnitude  of  0,  is 

2a6(a+&)asing 
"(aa  +  6a-2a6co8  2^)f 
approximately,  where  AB=a  and  BC=b, 

7.  In  measuring  the  three  sides  of  a  triangle  small  errors  x  and  y 
are  made  in  two  of  them,  a  and  h ;  prove  that  the  error  in  the  angle  C 

will  he- J- cot  A  —  cot P,  and  find  the  errors  in  the  other  angles. 
o  a 

8.  In  a  triangle  ABC  we  have  given  that  approximately  a =36  feet, 

3 
5=50  feet,  and  C=tan~~^  ^^  ^^  what  error  in  the  given  value  of  a  will 

cause  an  error  in  the  calculated  value  of  c  equal  to  that  caused  by  an 
error  of  5"  in  the  measurement  of  C. 

9.  A  triangle  is  solved  from  the  parts  (7=15^  a=/^6,  and  b=2 ; 
prove  that  an  error  of  10"  in  the  value  of  C  would  cause  an  error  of  about 
13*66''  in  the  calculated  value  of  B, 

10,  Two  sides  b  and  e  and  the  included  angle  J  of  a  given  triangle 
are  supposed  to  be  known ;  if  there  be  a  small  error  6  in  the  value  of  the 
angle  A^  prove  that 

(1)  the  consequent  error  in  the  calculated  value  of  £  is 

-  9  sin  £  cos  C  coseo  A  radians, 

(2)  the  consequent  error  in  the  calculated  value  of  a  is  c  sin  B .  ^, 
and  (3)  the  consequent  error  in  the  calculated  area  of  the  triangle  is 

0  ooiA  times  that  area. 

11,  There  are  errors  in  the  sides  a,  &,  and  c  of  a  triangle  equal  to 
j;,  jfy  and  z  respectively ;  prove  that  the  consequent  error  in  the  calculated 
value  of  the  circum-radius  is 

^  cot  ^  cot  jB  cot  C  [x  sec  il  +  y  sec  JB  +  2  sec  C]. 

12,  The  area  of  a  triangle  is  found  by  measuring  the  lengths  of  the 
sides  and  the  limit  of  error  possible,  either  in  excess  or  defect,  in 
measuring  any  length  is  n  times  that  length,  where  n  is  small.  Prove  that 
in  the  case  of  the  triangle  whose  sides  are  measured  as  110,  81,  and 
59  yards,  the  limit  to  the  error  in  the  deduced  area  of  the  triangle  is 
about  3'1433n  times  that  area. 
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13.  The  three  sides  of  a  triangle  are  measured  and  found  to  be 
nearly  equal.  If  the  measurements  can  be  wrong  one  per  cent,  in  excess 
or  defect,  prove  that  the  greatest  error  that  can  arise  in  calculating  one 
of  the  angles  is  80'  nearly. 

14.  It  is  observed  that  the  elevation  of  the  summit  of  a  mountain  at 
each  comer  of  a  plane  horizontal  equilateral  triangle  is  a ;  prove  that  the 
height  of  the  mountain  is 

-Tj  a  tan  a, 

where  a  is  the  side  of  the  triangle.    If  there  be  a  small  error  n"  in  the 
elevation  at  C,  shew  that  the  true  height  is 


1      .        r,  sin«"     n 

-T^atana    1  +  ^—. . 

V3  L      osmacosaj 


30—2 
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MBCELLAXfiC-irS  FBP>P0SmOSSu 


The  stutdard  £jnn  of  a  cainc  equatMMi  is 

5»-3ov*-r3fev-?-c=a 

Pat  y=x— a»  and  this  equation  beoomes 

je-3(fl*-6ix+i2a»-3ai+c)=0, 

tleL  it  beoomes  of  the  f<xin 

jr»-3/Mr  +  g  =  0 (!> 

Hence  any  cobic  equation  can  be  ledooed  to  the  form 
(1),  which  has  no  t^m  containing  «*. 

307.     To  solve  the  equation  J*  ^Spg-^q^O. 

Put  x=-,  and  we  haYC 
n 

£»-3pfi*z+5ii»=0  (2X 

Now,  by  Art  107,  we  always  have 

cos  30  =  4  008*0-30060, 

3             1 
8o  that  coB»0- jOos0--oos30  =  O (3). 
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Now  (2)  and  (3)  are  the  same  equation  if 

3  1 

z  =  coa0,  3pii^  =  -,  and  — -jooa  SO  =  qnK 

Hence  n  =  (^)  , 

and  therefore  cos  3^  =  —  45(7-] (4). 

The  equation  (4)  can  always  be  solved  (by  means  of 
the  tables  if  necessary)  if 

.4p, 
i.e.  if  g'^<4p'. 

[The  student  who  is  acquainted  with  the  Theory  of  Equations  will 
notice  that  is  the  case  which  cannot  be  solved  by  Cardan's  Method.  It 
is  the  case  when  the  roots  of  the  original  cubic  are  all  reaL  ] 

If  d  be  the  smallest  angle  satisfying  equation  (4),  then 
the  values  O^-k-  and  0  +  -^ 

also  satisfy  it,  so  that  the  roots  of  the  equation 

a^  —  Spx  +  q  =  0 


p  be  positive,  and         4}  ( —  J  <  1, 


are 


-cos^,     -cos  [0  +  -fr],  and  -cos  ( ^+  -s- 1  > 
n  n       \        S  J  n        \.       o  J 


i.e,  2a/pcos0,    2v[pcos(5  +  -K-),  and2 Vpcos(5+ -s"). 


398.    Bx.    Solve  the  equation 

Put  x=y-2,  and  the  equation  becomes 

2/»-3y  +  l=rO. 
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Put  y=~  t  and  the  equation  is 

«»-3n3«  +  n8=0 (1). 

3  1 

Now  COS*  0  -  -r  Qoa  6  -  -r  co8^d=0 (2). 

4  4 

Equations  (1)  and  (2)  are  the  same  if 

£=oos^,  n'=7,  and  -7  cos  8^= n^ 

4  4 

.      ..  1 

t.«.  if  ''^Q* 

and  cos3d=  -^=008120° (3). 

The  roots  of  (3)  are  clearly 

40«,  40° +  120°,  and  40° +240°, 

so  that  2= cos  40°,  or  cos  160°,  or  cos  280°. 

/.  y =2  cos  40°,  or  2  cos  160°,  or  2  cos  280°. 

A  a;=y~2=:-2+2cos40°,  or  -2-2oos20°,  or  -2+2ooa80°. 

On  referring  to  the  tables  we  then  have  the  values  of  x. 

EXAMPLES.    LXVn. 

Solve  the  equations 

1,    2a5?-3a;-l=0.  2.  a?«  +  8a5?-l=0.  3.    a^-24a;-82=0, 

4.    a:»-6ar»+6a;+8=0.  5.    a^-21aj  +  7=0. 

6.    a^+4a?+2a5-l=0.  7.    aj«-7a?+6=0. 

Maximum  and  Minimum  Values. 

.    399.    In  Art.  133  we  have  given  one  example  of  the 
maximum  value  of  a  trigonometrical  expression. 

We  add  another  example. 

If  X  and  y  he  two  positive  angles  whose  sum  is  a  constant 
angle  a(:^7r),  find  when  sin  x  sin  y  is  a  maaimum,  and 
extend  the  theorem  to  more  than  two  angles. 
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We  have     28ina?siny  =  2  8inicsin(a  — a?) 

=  cos  (a  —  2a)  -■  cos  a. 
Hence   2  sin  a;  sin  y   is  greatest   when   cos  (a  — 2a;)  is 
greatest,  i.e,  when  a=  2a?,  and  therefore 

a 

The  product  is  therefore  gi*eatest  when  the  angles  x 
and  y  are  equal. 

Let  there  be  three  angles  x,  y,  and  z  whose  sum  is 
equal  to  a  constant  angle  yS.     If,  in  the  product 

sin  X  sin  y  sin  Zy 
any  two  of  the  angles  x  and  y  be  unequal,  we  can,  by  the 
preceding  part   of  the   article,  increase   the  product  by 
substituting  for  both  x  and  y  half  their  sum  without 
increasing  or  diminishing  the  sum  of  the  angles. 

Hence  so  long  as  the  angles  a?,  y,  and  z  are  unequal, 
we  can  increase  the  given  product  by  thus  making  the 
angles  approach  to  equality. 

The  maximum  value  will  therefore  be  obtained  when 
the  angles  x,  y,  and  z  are  equal. 

This  argument  can  clearly  be  applied  whatever  be  the 
number  of  the  angles  x,y,z,.,, 

400.  We  can  now  shew  that  the  maximum  triangle 
that  can  he  inscribed  in  a  given  circle  is  equilateral. 

For,  if  R  be  the  radius  of  the  circle,  we  have  (as  in 
Ex.  XXXVI.  10)  the  area  of  the  triangle 

=  2iJ3  sin  A  sin  B  sin  (7, 

where  -4+5  +  C=27r,  a  constant  angle.     By  the  preced- 
ing article  it  follows  that  the  triangle  is  greatest  when 
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EXAMPLES.    LXVin. 

1.  If  :r+y  be  a  given  angle,  less  than  x,  prove  that 

(1)    sin  a;  +  sin  y,        (2)    co^x+ooB^y,    and    (3)    cos  a;  cos  ^ 
all  have  their  greatest  values  when  x:=y. 

2.  Find  the  minimum  value  of 

a' tan  a; +  6^  cot  x. 
Find  the  minimum  values  of 

3.  ?^^|<^+_?/L.  4,    a>sin»^+6«coseca^. 

JS        2co8  0 

5.    If  x+y=a,  where  a  is  :^^ ,  find  when  tanx  tan y  is  a  maximum. 


[We  have  1  -  tan  x  tan  y= ; s— ;  • 
"     cos  o  -  cos  (o  -  2a;)  J 


6.  Prove  that  the  maximum  triangle  having  a  given  perimeter  is 
equilateral.   , 

The  area  of  a  triangle  can  be  proved  to  equal  t' tan  -^  tan  -^  tan  —  .  I 

7.  Prove  that  the  area  of  the  pedal  triangle  of  an  acute-angled 
triangle  is  never  greater  than  one  quarter  of  the  area  of  the  latter. 

8.  If  ABC  be  a  triangle,  prove  that  the  least  value  of 

3 
cos  2ii  +  cos  2£ + cos  2C  is  -  ^ . 

Prove  also  that  ooSil+cosB+cosC  is  always  >1  and  not  greater 
than  ^. 

On  the  geometrical  representation  of  complex 
quantities. 

401.  In  Chap.  IV.  we  pointed  out  that  if  a  distance 
in  any  direction  (say,  horizontally  towards  the  right)  be 
represented  by  a,  then  —  a  represents  the  same  distance 
drawn  in  an  opposite  direction,  i.e.  horizontally  towards 
the  left. 
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The  eflfect  of  prefixing  —  to  a  is  therefore  (Fig. 
Art.  48)  to  rotate  OA  in  the  positive  direction  through 
two  right  angles.  The  operation  -1  performed  on  a 
therefore  means  turning  a  through  two  right  angles. 

402.  Now  V—  1  X  V—  1  =  —  1 ;  hence  whatever  mean- 
ing we  give  to  the  operation  V^l  it  must  be  such  that 
performing  that  operation  twice  shall  he  the  same  thing  as 
performing  the  operation  —  1. 

Let  us  therefore  assign  to  the  operation  V— 1  the 
turning    any  length  through   one  right    angle    in    the 

positive  direction.  Performing  the  operation  V— 1  on  a 
twice  will  therefore,  as  it  should  do,  turn  a  through  two 
right  angles. 

Hence,  with  this  interpretation,  V—  1  a  means  a  line 
drawn  at  right  angles  to  the  line  denoted  by  a. 

403.  We  can  now  shew  what  is  denoted  by 


X  +  V—  1  y. 

Draw  OX  and  OY  two  lines  at  right  angles.     Measure 
along  OX  a  distance  OM  equal  to  x  and 
then  draw  MP  parallel  to  OF  and  equal 

to  y,   so    that   MP  represents   V— ly. 
Then  P  is  the  point  that  represents  the 


quantity  x  +  V—  1  y,  or,  again,  we  may    o  m 

say  that  OP  is  the  line  representing  this  quantity. 

We  have    OP  =  ^/OM^  +  MP^='^a^  +  y\ 

MP  V 

and  /.  MOP  =  tan-^  ^ = tan-^  ^ . 

OM  X 


1 
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O    M 


...;>5!R 


f-lS 
N     L 


Hence  the  length  of  OP  represents  the  modulus  and 
MOP  the  principal  value  of  the  Amplitude  of  a;  -H  iy. 
(Art.  265.) 

404.    Addition  of  two  complex  quantities. 

Let  OP  represent  the  complex  quantity  x+  iy  and 
OQ  represent  u  +  iv,  so  that  y 

ON=x,NP=-y,  OM  =  u, 
and  MQ  =  v. 

Complete  the  parallelogram 
OPRQ,  and  draw  RL  perpendicu- 
lar to  OX  and  PS  pei'pendicular  to  RL. 

Since  PR  is  equal  and  parallel  to  OQ,  we  have 

NL  =  PS=OM,  and  SR  =  MQ. 

Hence  OL  =  ON  +  NL=x-\-  w, 

and  LR-=LS  +  SR=-y  +  v. 

Therefore  OR  represents  the  complex  quantity 

x  +  u  +  i(y  +  v), 

so  that  the  sum  of  two  complex  quantities  is  repre- 
sented by  the  diagonal  of  the  parallelogram  whose  two 
adjacent  sides  represent  the  two  given  complex  quantities. 

406.     Let 

x  +  iy  =  r  (cos  0  +  i  sin  0), 
as  in  Art.  265. 

Then 

(cos  a  -h  i  sin  a)  (x  +  iy)  =  r  (cos  a  +  i  sin  a)  (cos  0  +  i  sin  0) 

=  r  [cos  (a  +  ^)  +  i  sin  (a  +  0)] (1). 

Now  r  [cos  0  -{-i  sin  0] 

means,  with  our  interpretation,  a  line  of  length  r  drawn  at 
an  angle  0  with  OX. 
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Also  r  [cos  (a  +  ^)  +  i  sin  (a  4-  ^)] 

means  a  line  of  the  same  length  r  drawn  at  an  angle  a  +  ^ 
with  OX  (Art.  403). 

Hence,  by  (1),  the  efifect  of  multiplying  x  +  iy  by 
cos  a  +  i  sin  a  is  to  turn  through  an  angle  a  the  line  that 
represents  x  +  iy. 

406.     Geometrical  meaning  of  De  Moivre'a  Theorem. 

The  quantity 

(cos  a+t  sin  a)(cos  /8 + i  sin  )8)(cos  7  +  i  sin  7)(cos  S  +  i  sin  8), 

means  the  line  represented  by  cos  S  +  i  sin  S  turned  first 
through  an  angle  7,  then  through  ^,  and  finally  through 
a,  i.e.  altogether  turned  through  a  +  /8  +  7. 

But  this  total  operation  gives  the  same  line  as 

[cos  (a  4-  ^  +  7)  H-  isin  (a  -I-  ^  +  7)]  [cos  S  +  i  sin  S]. 

Similarly  for  any  number  of  factors. 

Hence  De  Moivre's  Theorem  expresses  algebraically 
the  geometrical  fact  that  to  turn  a  line  through  a  number 
of  angles  successively  has  the  same  eflFect  as  turning  the 
line  through  an  angle  equal  to  the  sum  of  the  angles. 

XSx.    The  three  cube  roots  of  unity  are  easily  found  to  be 

2ir  2x 

oosO  +  isinO,    cos— +i8in-^, 

o  o 

and  cos  —-  + 1  sin  —  , 

so  that  we  have 

(oo8  0  +  tsinO)(cosO  +  t  sinO)  (cos  0  +  i  sin  0)  =  1, 

/       2ir     .  .    2ir\  /        2ir  ,.   .    2ir\  /        2t     .    .    2ir\     , 
(  cosy  +  ismyj  (  cos-g+tsin-jj  (  cos-j  +  ism-g- J  =  l, 

J     /       4ir     .   .    4ir\  /       4ir     .   .    4t\  /       4ir     .   .    4ir\     ^ 
and    (  008  —  + 1  sin -5- j  (  cos-j+isin-g- j  (  008-g-+t8"i-o-)  =  l« 
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The  first  of  these  eqaations  states  that  turning  a  line  three  times  in 

sncoession  through  a  zero  angle  gives  the  original  line. 

The  second  states  that  turning  it  three  times  in  succession  through 

2t 
an  angle  -^  ,  (ue,  altogether  through  27r)  gives  the  original  line. 
o 

•    The  third  states  that  turning  it  three  times  in  succession  through  an 

angle  -^ ,  {i,e.  altogether  through  4t)  gives  the  original  line. 
o 

These  statements  are  all  clearly  true. 

407.    Multiplication  of  two  complex  quantities. 

If  X'\-iy  =  r  (cos  0  +1  sin  6), 

and  u-hiv  =  p  (cos  ^  +  i  sin  <f>), 

we  have 

(u  +  iv)  {x  +  iy)  =  rp  [cos  (^  +  ^)  +  i  sin  {0  +  <f))]. 

The  eflfect  of  multiplying  a  complex  quantity  x-hiy 
by  another  u  +  iv  is  therefore  to  turn  the  line  repre- 
senting X  +  iy  through  an  angle 

<f>    i.e.  tan""^-    , 

and  to  alter  its  length  in  the  ratio 

1  :/),  i.e.  1  :  'JvJ^  +  x^. 

Hence  the  multiplying  of  one  complex  quantity  by 
another  is  represented  by  "  a  turning  and  a  stretching." 
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MISOELLANEOUS  EXAMPLES.    LXIX. 

1.  Prove  that  the  equation  tan  x=ikx  has  an  infinite  nmnber  of  roots. 

2.  Ji  A,  B  and  C  be  the  angles  of  a  triangle,  prove  that 

1-8  cos  A  cos  B  cos  C 
is  always  positive. 

3,  If  a  and  p  be  the  imaginary  onbe  roots  of  nnity  prove  that 

«««'+^«'^=e-i  [sin  -^-oos^l?]. 

4.  If  a:  be  less  than  a  radian  prove  that  x-=2\/  -= very 

'•  '^  V      6  +  oosx         "^ 

nearly,  the  error  in  the  left-hand  member  being  nearly  j^  radians. 

5,  If  cos  (^+t0)  =  sec  (a+t/9),  where  a,  /3,  6^  and  <f>  are  all  real,  prove 

that 

tanh^0cosh'/3=sin'a  and  tanh'/3oosh'0=sin'9. 

6,  If  aE;=2cosacosh/3  and  j^  =  2  sin  a  sinh /3, 
prove  that 

sec  (a + 1/3) + sec  (a  - 1/3)  = 


x>+ya' 


and  seo(a+i/3)-sec(o-ijS)=;^-^„. 

7.  Prove  that 

sin**  <p  cos  n$+n  sin*-*  0  cos  (n  - 1)  ^  sin  {0  - 1/>) 

+^M?^8in»-3  0oos(n-2)^sina(^-0)+ +8in»(d-0) 

=sin'*^oosn0. 

8.  Prove  that  the  roots  of  the  equation 

a5*  sin  wd  -  »W»-i  sin  (n^ + 0)  +  ^-^m^  a;*-a  sin  (nd  +  20) 

- to  (n+1)  terms=0, 

are  given  by  «=sinr^+0-*-Joo8eor^-A;- j, 

where  n  is  an  integer  and  k  has  any  integral  value  from  0  to  n  - 1. 
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0.    Prove  that  the  sum  to  infinity  of  the  series 

.    ^    iBUX^e     1.3  8in»^ 


is  ^,  if  9  be  acute,  and,  generally,  is  nir  +  ( - 1)**  6^  where  n  is  so  chosen 
that  nx  +  ( - 1)*  ^  lies  between  -  -  and  +  ^  • 

10.  If  the  arc  of  a  circle  of  radius  unity  be  divided  into  n  equal  arcs, 
and  right-angled  isosceles  triangles  be  described  on  the  chords  of  these  arcs 
as  hypothenuses  and  have  their  vertices  outwards,  prove  that  when  n  is 
indefinitely  increased  the  limit  of  the  product  of  the  distances  of  the 

a 

vertices  from  the  centre  is  e^  where  a  is  the  angle  subtended  by  the  arc 
at  the  centre. 

11.  The  sides  of  a  regular  polygon  of  n  sides,  which  is  inscribed  in  a 

circle,  meet  the  tangent  at  any  point  P  of  the  circle  in  ^,  £,  C,  D 

Prove  that  the  product  OA  .  OB  ,0C.  OD =  a"  tan  nO  or  a»  tan*  ntf, 

according  as  n  is  odd  or  even,  where  a  is  the  radius  of  the  circle  and  d  is 
the  angle  which  the  line  joining  P  to  an  angular  point  subtends  at  the 
circumference. 

12.  A  regular  polygon  of  n  sides  is  inscribed  in  a  circle  and  from  any 
point  in  the  circumference  chords  are  drawn  to  the  angular  points;  if 
these  chords  be  denoted  by  c^,  c,, ...  c^,  beginning  with  the  chord  drawn 
to  the  nearest  angular  point  and  taking  the  rest  in  order,  prove  that  the 
quantity 

is  independent  of  the  position  of  the  point  from  which  the  chords  are 
drawn. 

13.  A  series  of  radii  divide  the  circumference  of  a  cirde  into  2n  equal 
parts;  prove  that  the  product  of  the  perpendiculars  let  fall  from  any 
point  of  the  circumference  upon  n  successive  radii  is 

A — T  sin  n$t 

where  r  is  the  radius  of  the  circle  and  6  is  the  angle  between  one  of  the 
extreme  of  these  radii  and  the  radius  to  the  given  point. 

14.  If  a  regular  polygon  of  n  sides  be  inscribed  in  a  circle,  and  I  be 
the  length  of  the  chord  joining  any  fixed  point  on  the  circle  to  one  of  the 
angular  points  of  the  polygon,  prove  that 

'2m 

2»»{  »w}2 
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15.  ABGD..,  is  a  regular  polygon  of  n  sides  whioh  is  inscribed  in  a 
circle,  whose  radius  is  a  and  whose  centre  is  0 ;  prove  that  the  product  of 
the  distances  of  its  angular  points  from  a  straight  line  at  right  angles  to 
OA  and  at  a  distance  &  (>a)  from  the  centre  is 

6«  [oo8»  (i  Bin-'  I)  -  sin«  Q  sin-i  Q  J . 

16.  Prove  that  there  is  one,  and  only  one,  solution  of  the  equation 

^=cos  d  and  that  it  is  less  than  -7 . 

4 

17.  Prove  that  the  general  value  of  6  which  satisfies  the  equation 

(cos  9  +  i  sin  ^)  (cos  2^  + 1  sin  2^) to  n  factors=l 

4/»ir         ,  .  .   . 

IS  —. ^ , ,  where  m  is  any  integer. 

n(n+l)  "^ 

18.  Prove  that 

«»+«-»=2{l  +  2»}.  {l  +  fl)!-  {^+(1)} *^^^'- 

19.  Prove  that 

^+|3+]6+ |9-^  ..adinf.=^Le«+2.  «cos(^^^-jJ. 

20.  Prove  that 

2ir  4ir  6ir  14ir  .         16x         1 

cos^  +  cos^  +  008  j^  +  ...+cos  jy+cos^=  -g, 

2t  4ir  14t  .        16ir     ^ 

and  secY^  +  BecY«  +  ...  +  8ec  jn^+secy=-=8. 

21.  From  the  sum  of  the  series 

sin  2^  -  -  sin  4^  +  -  sin  6d  - ...  ad  inf., 
or  otherwise,  shew  that 

!V2=1  +  1     1     111 


4    --'3     6     7  +  9  +  n--^^^- 


22.    Prove  that 
1         sinho; 


2x  cosh  X  -  cos 


o     o'+«»    ^,    l(2»x-o)»+!r'     (2nx+o)»+x»f 
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23.  Prove  that  the  general  value  of  sinh^^a;  ia 

ikir  +(-!)*  log  [x  +  JT+x^, 
where  k  is  any  integer. 

24.  n  pi,  p2t Pn  be  the  distances  of  the  vertices  of  a  regular 

polygon  of  n  sides  from  any  point  P  in  its  plane,  prove  that 

11  1  n  7*»_a*» 

+  n+ +  r5=: 


^«     Pa"    ^ft,«""r>-aar«*-2aV* cos  n^+a2»' 

where  a  is  the  radins  of  the  oiroumcircle  of  the  polygon,  r  is  the  distajice 
of  P  &om  its  centre  0,  and  0  is  the  angle  that  OP  makes  with  the  radius 
to  any  angular  point  of  the  polygon. 

25.    If  ^ + 0 + ^ = 2t,  prove  that 

COS^  0  +  OOS^  0  +  COS^  ^  -  2  cos  0  cos  0  COS  ^  =  1. 

Hence  deduce  the  relation  between  the  six  straight  lines   joining 
4  points  which  are  in  one  plane. 
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22.  (1)  ^;  108%        (2)  ^;  128^. 

(3)    ^;  135%        (4)     ^;  150%        (5)    ^;  158i4^ 

23.  8  and  4.  24.     10  and  8.  25.     6  and  8. 

r  27.  (1)  g 

7—0 

18  "^"  "^^^  ^  ^''^      8 

IV.    (Pages  17,  18.) 


26.     J.  27.     (1)    ^  =  7y  =  83j^ 

7-.0  K_jC 

(2)     '^=70°  =  771*;  (3)    ^=112J"=125». 


[ 


Take  ir=3*14159...  and  ^=-31831.1 


1.  203^1.%  2.     I  radian ;  34"  22'  38-9". 

3.  68*75  inches  nearly.  4.     '05236  inch  nearly. 

5.  24-555  inches  nearly.         6.     1  °  25'  67"  nearly. 

7.  3959-8  miles  nearly.  8.     ir  ft.  =  3-14159  ft. 

9.  5:4.  10.     3-1416.. 

„  iir    9ir    14ir    197r         ,  247r      ,. 

^^'  35'  35'  15^'^' ^""^ ^5" ''^'*'^- 

12.  66°  24' 30-6".  13.     2062-65  ft.  nearly. 

14.  1-6369  ft.  nearly.  15.     262-6  ft.  nearly. 

16.  32142-9  ft.  nearly.        17.     17188*7  ft.  nearly. 


ANSWEBS.  m 

18.  19-099'.  21.     1105-8  miles. 

19.  238,833  miles.  22.     21600;  3437-76  nearly. 

20.  478  X  10"  miles. 


VI.    (Page  31.) 

12_8^                    116061  Q?l 

5  '  13*                   60'  6r  60'  5^  3' 

^     40    41  ,n     3    4    1     6  „      3 

Q     .  in     — •  — •  — •  —  n     _ 

9  '  40*                   5'  5'  5'  3*  4* 

12.     J|;^.  13.     ^V5;|a  14.     lor|. 

15.     gor^.  16.     j^.       17.     ^.        18.     -^orl, 

19.     ^.  ^^'32*  ^^*     ^■*"'^^* 


22. 


2a;(aj+l)  2aj+l 


2ar'  +  2aj+l'   2a^+2x+l' 


Vm.    (Pages  44-46.) 


1.  34-64...  ft.;  20ft.  2.     160ft.  3.     226ft. 

4.  136-6  ft.  5.     146-4...  ft. 

6.  367-8 yards;  463-9  yards.  7.     86-6...  ft. 

8.  116-369...  ft.  9.     87-846...  ft. 

10.  43-3...  ft.;  75  ft.  from  one  of  the  pillars. 

11.  94-641...  ft.;  64-641...  ft.  12.     1-366...  miles. 
13.  30^                    15.     13-8564  miles  per  hour. 

16.  25-98...  ft.;  70-98...  ft.;  86-98...  ft. 

17.  32^5  =  71-55...  ft.  19.     10  miles  per  hour. 
20.  86-6...  yards.                     21.     692-8...  yards. 

IX.    (Page  63.) 

,  2500       2250         J  1539 

^*  6289'"'  6289''*''^  6289 ''"^^* 

31—2 


I 


11 


TRIGONOMETKY. 

7. 

233J«. 

8. 

2000«.         9.     ^. 

,A     221 
l^*-     360'- 

11. 

703 

720'- 

lo       3557 
^^-     13600 ''• 

,,79 

14. 

3^ 
10* 

1103 
^^'     2000 ''• 

16.     l-726268ir. 

17. 

81°;  9°. 

18.     24°,  60 

°,  and  96°. 

19. 

132°  15' 12-6". 

20.     30%  60 

1°,  and  90°. 

21. 

1     IT          ,2v 

2'  S'*""**  3 

—  jz  radians. 

22. 

a)    T' 

108' 

(2)     y; 

128|°. 

(3) 

T'  135°. 

(4)     ^;  150°.         ( 

[6)    ^;  158if°. 

23. 

8  and  4. 

24.     10  and  8. 

25.     6  and  8. 

26. 

3" 

27.     (1)    ^=75« 

■  =  83i« ; 

<^)  ir^ 

=  70' 

'  =  77f«;           (3) 

^=112J°=125«. 

IV.    (Pages  17,  18.) 
[lake  w=314159...  and  ^=-31831.1 

1.     20t5j-".  2.     I  radian;  34° 22' 38-9". 

3.  68*75  inches  nearly.  4.  *05236  inch  nearly. 

5.  24-555  inches  nearly.  6.  V  25'  57"  nearly. 

7.  3959-8  miles  nearly.  8.  tt  ft.  =  3-14159  ft. 

9.  5:4.  10.  3-1416.. 

_,       47r    97r    147r    197r         ,  24^      ,. 

11.  TT^- •  TT^ •  ■  «.^  «    ^^  •  and  — =-=-  raciians. 
35 '  35 '    35  '   35  '  35 

12.  65°  24'  30-6".  13.     2062-65  ft.  nearly. 
14.     1-6359  ft.  nearly.          15.     262-6  ft.  nearly. 
16.     32142-9  ft.  nearly.        17.     17188-7  ft.  nearly. 


ANSWERS.  m 

18.  19-099'.  21.     1105-8  miles. 

19.  238,833  miles.  22.     21600;  3437-76  nearly. 

20.  478  X  10"  mHes. 


VI.    (Page  31.) 

12^                    116061  Q?l 

^'      5  '  13*                   60'  61^  60'  ^'     5^  3* 

9     12.il  10     M.i:^  11     ? 

9  '  40'                   6'  5'  5'  3'  4' 

12.     1|;^.  13.     ^V5;|>/5.  14.     lor|. 

15.     gor^.  16.     J3.        17.     ^.         18.     -^orl. 

19.     1.  ^^-32*  ^^'     ^^^^' 


22. 


2a;  (a; +  1)  2a; +1 

2ar»  +  2a;+l'   2o^~+2x+l' 


Vm.    (Pages  44-46.) 


1.  34-64...  ft.;  20ft.  2.     160ft.  3.     225ft. 

4.  136-6  ft.  5.     146-4...  ft. 

6.  367-8 yards;  453-9  yards.  7.     86-6...  ft. 

8.  115-359...  ft.  9.     87-846...  ft. 

10.  43-3...  ft.;  75  ft.  from  one  of  the  pillars. 

11.  94-641...  ft.;  54-641...  ft.  12.     1-366...  miles. 
13.  30".                    16.     13-8564  miles  per  hour. 

16.  25-98...  ft.;  70-98...  ft.;  86-98...  ft. 

17.  32^5  =  71-55...  ft.  19.     10  miles  per  hour. 
20.  86-6...  yards.                     21.     692-8...  yards. 

IZ.    (Page  63.) 


-      2500       2250         ^  1539 

^-     6289^"'  6289''  ^""^  6289 '^  ^*^'^- 


31—2 


IV 


TRIGONOMETRY. 


2.     68"  45'  17-8". 
1 


8. 


1. 
3. 
5. 
8. 
11. 


2xy   ^     2xy 


tanM 


-tan^il. 


9.   e= eo\ 


10.     In  1^  minutes. 


Z.    (Pages  74,  75.) 
-•366...;  2-3094....  6.     -1-366...;  -2-3094. 


4. 

6.  0;  2. 

8.  1-366...;  -2-3094.... 

10.  120"  and  240". 

12.  150"  and  330". 

14.  210"  and  330". 

16.  sin  6". 

19.  sin  17". 

22.  -  cos  28" 

26.  cot  26". 

28.  negative. 

31.  zero. 

34.  positive. 

36.      ^ 


17.  -tan  43". 

20.  -  cot  24". 

23.  cot  25". 

26.  -cosec  23 

29.  negative. 

32.  positive. 


7.     1-4142,..;  -2. 

9.     45"  and  135". 

11.     135"  and  315". 

13.     150"  and  210". 

16.     -cos  25". 

18.     sin  12". 

21.     cos  33". 

24.     cos  30". 

27.     cosec  36". 

30.     positive. 

33.     positive. 


36.     negative. 
V2 


XL    (Pages  83,  84.) 
nir  +  (-l)»g.  2.    w,r-(-l)»^ 


6 
w 
4 


»7r  +  (-l)*^.  4.     2n7r*-5-. 


2??«-*^. 
6 


37r  _  TT 

6.     2w^«fc-r.  7.     wir  +  ^. 

4  o 


W7r  + 


37r 


V 


9.     »ir  +  7 . 
4 


IT 


wir  +  (-l)*5.  12.     wir*^. 


10.     2n^*|. 

13.     nir*5 


ANSWEBa  y 

14.     nTTifc^.  15.     WTT*^.  16.     »ir*j. 

17.    WTT*^.  18.     (2»+l)ir  +  j.  19.     2n7r-g. 

20.  105' and  45**;  ^71+^)  flr*^  +  (-l)~^,  and 

2-'*)''6*<-^)   12' 

where  m  *and  n  are  any  integers. 

21.  187  J'  and  142^** ; 

^■"2J'^-"8'"l2*''^r"2J''-8"^r2- 

22.  (1)     60**  and  120";     (2)     120'  and  240"*;     (3)     30* 
and  210^ 

23.  (1)2;     (2)1;     (3)1;     (4)1;     (5)1. 

Xn.    (Pages  85,  86.) 
1.     ww  +  (-l)"^.  2.     2nwifc-|^. 

3.     nir  +  (-l)»J.  4.     costf  =  ^^^^^. 

5.  sin  tf  =  *  ^^^Y"^  =  sin  18'  or  sin  (-  54**)  (Art  120). 

6.  tf  =  2wirifco.  7.     tf  =  wv  +  -7  or  WTr+«. 

«/»  27r  5ir  «xy»l  1 

8.     ^  =  WTT  +  -;j-  or  nTT  +  -^ .  9.     tan  ^ =-  or  -  t  . 

3  6  a  0 

10.     ^  =  W7r«fc-.  11.     6  =  2mr  or  2tMr  +  -7. 

4  4 

-lo        WTT      ,       ix«T  10        W'T  (27H-l)Tr 

12-    T-*-<-^>20-  ^^-    T*"^       10      • 

14.    2^or<^^t^)'.  16.    ^ 


or 


5  wi  — ti       wi  + w 


Tl  TEIGONOMETRY. 

16.     (2n  +  l)jor  2n,r-|.  17.     irm.ov^. 

26.    y.^.    ,       26.    «..J.  27.     (.4)^ 

4 
28.    aii20=  j: =-. 

271+1 
29.      tf  =  (^H.|).*»-H(-l)«-; 


n 


*= (♦»-!) 


30.    -j^(6m-4»)jr*|=p-£jj      gj^(6«-4»»)fl-*XT|1. 
3L     45°  and  60°.  32.    J  or  | . 

33.    *lv5;  *|a 

Xm.    (Pages  91,  92.) 
n  133,        84  1596      3444 


8. 


205'   205'  3445'  3445' 

220   171   220 


221'  221'  'W 

ZIV.    (Pages  96,  97.) 
30.     2sui(e  +  »<^)8in-^.  31.     2  sin  (^  +  w<^)  cos  |  • 


ANSWERS.  vii 

XV.    (Pages  08^  d9.)  . 

1.     cos  20 -cos  120.  2.     sin  120 -sin 20. 

3.     cos  140  + cos  80.  4.    cos  12' -cos  120*. 

ZVI.    (Page  102.) 
1.     3;^.  3.     1. 

XVn.    (Pages  109,  110.) 


6. 


25'    ^^      169'    ^  M225' 

289'    ^^        25'     ^''Vl69- 

XVm.    (Pages  123—125.) 


2.     (1)^;    (2)    -L    (3)J^.  3.     a. 


,  ^2V2  +  V3  ^7^3  +  4^2 

•                6         '  18         • 

^-        12'          2  ''''        3    '   120' 

«  16^       49  J^               K         1        ? 

"^^  305'     305'  *•     5^2*                   *3'   *4* 


3 

"r 

„     74-^2-^6.  74  +  V2  +  V6. 

^-  272         '  2^2         '    V^-'^> 

-(V2  +  1)  +  V4  +  2V2. 

8.     ^/   — o— Ti— .         23.     -  and  +.         24     -  and  -. 
25.    —    and    — . 
29.     (1)  2rnr+ J  and  2nw+  -j- ;    (2)  27Mr+  -^  and  2»ir+  -^ ; 

IT  ^  V  07 

(3)  27Mr  —  J  and  27Mr.  +  j ;     (4)  2n7r+  j  and  27i7r  +  —  • 


' 


YIU  TBIGONOMBTBT. 

30.     (1)     2nir-j  and  2wflr  +  ^; 

(2)  2wir  +  -j-  and  2nflr  +  -j-; 

(3)  2nv  +  -j-  and  2«ir  +  -T-. 

XIX.    (Pages  129,  130.) 

12.  The  sine  of  the  angle  is  equal  to  2  sin  18**. 

13.  2«f  +  ^. 

ZXI.    (Pages  142,  143.) 
1.    ?or|(w.|).     2.    (2n4)for(2„4)|. 

3.  (2«"*=h)o  ^^  ^^'^^ 

4.  (2n*^)^  or  7Mr  +  (-.l)~^. 

5.  — «-  or  (w  +  tJ't  or  I2n--^j'n; 

^      fiTT        /^        l\ir  »      /       1\  o  2ir 

6.  -5-  or  f  2n*^J  J.  7.     f »*jJ7r  or  2»Mr*-s-. 

8.    »^  or  (^*3)«'-  ®-     2n^;  (t**'2)'^' 

10.     nir+(-l)»^;  w^  +  (-l)~^;  ^-.(_1)«_5. 


11.  (2n4)|;    {2m.l)l 

12.  wwrj  — -y    mir  — (-1)"*^   .         13.     2w7r; 

It     JrHj  ^_f2r.-.;V  16.    -^r2nr*^l. 

m  +  n     m  —  nx  2/  m±wL  2J 

16.     mv:   r:  -f2mir*^). 

»  -  1 '  w  \  2/ 


ANSWERS.  a 


17.     2«,r-|;  ^^nn-"^). 


IT        IT  -^  y<\-Tir 


18.     n9r  +  (-l)«^-^.  19.     n7r  +  (-l)~^- J. 

20.     7i7r  +  ^+(-l)*T.  21.     2mr  +  ^ncA. 

D  '    4  4 

22.  -  2r48'  +  WTT  +  ( - 1)"  [68^2']. 

23.  271^  +  78*'58' ;  2n^  +  27^8'.     [N.  B.  cos  25''  50'  =  -9.] 

27r 

24.  WIT  +  45" ;  wr  +  26"34'.  25.     2wir  j  2n7r  +  -^ . 

26.     2w7r;  2w7r  +  ^.  27.     2mr-\--=',  2wir  +  ^. 

28.     2w7r  +  ^;  2nv-^.  29.     wir. 


30. 

.    ^    *7l7-l 

o 

31.    co8<?  =  *^V"^- 

4 

32. 

33.     2nir^Z'i  2mr^'^. 
0                4 

34. 

(^n)i- 

35. 

TT                                                       IT 
nTT  sfc  -7  .                        36.        WTT  +  -r  • 

4                                    4 

37. 

0=  2    orn^-g; 

also  tf  =  »Mr*^,  where  0080  =  5. 

38. 

("4)i- 

39.       WTT  +  «  . 

XXllI. 

(P 

affes  157,  158.) 

1.  1-90309;  3-4771213;  2-0334239;  1-4650389. 

2.  -1553361;  2-1241781;  -5388340;  30759623. 

3.  2;  2;  0;  4;  2;  0;  3.         4.  -312936. 

5.  1-32057;  5-88453;  -461791. 

6.  (1)21;     (2)13;    (3)30;    (4)the7tli;    (5)  the  21st 
(6)  the  32nd. 


7. 


TRIGONOMETRY. 
4  log  3  log  2  +  2  log  3 


log7  +  41og3-log2'  41og7-31og3-21og2' 

7  log  3  -f  4  log  2 
3  log  3  +  log  2  -  2  log  7  * 
8.     -22221.  9.     8-6414.  10.    9-6192. 

11.     1-6389.  12.     4-7161.  13.     -41432. 

ZXIV.    (Pages  167—169.) 

1.  4-5527375;  1-5527394.     [N.B.  log  35706  =  4-5527412.] 

2.  4-7689529 ;  3-7689502. 

3.  478-475;  -004784777.  4.     2-583674;  -0258362. 

6.  (1)     4-7204815;    (2)     2  7220462;    (3)     2-7240079; 

(4)    5273-63;        (5)     -05296726;     (6)     5-26064. 

6.  -6870417.  7.     43°  23' 45". 

8.  -8455104;  -8454509.  9.     32'16'35";  32''16'21". 

10.  4-1203060;  4-1218748. 

11.  4-3993263;  4-3976823.       12.  13'8'47". 
13.  9-9147334.       14.  34°44'27". 

15.  9-5254497;  7r 27' 43".     16.  10-0229414. 
17.  18*'27'17".       18.  36'*52'12". 

XZV.  (Pages  171,  172.) 

1.  13'*2r31".       2.  22°1'28". 

3.  1-0997340;  65°  24' 12-5". 

4.  9-6198509;  22°36'28". 

6.  10°15'34".       6.  44°55'55". 

7.  (1)    9-7279043;    (2)    9-9270857;    (3)    10-1958917; 
(4)     10-0757907  ;  (5)    10-2001337  ; 

(6)     10-0725027 ;  (7)    9-7245162. 

8.  (1)     57°30'24";    (2)     57°31'58";    (3)     32*29^5"; 
(4)     57 '6' 39". 

9.  -53736037. 


ANSWERS.  XI 

10.  (1)     COS  (a;  —  y)  sec  oj  sec  y ;     (2)     cos  (a;  +  y)  sec  a;  sec  y ; 

(3)  cos  (x  —  y)  cosec  x  sec  y ; 

(4)  cos  {x  +  y)  cosec  x  sec  y ; 

(5)  tan' a?;  (6)     tan  a;  tan  y. 

ZXVI.    (Pages  179,  180.) 

ill         ,9 
1.     g,  2,  and  y. 

4       3  8        40    24  496 

^-     741'  5'  '''''*  5741^  IT'  25'  '^'^  1025- 

«      3     4 

0.  -=-«?!  and  1. 
5     5 

A       5      12        J  ^      4     56       ,  12 

^     12'  T'  "''*'°-  ^-     5'  65  ^'''^TS- 

7  987 

6.  -iV  and  1?^.  7.     60^  45',  and  76'. 
41            816 

XXVn.    (Pages  185—187.) 
17.     16*  ft.  19.    1 .  22.     |i|. 

XXVm.    (Page  190.) 

1.  186-60...  and  193-18. 

2.  26*'33'54" ;  63^*26' 6" ;  10^5  ft. 

3.  48' 35' 25",  36' 52' 12"  and  94' 32' 23". 

4.  75'  and  15'. 

XXIX.    (Page  193.) 

1.     90'.  2.     30'.  4.     120'. 

5.  45',  120'  and  15'.  6.     45',  60',  and  75'. 

7.  58' 59' 33".  8.     77' 19' 11".  9.     76' 39' 9". 
la  104' 28' 39". 

11.  56'15'4",  59'51'ir'And  63'53'45". 

12.  38'56'33",  47' 41' 7"  and  93' 22' 20". 

13.  130' 42' 20-5'',  23' 27' 8-5",  and  26' 50' 31". 


XU  TRIGONOMETRY. 

XXX.  (Pages  197—200.) 

1.  63"13'2";  43''58'28".        2.     117'*38'45";  27°38'45". 

3.  8 V7 ;  79"  6'  24" ;  40'  53'  36". 

4.  87' 27' 25-5";  32' 32' 34-5". 

5.  40' 63' 26";  19' 6' 24";  ^7  :  2. 

6.  71'44'30":  48' 15' 30".        7.     78'17'41";  48'36'19". 
a  108' 12'25-5" ;  49'27'34-5". 

9.  ^  =  45' ;  j5  =  75' ;  c  =  ^6.         10.     J6 ;  16' ;  105'. 

11.  -8965.  14.     40  yds.;  120';  30'. 

15.  7-589467;  108'26'6";  18'26'6";  53'7'48". 

16.  226-87;  73'34'50";  39' 45' 10".  17.     2-629823. 

18.  il  =  83'r39";  ^  =  42'16'21";  c=  199099. 

19.  ^  =  110'48'15";  C  =  26'56'15";  a  =  93-5192. 

20.  73'1'51"  and  48' 41' 9". 

21.  88'30'1"  and  33'30'59". 

XXXI.  (Pages  205—207.) 

1.  There  is  no  triangle. 

2.  B^  =  30',    Ci  =  105',  and  b^  =  J2;  B^  =  60',  C^  =  75', 
and  \  =  ^6. 

3.  B^  =  30',   C,  =  1 20',  and  h^  =  100 ;  B^  =  90',  C^  =  60', 
and  62  =  200.  , 

5.  4^3*2^5. 

6.  100,^3 ;  the  triangle  is  right-angled. 

8.  33'29'30"  and  101'30'30".  0.     171  or  368. 

10.  (1)     The  triangle  is  right-angled  and  B  =  60'. 

(2)     ^i  =  8'41'andC7i  =  141'19';  A=  11^19' and  38'4r. 

11.  66' 54'  and  42'1'12". 

12.  5-988...  and  2-6718...  miles  per  hour. 

13.  63'2'12"  or  116'57'48". 

14.  62'31'23"  and  102'ir37",  or  117'28'37"  and  47'20'23". 
15  59266-1. 


ANSWEBS.  XIU 

XXXn.    (Page  208.) 

1.     7  :  9  :  11.  4.     79-063. 

6.  Imile;  1-2197U...  nulos.  7.     20-97615...  ft. 
8.     6-85673...  and  5-4378468...  mHes.         9.     404-4352  ft. 

10.     233-2883  yards.  11.     2229-02  yards. 

XXXITT.    (Pages  21&-216.) 

1.  100  ft.  high  and  50  ft.  broad ;  25  feet. 

2.  25-783414  yds.  3.     33-07...  ft.  j  17Jft 

4.     18-3...  ft.  5.     120  ft  6.    A  tan  a  cot  j8. 

7.  1939-2...  ft.        8.     100  ft.  9.     61-224...  ft. 
10.     100^2  ft. 

15.  PQ  =  BP  =  BQ  =  1000  ft. ;  ^P=  500  ( ^6  -J2)h', 

^©=1000^2  ft. 

16.  -32119  miles. 

17.  -1736482  miles ;  -9848078  miles. 

18.  119-2862  ft.  19.     132-266  ft. 
20.  141-682  yds.  21.     1-42771  miles. 
22.  125-3167  ft. 

XXXIV.    (Pages  220-225.) 

3.  20  ft;  40  ft. 

2 

4.  I  oosec  y,  where  y  is  the  sun's  altitude ;  sin  y  =  ^  • 

5.  3-732...  miles;  12-342...  miles  per  hour  at  an  angle, 
whose  tangent  is  ^3  +  1,  S.  of  E. 

6.  10*2426...  miles  per  hour. 

7.  16-3923...  miles;  17-394...  miles. 

8.  2-39  miles;  1-366  miles. 

2      9 

9.  It  makes  an  angle  whose  tangent  is  ^  ;   ^  hour. 

13.  c  sin  )3  cosec  (a  +  )3)  ;  c  sin  a  sin  ^  oosec  (a  + 13). 

14.  9  yds. ;  2  yds.  17.    g ;   y  • 


XIV  TRIGONOMETRY. 

21.     75^3  ft.  22.     c(l-sina)seca. 

23.     114-122  ft.  25.     1069-745645  ft. 

27.     The  angle  whose  tangent  is  ^ .  30.     45°. 

33.     18"  24' 6".  35.     tanasec)3:l. 

38.  91-896  ft.  39.     1960*95  yds. 
40.     2-45832  miles.        41.     3334932  ft. 

XXXV.    (Pages  227,  228.) 

1.     84.  2.     216.  3.     630.  4.     3720. 

5.  270.  6.     117096.  7.     1470. 

8.     1-183....  12.     35  yds.  and  26  yds.  nearly. 

13.  14-941...  inch.        fl4.     5,  7,  and  8  ft.  15.     120* 

17.  45°  and  105°;  135°  and  15°. 

18.  17-1064...  sq.  ins. 

ZZXVI.    (Pa«es  235,  236.) 
3.     8^,  IJ,  8,  2,  and  24  respectively. 

XXXVn.    (Pages  244—248.) 
35.     2-1547...  or  -1547  times  the  radius  of  each  circle. 

39.  ^„  =  J  +  (-l)».2«.(^-j) 

XXZVm.    (Pages  253,  254.) 
1.     (1)     3  ^105  ft. ;     (2)     10  V7  ft.         3.     1^  and  2\  ft. 

XXXIX.    (Pages  257—259.) 

1.     77-98  ins.                     2.  3-215. 

3.  (1)  1-720...  sq.  ft. ;  (2)  2-598...  sq.  ft. ; 
(3)  4-8284...  sq.  ft. ;  (4)  7-694...  sq.  ft. ; 
(5)     11-196...  sq.  ft. 

4.  1-8866...  sq.  ft.             5.  3-3136...  sq.  ft. 

6.  2  +  V2  :  4  ;  ^2  +  n/2  :  2.  12.     3. 

14.  6.  15.     9  or  16.  16.     20  and  10. 
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XV 


17.        and  5,  12  and  8,  18  and  10,  22  and  11,  27  and  12, 
42  and  14,  54  and  15,  72  and  16,   102  and  17,  162  and  18, 


342  and  19  sides  respectively. 


19.    W3;  V6. 


XL.  (Pages  264,  265.) 

1.     -00204.  2.  -00007.  3.     -00029. 

4.     -99999.  5.  25783-100...         8.     1-0000011. 

7.     34'23".  8.  28'41'7".  9.     39'34". 

10.     2"26'15".       11.  114-59...  inches. 


1. 
3. 
5. 

7. 


L 
3. 
5. 
6. 


1. 
2. 

5. 

6. 

9. 

10. 


XLI.    (Pages  267,  268.) 

435-77  sq.  ft.  2.  4-9087...  9q.  ft. 

127^9' 26".  4.  6  sq.ft. 

11-0004  inches.  6.  -00044625  inch. 
2 

XLn.    (Pages  269,  270.) 

riO'22".  2.     17-14  nules. 

-61  miles;  1°48'  nearly. 
About  61800  metres  =  about  38^  miles. 
3960  miles. 

XLIV.    (Pages  285-287.) 
^  sin  2n6  cosec  0. 

cos  — -. —  A  sin  -r  A  cosec  -r  A. 
4  4  4 

1  .     2nv  2^ 

77  Sin r  .  cosec    — :--  . 

2  n+ 1  n  + 1 

sin    a+(w-^])8    sinw)8sec^.  8     —sin 

sin  2nx  (cos  2nx  +  sin  2nx)  (cos  a?  +  sin  a;)  cosec  2x, 
J  [(w  +  1)  sin  2a  —  sin  {2n  +  2)  a]  cosec  c^. 


XVI  TRIGONOMETRY. 

11.  ^  sin  (n  +  2)  a .  sin  na  cosec  a. 

n  1 

12.  ^  cos  2a  —  ^  cos  (n  +  3)  a  sin  na  cosec  a. 

-q     COB  (2ntt  -  g)  cos  (n+ 1)  /3  -  eoB  (2ntt+tt)  oos  n/3  +  cob  a  (1  -  eos  /3) 
^^'  2(008/3 -008  2a)  ' 

14.  t[(2w+  l)sina-sin(2w  +  l)a]cosec  a. 

15.  9-9  COS  [2tf  +  (w  -  1)  a]  sin  wa  cosec  a. 

,^      8   .    n+1      .no  o     1  .    o**+l        •    8no  .    8a 

16.  ^sin-g-aBin-g-coBecg- jsmS-g-o.Bin-g-smy. 

17.  Q[8n-4do8(n+l)a8inna008eoa+oo8(2n+2)  a8in2naoosec2a]. 

o 

18.  Q  [8n + 4  008  (n + 1)  a  8inna ooseoa + 00s  (2n + 2)  a  sin  2na  0086O  2a]. 
o 

,^    1  .  wdr    w-i^       w+3^       w+7^n        e 

19.  jsm-s-    cos  — ^^  +  cos  — s—^  +  cos  — ^  ^    coisec^ 

1    .    3w^       3w  +  9.  3^ 

+  2  sin  -^  cos — ^ —  ^  cosec  — . 

1 

20.  -  ^  sin  (2a  +  2n)3)  sin  2n)S  sec  )8. 

ZLV.    (Pages  291,  292.) 
1.     a»  +  6«  =  c»4.«P. 

3.     a(2c'-cP)  =  6cfc.  4.     asina  +  6co6a  =  y26  (a  +  6). 

6.  -, +  fo  =  l.  6.     -+V=a  +  ft. 
a*     6"  a      6 

7.  (;>»  +  l)"+2y(;>»+l)(p+y)  =  4(i>  +  ^)». 

10.  a»(a-6)(a-c)  =  ^(6-c)(6-c^. 

11.  86c  =  a{46«  +  (6"-c7}. 

12.  y^(a+6+c)(-a+6+c)=aj(c"-a'-6*)^(a-6+c)(a+6-c). 

13.  6«  [«  (6»  -  a»)  +  a  (a«  +  &»)]«  =  4c*  [6«ic"  +  ay]. 
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XLVI.    (Pages  903—305.) 

8.     loge2.  9.     log,  3 -log,  2. 

XLVn.    (Pages  316-318.) 

1.  J2  Tcos  ^  + 1  sin  J  j  . 

2.  V2[cos(--j)  +  *sin(-^)]. 

3.  2[cos^  +  t8in^].  4.     sg  +  t.l]. 

, r  V2  +  1      .       1      1 

6.  (V6~  V2)  j^cos  j|  +  i  sin  ^ J . 

7.  cos  (lOd  +  12a)  -  i  sin  (10^  +  12a). 

8.  cos  (a  +  )8-  y  -  8)  +  i  sin  (a  4-  )8  - y-  8). 

9.  cos  107^-1  sin  107^.  10.     -1. 

11.  sin  (4a  +  5)8)  -  %  cos  (4a  +  5)8). 

12.  2'*+^  sin«  -^  cos  w s — ^  • 

rto  w      .   .    57r  3w      .   .    Stt 

23.     cos  ^  + 1  sm  -^  ;  cos  -=-  +  t  sin  -^- . 
5-  5  '  5  -  5 

XLVm.    (Pages  321,  322.) 
1      1.   -1±V3  V3±t.   ^V3±i 

•*•  ^  2  *  ^'      i  *  >         o        y    o • 

3.  ±  (cos  Y^  +  i  sin  ^  j ,  where  r  =  3,  7,  or  11. 

4.  +i,  and  +  f  cos  r^  +  i sin y^r  j ,  where  r  =  1  or  3. 

6.     +  J3/2  Tcos  ^  +  i  sin  ^  j ,  where  r  =  1,  9,  or  17. 
L.  T.  32 
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6.     ^2048  Fcos  ^  +  i  sin  —1 ,  where  r  =  11,  15,  or  19. 
cos  Yo  - 1  sin  ^o    ,  where  r  =;  1  or  7. 

COS  Y^  +  i  sin  y^    ,  where  r  =  1,  13,  or  25. 

[inr  7*7r~| 

cos  1^  + 1  sin  y=    ,  where  r  =  - 1,  5, 1 1,  17,  or  23. 

10.     +  2  and  +  2». 

oos-=-  +  isin-^  I,  where  r=2  or  4. 

12.    -1024.  13.     +i±>/?and±i^^.         14.      1. 

16.  +  1,  ±  ^,  ±  (cos  ^  +  I  sin  ^  j ,  and  +  ( cos  «  + 1  sin  ^  j  . 
The  last  four  values. 

17.  2^2  cos  -Q- ,  where  r  =  1,  7,  or  13. 


6. 
7. 
8. 


XLIX.    (Pages  327,  328.) 

5tan^-10tan»^  +  tan°^ 

l-10tan«^  +  5tan*^     * 
7  tan  ^  -  35  tan'  ^  +  21  tan°  0  -  tan^  $ 

1-21  tan^^  +  35  tan* 61  -  7  tan«d     ' 
9  tan  ^  -  84  tan'^  +  126  tan'^~36  tan^^  + tan^g 

1  ^ 36  tan*^  +  126  tan*^-84  tan«d  +  9  tan^^ 

L.    (Pages  337-^339.) 


6. 

3°  48' 51 

"       7     1 

8.     '. 

» 

9.    ?.      10.     l 

11. 

3. 

12     *' 

13.     0. 

15. 

1 
2* 

16.     2. 

17.     - 

1 
6" 

18         25 
18.        14 . 

'    ANSWEBa  Tax 

19.     00.  20.    2^^.  21.    JL, 

p"  OK) 

22.     |(^L:^'.  ,      23.     24.  24.     0. 

3      mil 

25.     log?.  26.     1.  27,    e».  28.     9. 

29.     1.  30.    0.  31.     1.  32.    e"^ . 

33.     00 ,  37.     'c)'~"c* 


Lin.    (Pages  361,  362.) 

8.     a»-55aj*+330aj8- 4620^+1650? -11  =  0. 

1  1  « 

^5.     2^izi  cos  w^,  (w  odd) ;  ^iizi  [(-  1)'  -  cos  nO],  {n  even). 

16.  (-l)'^2k8mw^,(7iodd);  (-l)^2ia(l-«^8n^),(7ieven). 

1  'n/9 

17.  n^  cosec^  w^,  (w  odd) ;  -^n^  cosec^  -^ ,  (n  even). 

18.  w^sec^ 71^  -  w,  (tj  odd) ;  n*  +  [1  -  (- 1  )2  cos  n6]  -  »,  (w  even). 

19.  -ncot  (-Y-^nOj.  20.    wcotwS. 

21.  (-  1)"^  tan  nO,  {n  odd) ;  (-  1)^,  (n  even). 

22.  n^  cot«  (y  +  w^^  +  n  (ri  -  1).      ' 

1             w* 
24.     0  or  ^  ^^^ ,  according  aa  n  is  odd  or  even. 

(-l)^cosw^-l 

LV.    (Pages  375— 377.) 

17,     cos  a  cosh  p  —  i  sin  a  sinh  fi. 
-  _      sin  2a  — i  sinh  2p 
cosh  2)8  —  cos  2a  ' 

32—2 


TRIGONOMETRY. 

Q      ^  sin  a  oosh  fi  —  i  cos  a  sinh  jS 
cosh  2p  -  cos  2a 
gj^      .  cos  a  cosh  /3  +  i  sin  a  sinh  )8 

cos  2a  +  cosh  2/3 
2L     sinh  a  cos  fi  +  i  cosh  a  sin  fi. 
Q^      sinh  2a  + 1  sin  2)8 
oosh  2a  +  cos  2/3  * 
23.     gcoshacosff-fsinhasinff 
cosh  2a  +  cos  2/3 

LVI.    (Page  381.) 

_  IT     i ,      1  +  sin  0  J.  y,  .  ... 

1.  +  -7  +  T  lofi:  = ; — TT I  according  as  cos  6  is  positive  or 

-"4     4    °  1  -sin^ 

negative. 

2.  sin-^ (JanO)  +  i log  [^1  +sin^ - ^sin  6]. 

LVn.    (Page  388.) 

1  _  V 

15.     ^  log  (^"  +  v")  +  » tan  ^  - ,  where 

1,      cosh  2v  — cos  2a;         .         ^       ,/    .     .     ,     v 
^  =  olog ^s >  *Jid  t?  =  tan""^ (cot aj tanh y). 

UX.    (Pages  402,  403.) 
1.     3.  2.     2.  3.     5.  4.-1.  5.     -3. 


1. 


LX.    (Pages  407,  408.) 

4  sin  a 


5  —  4  cos  a ' 
2.     0,  provided  a  does  not  equal  a  multiple  of  ir, 

^  sin'g -      sin  a  (cos  a  —  sin  a) 

1  -  sin  2a  +  sin'  a '  1  -  sin  2a  +  sin*  a 

_      sing- c  sin  (a-/8)-c**sin(a  +  TO)8)+c**^^sin{a+(n-l)/8} 

l-2ccos/8  +  c«  ' 

sin  a  —  e  sin  (a  —  fi) 
1  —  2c  cos  /8  +  c' 


6. 
7. 

8. 
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1  -  c  cosh  a  -  c*  cosh  na  +  c**^  cofiii  (n  1- 1)  a 
1  —  2c  cosh  a  +  c" 

*  -  r      -■ 

e  sinh  a 


nir. 


1  —  2c  cosh  a  +  c*  * 

cos  a+(— l)*~^{(n  +  l)oos(n—  l)a+ncos7Mi} 

2(1  +  cosa) 

Q      sin  a+  (2n  +  3)  sin  wa-  {2n  +  1)  sin  (w  + 1)  a 

2  (1  —  cos  a) 

10.  0,  if  n  =  4m  or  4w-l,  and  1,  if  n=Mn'-2  or  4wt-3; 
0,  iin  =  4tm  or  4wi  — 3,  and  —  1,  if  w=4w— 1  or  4m  — 2. 

11.  ^2  cos  ^  J   .sinra+-^V 

12.  (2  sin  a)  "*  sin  r  J  +  ^  j  ,  except  when  a 

n 

13.  0,  if  9»  be  odd ;  (-1)'  sin*  a,  if  n  be  even. 

14.  r2sin^j     .sinT-^ --g-j,  if  nbe<l. 

15.  ^cos  tf  (1  +  cos  tf),  if  fl  be  between  -  ^  and  +  ^ . 

16.  (2  cosh  ^  j    .  sinh  — ^—  w. 

LXL    (Pa^es  411— 413.) 

1.     c'~'^sin(a  +  csin/3).  2.     c*~"^  cos  (a  +  c  sin /9). 

3     e-~**««^cos(cosasini8). 

4.  sin  a  cos  (cos  fi)  cosh  (sin  P) 

-  cos  a  sin  (cos  fi)  sinh  (sin  fi), 

5.  sin  (cos  P)  cosh  (sin  )8)  cos  (a  -fi) 

-  cos  (cos  P)  sinh  (sin  )8)  sin  (o  -  ft). 

8.    e»"'«'*°*>  cos  {y  sin  (sin  o)},  where  y=e"". 


XXU  TRIGONOMETKY* 

9     ^008(008.) .  eos  {y  sin  (cos  a)},  where  y  =  e""™*. 
10.     i«~**{cos(d  +  sintf)  +  4cos(sin«)} 

+  ^  6-«**  {cos  (d  -  sin  ^)  -  4  cos  (sin  $)}. 


csina 


11.  tan"^  ■= ,  except  when  <j  =  1  and  a  =  (2w  +  1)  ir. 

1  +  c  cos  a '         '^  ^  ^ 

12.  jr  tan~*-^j — -r- ,  except  when  c  =  1  and  a  -  mr, 

--.      1-      l  +  2ccoso  +  c* 

13.  7  log  -z — s ^ . 

4     '^  1  -  2c  cos  a  +  c* 

-  -      1  ^     _,  2c  cos  a  --      1,      l  +  2csina  +  c* 

14.  ^tan  ^-;i — -^  .  15.    7log-— ^^ — . -». 

2  1-c*  4®l-2c8ma  +  c* 


ir        ir 


16.  +  - ,  —  -  y  or  0  according  as  cos  a  is  positive,  negative, 

or  zero. 

117      1       /       «\x     -i2ccos)8     1  .   ,      />x.     ,    ,2csinj8 

17.  2  cos  (a -  /3)  tan"i  -j^^  -  ^ ^^'^('*-^)  ^^    ~lT^  " 

18.  log  (sin       "  cosec  — ^^  j ,  except  when  a  +  )3  is  a  mul- 
tiple of  27r. 

19.  log  [(1  +  w)  -f «/ 1  +  2m  cos  2a  +  w"]. 

20.  ^.  21.    -^tan"*(cos/3co8echa). 
.  22.    g[2V31oge(2+V3)-ir]. 

LXn.    (Pages  415,  416.) 

6 
1.     cot  jr  -  cot  2*~*  ft  2.     cosec  tf  {cot  ^  -  cot  (n  +  1)  ^}. 

3.  cosecd  {tan  (n+ 1)  0~tan  $}. 

4.  cosec  ^  {tan  (6  +  n^)  —  tan  0). 

5.  ^cosecd{tan(n  +  l)0  — tantf}. 


ANSWKBS.  ZXUl 

1  B 

7.     2  coth 2fl - ^r— , coth s— , .  8.     tan2*fl-tanft 

9.     tan  0  —  tan  ^^z  ',  tan  0« 

10.  sind(ootfl-cot2"tf). 

11.  i8m2tf  +  (-l)»+'^,8m2"+»tf. 

12.  l8in2tf-jT-.8m2"+»tf, 
2  2**^ 

13.  jcosec^  (sec — ^ — ^-sec^j  . 

14.  iSn  =  2;izitan2»a-2tana;  iSL  =  2a -  2  tan  a. 
16.     J  JS  cos  tf  +  (^y  'cos  3»  ^l . 

16.  jja-sin^-sintf}. 

1 

17.  g[3«tan3»fl-tan«]. 

18.  i  [cot  fl  -  3»  cot  3»  &]. 

19.  tan-i  {(w  +  1)  (w  +  2)}  -  tan-^  2. 

20.  tan-^  (t>  + 1)  -  tan^^  1,  ».e.  tan~i  -^ . 

21.  /S;  =  tan-i2«-tan-U; /S«=|. 

22.  5„  =  sin-U-8in-i-7^=; /S,,=^. 

>/w+ 1  ^ 

LXHT.    (Pages  421,  422.) 

1.  1  —  a  cos  tf  +  a^  cos  29  —  a*  cos  3^  +  . ..  ad  inf. 

2.  cos  6  + a  cos  (^  +  5^)  +  a'  cos  (0  +  2^)  +  ...  ad  inf. 
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3.  sin  ^  +  o  sin (tf  +  if>).+  c?  sin (B  +  2<^)  +  ...  ad  inf. 

4.  cos  ^  +  a  cos  (tf  +  «^)  +  T^  cos  (d  +  2<^)  +  rs  cos  {6  +  3<^) 

If  Ir 

+  ...  ad  inl 

5.  rtf  sin  0  +  -nr  sin  2«^  +  -T^  sin  3<^  +  ...  ad  inf., 

if  £ 

where  r  =  -\-Ja^+i^  and  <^  =  tan-^-. 

a 

9.     oj  cos  a  —  jT  cc*  sin  2a  —  ^  «•  cos  3a  +  -j  a^  sin  4a 

+  V  as" cos  5a  -  . ..  ad  inf. 
5 

10.     a;  +  y  — nr  =  -  cos  asino;  — ^cos'a8in2a5  — ^cos"asin  Sx 

— ...  ad  inl 

12.  (1)    m  =  tan*^;    (2)  m  =  -tan»a. 

13.  -  log2  -  sin  2tf  +  ^  cos  4tf  +  ^sin  6tf--rCOs  8tf 

2  o  4 

-  ^  sin  lOtf  +  . . .  ad  inf. 
5 

14.  2    sin  tf  —  ^  sin  3^  +  ^  sin  5^ -...ad  inf.    . 

15.  log  f  ^  cos  )8  j  +  (tan  a  +  cot  a)  cos  B 

—  -^  (tan*  a  +  cot'  a)  cos  26  +  ^  (tan'  a  +  cot'  a)  cos  3tf  — . . .  ad  inf. 

LXIV.    (Pages  434-436.) 

1.  nra5"+2ajcos(3r  +  1)-^  +  ij,  where  r  =  0,  1,  or  2. 

2.  nrar»-2ajcos(6r  +  l)  j^  +  l]»  where  r  =  0,  1,  2,  or  3. 
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3.  nr««-.2a;cos(6r+l)^  +  l1, 
where  r  =  0,  1,  2,  3,  or  4. 

4.  nra:«-2rcos(3r+l)^  +  l1, 
where  r  =  0,  1,  2,  3,  4,  or  5. 

5.  nra:"-2ajco8(6r  +  2)^  +  l1, 

where  r  =  0,  1,  2,  3,  4,  5,  or  6. 

[2nr       "I 
cc*  -  2aj  cos   -^  +  M  >  where  r  =  1  or  2. 

7.     u[x^-2xcoa{2r+  1)  g  +  l],  where  r=0,  1,  or  2. 

aj>-  2a;cos^  +  1    ,  where  r=l,  2,  or  3. 

9.     (aj+l)nra»-2a;co8(2r+l)^+  l1 , 
where  r  =  0,  1,  2,  or  3. 

10.  («"-l)nriB»-2ajco8y +  l1,  where  r  =  1,  2,  3,  or  4. 

11.  («+l)n  raj»-2a;co8(2r+l)^  +  l1 , 
where  r  =  0,  1,  ...5. 

12.  (a;«-l)nra=^-2ajcosy  +  ll,  where  r=l,  2,  ...6. 

13.  nra>-2ajco8(2r+l)^  +  l1,  where  r  =  0,  1,  2,  ...9. 

LXVI.    (Pages  465, 466.) 
2.     +32746...  ft. 

cos"  (a  +  2)8)  cos"  (a  +  2)8) 

'-^  and  ^(^-f>-feet. 
54  54 


XXVI  TRIGONOMETRY, 

_     x-ycoaC       ,  y-^xcoaC      ,. 
7.    -, — jr-  and ; — -. —  radians. 


8.     -  TTT  inches. 
40 


LXVn.    (Page  470.) 


1.  - 1,  and     -^    , 

2.  -  1  +  2  cos  40^  -  1  +  2  cos  160',  and  -1  +  2  cos  280'. 

3.  -4,  and  2+2^3.  4.     4,  and  1  +  ^3. 

5.  2^7  cos  6,  where  0  =  33'  37'  52",  153'  37'  52",  and 

273'  37'  52". 

6.  - 1  +  h^  cos  e,  where  0  =  39'  5'  51",  159'  5'  51",  and 

279'  6'  51". 

7.  I  n/2T  cos  tf,  where  6  =  44'  50'  49",  164'  50'  49",  and 

284'  50'  49". 

LXVm.    (Page  472.) 
2.     2ah,  3.     2.  4.     2a5. 
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